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KURANISHI STRUCTURE, PSEUDO-HOLOMORPHIC CURVE, 
AND VIRTUAL FUNDAMENTAL CHAIN: PART 1 

KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, KAORU ONO 


Abstract. This is the first part of the article we promised at the end of 
[F00013, Section 1]. We discuss the foundation of the virtual fundamental 
chain and cycle technique, especially its version appeared in [FOn] and also 
in [F0004, Section Al, Section 7.5], [F0007, Section 12], [Fu2]. In Part 
1, we focus on the construction of the virtual fundamental chain on a single 
space with Kuranishi structure. We mainly discuss the de Rham version and 
so work over R-coefficients, but we also include a self-contained account of the 
way how to work over Q-coefficients in case the dimension of the space with 
Kuranishi structure is < 1. 

Part 1 of this document is independent of our earlier writing [1^00013]. We 
also do not assume the reader have any knowledge on the pseudo-holomorphic 
curve, in Part 1. 

Part 2 (resp. Part 3), which will appear in the near future, discusses the 
case of a system of Kuranishi structures and its simultaneous perturbations 
(resp. the way to implement the abstract story in the study of moduli spaces 
of pseudo-holomorphic curves). 
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1. Introduction 

The purpose of this article is to present the virtual fundamental chain tech¬ 
nique and its application to the moduli space of pseudo-holomorphic curves, in as 
much detail as possible. The technique of virtual fundamental cycles and chains 
was invented in the year 1996 by groups of mathematicians [ ’On], [LiTi2], [LiuTi], 
[Ru], [Sic] and applied to many purposes subsequently. Several references such as 
[F0002], [CT], [CLW1], [LuT] provide various versions and details of this tech¬ 
nique. 

In this article (besides various improvement of the detail of the proof, presenta¬ 
tion etc.) we add the following points to our earlier writing [F00013] of similar 
nature. 

(1) We present the detail of the chain level argument, especially in the de-Rham 
version. 

(2) We provide a package of the statements which arise from the virtual fun¬ 
damental chain and cycle technique, in the way one can directly quote and 
use without referring to their proofs. 

(3) We give constructions of algebraic structures from systems of spaces with 
Kuranishi structures. We separate the topological and algebraic issues from 
analytic ones of the story so that this part of the construction can be 
rigorously stated and proved without referring to the construction of such 
system. 1 

(4) We discuss in detail the construction of a system of spaces with Kuranishi 
structures that satisfies the axioms we mentioned in Item (3). Compared 
to [F00013], we put more emphasis on the consistency of Kuranishi struc¬ 
tures we obtain. Namely our emphasis lies in the construction of such a 
system of Kuranishi structures rather than that of a single Kuranishi struc¬ 
ture. 

(5) We also provide details of the proof of certain fundamental properties of 
Gromov-Witten invariants. In this article we clarify the fact that we can 
work out this proof without using continuous family of perturbations. In 
other words, we need only the technique that already appeared in [FOn] 
but not those developed in the later literature. 

(6) We also explain a method of working with the Q-coefRcient without using 
a triangulation of the perturbed moduli space. This is possible if we only 
need to study moduli space of virtual dimension 0,1 and negative. Note 
that these cases handle all the applications appearing in [FOn] . 

This article is divided into three parts. 

Part 1 studies space with Kuranishi structure. Here we consider only single 
space with Kuranishi structure and not its system. We also write Part 1 (and Part 
2) so that it can be read without any knowledge of pseudo-holomorphic curves. 
Especially readers’ knowledge on analytic details on pseudo-holomorphic curves is 
not required. Occasionally we mention the moduli space of pseudo-holomorphic 
curves in Parts 1 and 2, but none of the proof relies on them. This is because we 
do so only at the place where we think some motivation of the construction or the 


1 In our main application, such a system is constructed from the moduli spaces of pseudo- 
holomorphic curves. However those results we mention here is independent of the origin of such 
a system. 



KURANISHI STRUCTURE AND VIRTUAL FUNDAMENTAL CHAIN 


5 


definition etc. would be useful. We believe that for the reader whose background is 
more on topology and/or algebra but not on analysis, this way of writing is useful. 
We also believe that our writing clarifies the fact that problem of transversality 
of the moduli space of pseudo-holomorphic curves lies in the realm of differential 
topology rather than one in functional or nonlinear analysis. 

Item (1) mentioned above comprises Part 1. 

In Part 2 we study systems of Kuranishi structures and provide a systematic 
way of building algebraic structures on certain chain complex arising from such a 
system. We discuss the case of Floer homology (of periodic Hamiltonian system) 
and of A 0Q algebra appearing in Lagrangian Floer theory. Item (3) above comprises 
Part 2. 

In Part 3 we present in detail the construction of the moduli spaces of pseudo- 
holomorphic curves and its Kuranishi structure which satisfies the axioms we for¬ 
mulate in Part 2. We discuss them for the case of Floer homology (of periodic 
Hamiltonian system) and of algebra appearing in Lagrangian Floer theory. We 
also discuss the case of Gromov-Witten invariants. (Item (5) is in Part 3.) 

We remark Parts 1 and 2 of this article are self-contained. It does not use the 
results of [F00013]. In other words, we reprove certain parts of [F00013] in this 
article. (We quote some general topology issue from [F00018].) In Part 3, we 
quote [F00013] in several places. 

Introduction to each part follows. 

Now we upload Part 1. In the text below we quote results, sections etc. of 
Parts 2 and 3. They will appear later on. Note we quote Parts 2 and 3 in order 
to provide a view how the results of Part 1 are used or to provide perspective to 
related results. As far as the logic of the proof concerns, the discussion of Part 1 is 
complete without referring Parts 2 and 3. 

1.1. Introduction to Part 1. In Part 1 we discuss the space with Kuranishi 
structure and define its virtual fundamental chain. 

Kuranishi structure is a ‘generalization of the notion of manifold which allows sin¬ 
gularity’. We entirely work in C°°-category. In general, singularity in C^-category 
can be much wilder than one in analytic category. Our aim is not developing a 
general theory of ‘C 00 analogue of scheme’ but a more restricted one, which is, to 
define virtual fundamental chains and cycles. Because of this, our definitions and 
constructions are designed so that they are useful for that particular purpose. 

Now an outline of the main results proved in Part 1 is in order. Since most basic 
and conceptual ideas behind the definitions of Kuranishi structures and virtual 
fundamental chains have been explained in various other previous writings of ours 
(see [Fu.3] [Fu5] [F0003, Section Al] [FOOOT, Section 12] [FOn] for example), here 
we discuss more technical aspect of the story, that is, the way how we rigorously 
realize those basic concepts. In fact the aim of this article is not to explain the 
basic concepts of the theory or to present the main ideas of the construction of 
virtual fundamental chains (which, according to the opinion of the authors of this 
article, is definitely more important than the details provided here) but to present 
its technical details with as much details as possible 

Roughly speaking Kuranishi structure of a space X represents X locally as a 
zero set s _1 (0) where s is a section of vector bundle E —>• U over an orbifold 
U. More precisely a Kuranishi chart is a quadruple U = (U, E, s,ip) where s is a 
section of a vector bundle E —>• U over an orbifold U and ip : s^ 1 (0) -A X is a 
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homeomorphism to its image. (See Definition 3.4.) We call s a Kuranishi map. In 
fact this description in the situation of various applications appears as a Kuranishi 
model of the local description of the moduli problem. We also need appropriate 
notion of coordinate changes among them. 

The main difference of the coordinate change between Kuranishi charts from 
the coordinate change between manifold or orbifold charts lies in the fact that the 
coordinate change of Kuranishi charts may not be a local ‘isomorphism’. This 
is because the dimension of the space with Kuranishi structure is, by definition, 
dimU — rankE and so the orbifolds Ui of two Kuranishi charts of 

the same space X may have different dimension. (Namely dim U\ ^ dim U 2 in 
general.) Recall that in the description of the manifold or orbifold structure one 
uses a pseudo-group or a groupoid. This description certainly is not useful for the 
Kuranishi structure since the most important axiom of groupoid (the invertibility 
of the morphisms) is exactly the one we give up. One may use a version of category 
of fractions to invert the arrows appearing in the definition of coordinate change 
of Kuranishi charts to adapt the groupoid language. This is the route taken, for 
example, by D. Joyce in [Jo2], which however is not the one we take. 

There are two slightly different versions of the definition of ‘spaces with Kuranishi 
type structures’ in [FOn]. One is what we call ‘a Kuranishi structure’ the other ‘a 
good coordinate system’. 

In the manifold theory (or in the orbifold theory) we consider a maximal set of 
the coordinate charts compatible with one another, and call this set a structure of 
C°° manifold. Equivalently for a manifold M we assign a (germ of a) coordinate 
neighborhood to each point p of M. This way of defining the manifold structure is 
somehow more canonical. On the other hand to perform various operations using 
the given manifold structure, we usually take a locally finite cover consisting of 
coordinate charts in the given manifold structure. The latter is especially necessary 
when we use a partition of unity as in the case of defining integration of differential 
form on a manifold M. Certain amount of general topology is needed to be worked 
out in the manifold course to prove existence of an appropriate locally finite cover 
extracted from the set of infinitely many charts defining the manifold structure. 

This technicality is not entirely trivial but is never a conceptual heart of the theory. 
2 

The relationship between the Kuranishi structure and the good coordinate sys¬ 
tem is similar to the one between these two ways of describing a C°° structure of 
manifolds. A Kuranishi structure of X assigns a Kuranishi chart U p to each point 
p £ X. So in particular it contains uncountably many charts. On the other hand, 
a good coordinate system of X consists of locally finite (finite if X is compact) 
Kuranishi charts U 9 . (p £ Here fp is certain index set.) 

Note coordinate changes between Kuranishi charts are not necessarily a local 
isomorphism. In general we have coordinate change only in one direction. In the 
case of Kuranishi structure the coordinate change from U q to U p is defined only 
when q £ U p . (Here U p is a neighborhood of p.) We remark that q £ U p does not 
imply p £U q . 


“When teaching a course of manifold, it is important not to over-emphasize the importance of 
these issues so that the students will not get lost in the technicalities. 
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In the case of good coordinate system the set of Kuranishi charts is parameterized 
by a certain partially ordered set fp and the coordinate change from U q to Up is 
defined only when q < p. 

Remark 1.1. (Chen-Tian’s approach) In the paper [CT] 3 (and several other ref¬ 
erences which follow Chen-Tian’s approach) the set of charts are parameterized by 
a subset of certain finite set I. (Namely fp C 2 1 .) The partial order in Chen-Tian’s 
approach is the usual inclusion of subsets. (See [CT, Definition 2.1].) If we ex¬ 
amine the proof of the construction of Kuranishi structure in [ 7 On] , we find that 
the partially ordered set which appears there is actually parameterized by a subset 
of certain subset of the moduli space. (Namely I is a finite subset of X.) Thus 
our approach is not so far away from Chen-Tian’s approach in applications. We, 
however, think our way of including arbitrary partially ordered set is more flexible 
than Chen-Tian’s. (Their approach certainly works at least for their purpose.) 

For example the approach using C 2 1 does not seem to work literally in the 
case when we try to construct a system of Kuranishi structures on moduli spaces 
of pseudo-holomorphic curves (without boundary) so that it is consistent with the 
fiber product description of the stratum. (See Part 3.) 4 One can certainly modify 
or use its variant to include that case. However modifying the definition when 
new applications appear is not a good way to develop general theory, especially 
such a lengthy one we are building. Because then one need either to repeat all the 
proofs again or to say ‘We can prove it in the same way’. In this article we want 
to avoid saying this sentence as much as possible though it might be impossible to 
completely avoid it. 5 * The structure of partially ordered set is certainly the structure 
which remains in all the expected generalizations and is also the very structure we 
need for the inductive argument we will use to work on good coordinate system. 

The main reason why the notion of Kuranishi structure was introduced is to work 
out the transversality issue appearing in the theory of pseudo-holomorphic curves 
and etc. For this purpose it is important to perturb the Kuranishi map, denoted 
by s, so that the resulting perturbed map becomes transversal to 0. The original 
proof of transversality theorem due to R. Thom [Tom] constructed perturbation by 
using induction on charts. We follow this proof. We use partial order on the index 
set fp of Kuranishi charts for this purpose. Note in order to perform this inductive 
construction it is essential to use good coordinate system rather than Kuranishi 
structure since it is hard to work on uncountably many coordinate charts consisting 
Kuranishi structure. Thus construction of good coordinate system out of Kuranishi 
structure is an important step in the construction of an appropriate perturbation 
and resolving transversality issue. 

On the other hand, the fact that the Kuranishi structure is more canonical than 
the good coordinate system can be seen from the following point. We can define the 
product of two spaces with Kuranishi structure in a canonical way. However the 
definition of product of two spaces with good coordinate system is more complicated 
and is less natural. For our application we need to construct virtual fundamental 

3 The paper [CT] was published in 2010 but this paper had appeared in the arXiv in 2006. 

'One reason why it does not seem to work is that there is an automorphism which exchange 
irreducible components, in general. 

5 We had experiences to be complained when we wrote similar sentences in our earlier papers. 

We agree that it is preferable to avoid it. However it is sometimes impossible to do so, especially 

in a research paper whose main focus is application and is not the detail of foundation. 
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chains in the way that is compatible with fiber product or with direct product. For 
this purpose working with Kuranishi structure is more appropriate. 

Thus during the various constructions, we need to go from a Kuranishi structure 
to a good coordinate system and back several times. 

Concerning this transition from one to the other, there is one difference between 
the current story and the manifold theory. In the manifold theory, one starts with 
a C°° structure (which consists of all the compatible coordinate charts) and then 
pick up an appropriate locally finite cover. It is a fact that one can always recover 
original C°° structure from the charts consisting of the chosen locally finite cover. In 
the current story of Kuranishi structures, we start with a Kuranishi structure U and 
construct a compatible good coordinate system U. We can use the resulting good 
coordinate system U to construct another Kuranishi structure U + . Unfortunately 
IA + is different from U in general. In other words we lose certain information while 
we go from a Kuranishi structure to its associated good coordinate system. Some 
portion of the discussion in Part 1 is devoted to showing that this loss does not 
affect the construction of virtual fundamental chain. 

Remark 1.2. This technical trouble seems to reflect the fact that the notion of 
Kuranishi structure is conceptually less canonical than that of manifold. For exam¬ 
ple we can construct a Kuranishi structure on (practically all the) moduli spaces 
of pseudo-holomorphic curves. However the Kuranishi structure we obtain is not 
unique but depends on some choices. (We compensate this shortcoming by using 
an appropriate notion of cobordism.) In case the moduli space happens to be a 
manifold (and the equation defining the moduli space is Fredholm regular) the C°° 
structure on the moduli space is certainly canonical. 6 7 Another sign that the notion 
of Kuranishi structure is not canonical enough is that we do not know how to define 
a morphism between two spaces with Kuranishi structure. 

It seems that the route taken by Joyce [Jo2], [Jo4] resolves these two issues. See 
Remark 1.9 for the reason why we nevertheless use our definitions of Kuranishi 
structure and good coordinate system. 

The history of the 20 century mathematics tells us that in the realm of algebro- 
geometric or complex analytic category, going to the ultimatum in making all the 
constructions, definitions and etc. as canonical as possible is often the correct point 
of view' even if it looks cumbersome at the beginning. It also tells us that in the 
realm of differential geometry or in that of C°° functions, an attempt to realize a 
canonical construction in the ultimate level frequently fails 8 and so we are forced 
to find the suitable place to compromise and to be content ourselves with being 
able to achieve the particular purpose we pursue. 

Remark 1.3. The whole exposition of Part 1 is designed in the way that most of the 
statements and proofs find their analogs in the corresponding statements and proofs 
of the standard theory of manifolds. Once the right statements are given, the proofs 
are fairly obvious most of the times, 9 although it is not entirely so because there are 
also some differences between the Kuranishi structure and the manifold structure 
in certain technical points. These differences result in cumbersome and technically 

6 except the choice of smooth structure of gluing parameter. 

7 This is the viewpoint taken and insisted by Grotendieck. 

8 Theory of singularity of C°° functions is one typical example. 

9 By this reason in many places we do not need to say much about the proof. 
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heavy proofs in those cases. However we emphasize that these are rather technical 
points and do not comprise the conceptional heart of the theory. Especially for the 
researchers who have in their mind the construction of virtual fundamental chains 
in various concrete geometric problems, thorough understanding of cumbersome 

details of these technicality should not be a part of everyone’s required background. 
10 

It seems to us that the whole theory now becomes nontrivial only because its 
presentation is heavy and lengthy. The method of making the proof ‘locally trivial’, 
which we are taking here, has been used in various branches of mathematics as an 
established method for building the foundation of a new theory, especially when 
the theory is conceptually simple but meets certain complicated technicality in 
its rigorous details. We choose the ‘Bourbaki style’ way of writing this article. 
Especially, we do our best effort to make explicit the assumptions we work with and 
the conclusions we obtain. As its consequence, there appear so many definitions and 
statements in the text, which we acknowledge is annoying but may be inevitable. 

We hope that in the near future many users of virtual techniques via the Kuran- 
ishi structure appreciate that they do not need to know anything more than a small 
number of basic definitions and theorems together with the fact that the story of 
Kuranishi structure is mostly similar to that of smooth manifolds. Then one can 
safely dispose the details such as those we provide here and use the conclusions as 
a ‘black box’. It is the present authors’ opinion that advent of such an enlightening 
and agreement in the area will be important for the development of symplectic 
geometry and related fields. In fact, one main obstacle to its smooth development 
has been the nuisance of working out similar, but not precisely the same, details 
each time when one tries to use the moduli spaces of pseudo-holomorphic curves of 
various kinds in various situations. 

Now we provide description of the main results of Part 1 sectionwise. In Section 3, 
we give the definitions of Kuranishi structures (Definition 3.8) and good coordinate 
systems (Definition 3.14). These definitions are based on a version of the definitions 
of an orbifold, its embedding and a vector bundle on it, which we describe in Section 
15. Of course the basic concepts and the mathematical contents of orbifold were 
established long time ago [Sa] . However there are a few different ways of defining an 
orbifold in the technical point of view. More significantly, the notion of morphisms 
between orbifolds is rather delicate to define. We refer readers to the discussion 
of the book [ALR] especially its section 1 for these points. In this article, we 
restrict ourselves to the world of effective orbifolds and use only embeddings as 
maps between them. Then those delicate points and troubles disappear. 

In Section 4, we define the fiber and the direct product of spaces with Kuranishi 
structure. We remark that in the category theory the notion of fiber product is 
defined in purely abstract language of objects and morphisms. The definition of 
fiber product we give in this section, however, is not the one given in the category 
theory. * 11 In fact, we never define the notion of morphisms between spaces equipped 
with Kuranishi structure in general. Therefore we define a fiber product of spaces 


10 Thorough knowledge of such a technicality, of course, should be shared among the people 
whose interest lie also on extending the technology to the extreme of its potential border and/or 
using the most delicate and difficult case of the technology to obtain as the sharpest results as 
possible. 

11 The authors thank D. Joyce we call attention this point to us. 
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with Kuranishi structure directly in Section 4. Here we consider only the fiber 
product over a manifold and require an appropriate transversality to define a fiber 
product. Although the definition we provide is not in the sense of category theory, 
they are so natural and canonical that the basic properties expected for the fiber 
product are fairly manifest. For example, associativity of the fiber product follows 
rather immediately from its definition. We do not define a fiber or a direct product 
of spaces with good coordinate systems here since its definition necessarily becomes 
more technical and complicated. 

In this article we assume all the Kuranishi structures and good coordinate sys¬ 
tems are oriented (Definitions 3.10 and 3.14) unless otherwise mentioned. 

In Section 5 we discuss the process going from a Kuranishi structure to a good 
coordinate system and back. As we mentioned before, we start from a Kuranishi 
structure U and construct a good coordinate system U as follows. 

Theorem 3.30. For any Kuranishi structure IA of Z C X there exist a good 
coordinate system U of Z C X and a KG-embedding IA —> IA. 

See Definition 3.29 for KG-embedding. (The good coordinate system U above is 
said to be compatible with the Kuranishi structure U.) We also start from a good 
coordinate system U and construct a Kuranishi structure U + . (Proposition 6.44.) 
When U + is obtained from U by combining these two processes, the Kuranishi 
structure U + is in general different from U but U + is related to U in a way that U + 
is a thickening of U. We define this notion of thickening and study its properties 
in Section 5. 

To formulate the notion of compatibility between a Kuranishi structure and a 
good coordinate system, and compatibility among Kuranishi structures or among 
good coordinate systems, we use the notion of embeddings. We define 4 possible 
versions of such embeddings and their compositions (there are 8 possible versions of 
compositions) in Section 5. See Tables 5.1 and 5.2. In Section 11, the proof of basic 
results of existence of good coordinate system compatible with given Kuranishi 
structure (Theorem 3.30) is given. 

In Section 6, we define the notion of multisections and multi-valued perturbations 
and their transversality. The basic result is the following existence theorem of 
transversal perturbation, which is proved in Section 13. Here we leave the precise 
definitions of the terminology used in the statement to the later text. 

Theorem 6.37. Let IA be a good coordinate system of Z C X and 1C its support 
system. 

(1) There exists a multivalued perturbation s = {Sp} of (JA,1C) such that each 
branch o/s™ is transversal to 0. 

(2) Suppose f : (X^Z^IA) -A N is strongly smooth and is transversal to g : 
M —> N, where g is a map from a manifold M. Then we may choose s 
such that f is strongly transversal to g with respect to s. 

A technical but nontrivial result we prove in Section 6 is compactness of the zero 
set of a multi-valued perturbation, which is a part of Corollary 6.32. Corollary 6.32 
also claims the fact that the zero set of multi-valued perturbation converges to the 
zero set of the Kuranishi map in Hausdorff topology as our perturbation converges 
to the Kuranishi map. (We remark that the zero set of the Kuranishi map is nothing 
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but the space X itself on which we define our good coordinate system.) These and 
other related results play an important role to work out the technical detail of the 
proof of wcll-defined-ness of the virtual fundamental chain (Propositions 7.80 and 
14.8). 

We remark that in Section 6 we work on a space with good coordinate sys¬ 
tem and not on a space with Kuranishi structure. As we mentioned before, we 
use an induction over the charts in the construction of a transversal multisection. 
This induction works with the good coordinate system but not with the Kuranishi 
structure itself. 

In Section 7, we define the notion of continuous family perturbation (abbreviated 
as CF-perturbation) and study their properties in relation to the good coordinate 
systems and the integration over the fiber. We use this notion to define the inte¬ 
gration of differential forms on the space with good coordinate system. (Moreover 
we also define the integration along the fiber.) 

The framework with which we define the integration along the fiber of differential 
form is as follows. (See also Situation 7.1.) 

Situation 1.4. We consider X , M, U, f with the following properties. 

(1) We are given a good coordinate system U = {(C/ p , E p , s p , V'p)} of a space 
X. 

(2) We are given submersions / p : Up —> M to a manifold M such that they are 
compatible with the coordinate change in an appropriate sense. (Namely 
we assume that there is a weakly submersive map / = {/ p | p G *$} : 
{X,U) -4 M.) (Definition 3.35. )■ 

We next define the notion of continuous family perturbation (CF-perturbation). 
We do so in 2 steps. We first define such notion on a single chart (U p , E p , s p ,ipp). We 
then discuss its compatibility with coordinate change and use it to define the notion 
of CF-perturbation of a good coordinate system. We define the notion of differential 
form on the space with good coordinate system. (It assigns a differential form on 
Up to each p £ tp which are compatible with coordinate changes. See Definition 
7.68.) We use them to define integration along the fiber 

hi-A f'.(h;&) € (1.1) 

for any sufficiently small e > 0. Here the degree d is deg/i + dim M — &\m(X,U) and 
© is a CF-perturbation, which satisfies an appropriate transversality assumption. 
(More precisely we assume that / is strongly submersive with respect to ©. See 
Definition 7.48.) 

In the case when (X,U) is a manifold or an orbifold (that is, when all the 
obstruction bundles E p are trivial), the operation (1.1) reduces to the standard 
integration along the fiber of a differential form. Note © is a one-parameter family of 
perturbations parameterized by e > 0. The integration along the fiber does depend 
on e as well as CF-perturbation. We also remark that typically (1.1) diverges as e 
goes to 0. We firmly believe there is no way of defining the integration along the 
fiber in the way independent of the choice of CF-perturbation. This is related to 
the following most basic point of the whole story of virtual fundamental chains: 

In the case we need to construct a virtual fundamental chain but not a cycle, 
that is, as in the case when our (moduli) space has a boundary or a corner, the 
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virtual fundamental chain depends on the choice of perturbations. However we can 
make (many) choices in a consistent way so that the resulting algebraic system is 
independent of such choices modulo certain homotopy equivalence. 

We will discuss this point further in Part 2. 

On the other hand, the integration along the fiber (1.1) is independent of various 
other choices involved. Especially it is independent of the choice of partition of unity 
we use to define the integration. We define the partition of unity in Definition 7.64 
in the current context and prove its existence in Proposition 7.67. The above 
mentioned independence is proved as Proposition 7.80. 

In Section 8 we prove Stokes’ formula for the integration along the fiber (1.1). 
We begin with discussing the boundary of a space with Kuranishi structure or 
with good coordinate system. We can define the notion of a boundary dM of a 
manifold with corners M, which we call the normalized boundary. dM is again a 
manifold with corner and there is a map dM —> M which is generically one to one 
and is a surjection to the boundary of M. Set theoretically dM is not a subset of 
M. For example, codimension 2 corner points of M appear twice in dM. These 
issues are not deep and are basically well-known. Because a systematic discussion 
of these issues is not easy to find and also because they are needed for a systematic 
study of Kuranishi structure with corner, which is important for the chain level 
argument (especially those appearing in Part 2), we include a systematic discussion 
of these issues here. Once these points are understood for the case of manifolds, 
it is straightforward to generalize them to the Kuranishi structure or to the good 
coordinate system with boundary and corners. 

Stokes’ formula in this context is (1.2) given below. In Situation 1.4, suppose 
{X,U) has normalized boundary, d{X 1 U) = {dX,dU). We assume the restriction 
fg of / to ( dX , dU) is still weakly submersive. 12 Suppose also we are given a CF- 
perturbation © of (X,U). We assume / is strongly submersive with respect to ©. 
Then © induces a CF-perturbation &g on the boundary with respect to which the 
restriction fg of / is strongly submersive. Stokes’ formula for a good coordinate 
system now is stated as Theorem 8.11: For any sufficiently small e > 0 we have 

d (M- &)) = f\(dh ; &) + fg\(t a -, & a ). (1.2) 

This is proved in Subsection 8.2. We note that in case M (the target of /) is a point, 
the integration along the fiber (1.1) is nothing but the integration of differential 
form and is a real number. In that case we write 


J(X,U,6‘) 




Then (1.2) becomes 

[ _ dh= [ __ h. (1.3) 

J(X,U,6 C ) Jd(X,U,6 c ) 

If all the obstruction bundles are trivial, (1.3) is nothing but the usual Stokes’ 
formula. 

In Section 8, we also include one easy application of Stokes’ formula. Namely we 
prove that if (X,ld) is equipped with a good coordinate system without boundary 


1 ^Actually this is automatic from our definition, since the submersivity from manifolds with 
comers implies that its restriction to each corner (of any fixed codimension) is a submersion, by 
definition. 
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and / is as in Situation 1.4, then push-forward of 1 (which is a differential 0-form 
of (X,U)) gives rise to a smooth differential form on M 

/!(1; &*) G ftdimM-dim (X,U)^ M y 

Then (1.2) implies that this form is closed. Moreover its de Rham cohomology class 
is independent of the choices (of © and e also). This is a consequence of Propositions 
8.15, 8.16 below. To state them we introduce the notion of smooth correspondence 
under the following situation. Note that the assumptions on the weak submersivity 
as above (also see Situation 1.5 below) are satisfied, for example, for the case of 
Gromov-Witten invariant. So we can use this result to prove well-defined-ness of 
Gromov-Witten invariant. 


Situation 1.5. [Situation 7.1] Let X be a compact metrizable space, and U a 
Kuranishi structure of X (with or without boundaries or corners). Let M s and M t 
be C°° manifolds. We assume U, M s and M t are oriented 13 . 

Let f s : {X\U) —>• M s be a strongly smooth map and ft : (X;li) —> M t a 
weakly submersive strongly smooth map. We call = ((X; U)\ f Sl ft) a smooth 
correspondence from M s to M t . B 


By Theorem 3.30 for Z = X, we have a good coordinate system (X,U) com¬ 
patible with (X,IA). Moreover we have f s : (X;U) —> M s and f t : {X;U) —> M t 
such that f a , ft are pullbacks of f 8 , ft respectively, and ft is weakly submersive 
(Proposition 6.49 (2)). Thus we have the correspondence denoted by 

x = ((x ; uyJ s j t ). 

We take a CF-perturbation © of ( X:U ) such that ft is strongly submersive with 
respect to U (Theorem 7.49 (2)). Then we define a map 

Corr (W : 9 h -»■ (ft)\(f*h-, <5 e ) G n e+k (Mt) (1.4) 

(Dehnition 7.85), which we call the smooth correspondence map associated to X = 
((X;U); f s , ft). Here £ = dimM t — dim (X-,U). Then Stokes formula (1.2) yields 
that for any sufficiently small e > 0 we have 


d o Cori' -er, — Corr_ o d = Corr -==- 
(x,6 e ) (x,e c ) (dx,e a -*) 

(Corollary 8.13). Using this formula, we show the following propositions. 


(1.5) 


Proposition 8.15. Consider Situation 1.5 and assume that our Kuranishi struc¬ 
ture on X has no boundary. Then the map Corr -ej. : Q k (M s ) —> n e+k (M t ) 
defined above is a chain map. 

Moreover, provided e is sufficiently small, the map Corr^g^ is independent of 

the choices of our good coordinate system IA and CF-perturbation & and of e > 0, 
up to chain homotopy. 


Thus in the situation of Proposition 8.15, the correspondence map Corr ^ on 

(..X. 5^ / 

differential forms descends to a map on cohomology which is independent of the 


13 In certain situations, for example in [F0004, Subsection 8.8], we discussed slightly more 
general case. Namely we discussed the case when U, M s and Mt are not necessarily orientable by 
introducing appropriate Z 2 local systems. See [F0004, Section A2] or an appendix to Part 2. 
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choices of U and © e . We write the cohomology class as [Corrx(/i)] G H(M t ) for 
any closed differential form h on M s by removing © e from the notation. 

Proposition 8.16. Let Xi = ((JQ,ZP), jfj, fl) be smooth correspondence from M s 
to M t such that dXi = 0. Here i = 1,2 and M s , M t are independent of i. We 
assume that there exists a smooth correspondence 2) = ((Y,U), f Sl ft) from M s to 
M t with boundary (but without corner) such that 

<92] = X-i U —X 2 . 

Here —X 2 is the smooth correspondence X 2 with opposite orientation. Then we 
have 

[Corr*, (h)] = [Corr* 2 (/i)] G H(M t ), (1.6) 

where h is a closed differential form on M s . 

Summing up these propositions, if the Kuranishi structure of X has no boundary , 
the virtual fundamental cycle of X and the smooth correspondence map are well- 
defined on cohomology level. These are proved in Section 8. 

Besides Stokes’ formula, an important property we use for the integration along 
the fiber is the composition formula. To formulate a composition formula we need 
to study the fiber product of CF-perturbations. Since a fiber product is to be better 
defined for the Kuranishi structure than for the good coordinate system, we rewrite 
the story of CF-perturbation and integration along the fiber with respect to the 
good coordinate system into the one with respect to the Kuranishi structure. This 
is the content of Section 9. The results addressed in Section 9 are really necessary 
for the chain level argument , in particular in the later Part of this manuscript. 

We can define the notion of CF-perturbation of a Kuranishi structure in the same 
way as that of a good coordinate system. Namely it assigns a CF-perturbation to 
each chart U p of p G X so that they are compatible with coordinate changes. (See 
Definition 9.1.) Note however it is very difficult to construct a CF-perturbation with 
appropriate transversality property on a given Kuranishi structure U of X, since 
the proof should be by induction on charts as we mentioned several times already. 
So we first construct a good coordinate system IA compatible to a given Kuranishi 
chart U and a CF-perturbation © on the good coordinate system U we obtained. 
Then we construct another Kuranishi structure Li + in such a way that © induces 
a CF-perturbation ©+ of (X,U + ). (Lemma 9.9.) Thus in place of constructing a 
CF-perturbation of given (X,U), we construct one of its thickening (X,Li + ). 

In this way we have arrived in the situation where we are given a Kuranishi 
structure equipped with a CF-perturbation satisfying appropriate transversality 
property needed. We formulate this situation as follows. 

Situation 1.6. We consider X , M, U 1 /, © with the following properties. 

(1) We are given a Kuranishi structure U = {(U p ,E p ,s p ,ip p )} of a space X. 

(2) We are given submersions / p : C/ p —>■ M to a manifold M such that they are 
compatible with coordinate change in an appropriate sense. (Namely, we 
assume that there is a weakly submersive map / = {f p \ p G X} : (X,U) — > 
M.) (Definition 3.35.) 

(3) © is a CF-perturbation such that / is strongly transversal to 0 with respect 
to ©. ■ 
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We can define the notion of differential forms on the space with Kuranishi struc¬ 
ture in the same way as on the space equipped with a good coordinate system. Now 
we define the integration along the fiber 

% i-A f\(h; &*) e fl d (M) (1.7) 

as follows. We take a good coordinate system U on which © € , h, f induce corre¬ 
sponding objects © e , h, /. Then by dehnition 

= ( 1 . 8 ) 
The main result of Section 9 claims that the right hand side of (1.8) is independent 
of the choice of U, © e , h, f but depend only on IA, © e , h, f. This is Theorem 9.14. 
(We note that integration along the fiber is hard to define directly with Kuranishi 
structure since we use a partition of unity to define the integration.) 

Stokes’ formula with respect to the good coordinate system is easily translated 
to one for the Kuranishi structure. Namely we have (Proposition 9.26) 

d ( f\(h ; ©'O) = f\(dh ; ©0 + f d \(h d - ©!). (1.9) 

In Section 10, we state and prove a composition formula whose outline is in order. 
We begin with X , M s , M t ,lA, f s , f t , © satisfying the following properties. (Here the 
indices s and t stand for the source and the target, respectively.) 

Situation 1.7. (1) X, M t ,U, ft play the role of X, M, IA, f in Situation 1.6. 

(2) X, M S ,U, f s play the role of X, M, U , / of Situation 1.6 except we do not 
assume weak submersivity of f s but assume only strong smoothness. 

(3) © is a CF-perturbation such that X,M t ,U, f t together with © satisfy the 
transversality assumption required to define integration along the fiber by 
ft. (Namely we assume ft. is strongly submersive with respect to ©. See 
Definition 9.2.)B 

We call (X, M s ,Mt,U, f s , ft) a smooth correspondence (See Situation 7.1) and 
(X, M s , f s , ft) a perturbed smooth correspondence (Definition 10.19). To 

each such correspondence X = ( X , M s , M t ,U, f s ,ft, <3) and sufficiently small e > 0, 
we associate a linear map 

Corr| : n*(M s ) ->■ VL* +d (M t ) 


by 


_Cor T%(h) = f t \(T;h-,&). (1.10) 

(See Definition 9.23.) Here /* is the pull-back operation which assigns a differential 
form on (X,IA) to a differential form on M s . The pull-back is defined for an arbitrary 
strongly smooth map f s . (See Definition 7.70. Here we do not need to assume weak 
or strong submersivity.) We define an integer d to be 


d = dim M t — dim (X,U). 


Our composition formula claims that the assignment X <—> Corr^ is compatible with 
compositions. 

Suppose that both 

3-21 = (X 21 , Mi, M 2 , W 21 , ©21,/l,21,/2,2l) 

3^32 = (X 32 , M 2 , M3,ZY32, ©32,/2,32,/3,32) 
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satisfy Situation 1.7. We define their composition £31 = £32 o £ 2 i as follows. 

First we consider the fiber product of Kuranishi structures 

(A 31 ; 7 / 31 ) = {X 21 M 21 ) XM 2 (^ 32 , 7732 ) 

to define the space with Kuranishi structure (X 31 , U 3 \) on which the CF-perturbations 
©21 and ©32 induce a CF-perturbation. (Definition 10.13.) /i, 2 i induces fi t3 i : 
{X 31 ,U 31 ) -)■ Mi and / 3j32 induces / 3i3 1 : {X 3 i,U 3 i) -)• M 3 . We then put 

£31 = £32 0 £21 = (^31) Ml, M 3 ,U 3 \ , © 31 , /l,31, f 3 ,3l)- 

It satisfies Situation 1.7. (Lemma 10.14 etc.) Now the composition formula is 
stated as 

Theorem 10.20. Suppose that X i+ u = (X i+li ,U i+ u, & i+ u, fi,i+u, fi+i,i+u) are 
perturbed smooth correspondences for i = 1,2. Then 

Corr|. r. = Corr|. o Corr|. (1.11) 

•*-32°-*-21 -*32 -*-21 v ' 

for each sufficiently small e > 0. 

Remark 1.8. Integration along the fiber of differential form on spaces with Ku¬ 
ranishi structure is written in [F0007, Section 12], Especially Stokes’ formula 
and the Composition formula was given in [F0007, Lemma 12.13] and [F0007, 
Lemma 12.15] respectively. Here we present them in greater details. In [F0007], 
the process going from a Kuranishi structure to a good coordinate system and back 
was not written explicitly. (One reason is because the main focus of [F0007] lies 
in its application to the Lagrangian Floer theory of torus orbits of toric manifolds 
but not in the foundation of the general theory.) Here we provide thorough detail. 
This theory is actually very similar to the manifold theory. 

In Section 11, we prove the existence of a good coordinate system that is compat¬ 
ible with the given Kuranishi structure (Theorem 3.30). We also prove its several 
variations. The proof we give there is basically the same as those presented in [FOn] 
which itself is more detailed in [F00013]. We simplify the proof in several places 
as well as provide details of several points whose proofs were rather sketchy in the 
previous writings. We separate the discussion on general topology issue from other 
parts and put it in a separate paper [F00018]. 

Section 12 is devoted to the proof of existence of a CF-perturbation satisfying 
appropriate transversality properties. This proof is split into 3 parts. 

In the first part (Subsection 12.1) we prove such an existence result for a single 
Kuranishi chart. For this, we use the language of sheaf. In particular we prove that 
the assignment 

U M- (all CF-perturbations on U} 

for each open subset U C U p defines a sheaf. We also consider the sub-sheaf 
consisting of CF-perturbations satisfying appropriate transversality properties. The 
main result is stated as a softness of these sheaves. (Proposition 12.4.) 

The second part of the proof (Subsection 12.2) discusses the case where we have 
a coordinate change of Kuranishi chart from U\ to 7/ 2 - Assuming we are given a CF- 
perturbation on IA\ with various transversality properties, we show that we can find 
a CF-perturbation of IA 2 with certain transversality properties such that these two 
CF-perturbations are compatible with the coordinate change (Proposition 12.22). 
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(Actually Proposition 12.22 includes a relative version of this statement, which we 
also need for our exposition.) 

In the third part (Subsection 12.3) we complete the proof of existence theorem 
of a CF-perturbation (Theorem 7.49 and its variants) combining the results of the 
earlier two subsections. 

As far as the de Rham version is concerned, the results up to Section 12 provide 
a package we need for the case we work on a single space with Kuranishi structure. 
The contents of Sections 13 and 14 will be used in Parts 2 and 3 to verify that most 
part of the story works when the ground field is Q. The results of Sections 13 and 
14 are not necessary over the ground field lorC. Actually de Rham version of the 
story is in various sense easier to work out than proving the corresponding results 
in the singular homology version. (Maybe the reason is similar to the reason why 
teaching an under-graduate homology theory of manifold based on de Rham theory 
is easier than teaching on based on the singular homology theory. This is especially 
so when one teaches cup product.) 

In Section 13, we prove an existence theorem of multi-valued perturbation (See 
Theorem 6.37). The proof is similar to the proof of Theorem 7.49. There are two 
differences: 

The first difference is as follows. In the case we work with the de Rham complex, 
we can construct a CF-perturbation of (A, U) so that a given weakly submersive 
map / : (X,U) —>• M becomes strongly submersive and use it. (This means that the 
restriction of fp to the zero set of perturbed section is a submersion.) This makes 
it possible to define the integration along the fiber. On the other hand we cannot 
expect to find multi-valued perturbation such that restriction of f p to its zero set 
is submersive. (We can find a multi-valued perturbation that is transversal to 0.) 
This difference makes it a bit harder to use multi-valued perturbation to work out 
chain level argument. We can still do it but we need to break symmetry more. This 
point is explained, for example, in [F0004, Subsection 7.2.2], [Fu2] and etc.. In 
this article we use multi-valued perturbation only in the case when the dimension 
of our good coordinate system is 1,0 or negative because of this issue. 

The second difference is rather technical and is explained in Subsection 13.5. 

In Sections 14, we discuss the virtual fundamental chain (over Q) through a 
multi-valued perturbation. The de Rham version of this section is Sections 7 and 8. 
In this section, we study only the case where the (virtual) dimension of our space 
(X,U) with good coordinate system is negative, 0 or 1 and prove the following. 

(1) In case dim (X,U) < 0 the zero set of multisection which is transversal to 0 
is an empty set. 

(2) In case dim(A,W) = 0 the zero set of multisection which is transversal 
to 0 consists of finitely many points and is away from the boundary of 
X. By defining appropriate weight to each point of this zero set and tak¬ 
ing weighted sum, we can define a rational number which is the virtual 
fundamental chain. (This number in general depends on the choice of mul¬ 
tisection.) 

(3) Suppose dim (X,U) = 1. Then dimd(X,U) = 0. By Item (2) we can 
define a virtual fundamental chain \d(X, U,s n )\ of d(X,U). (Here s" is the 
multi-valued perturbation we use to define it.) Then we have: 

[d{X,U,&)]=0. 


(1.12) 
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Item (1) is Lemma 14.1 (1). Item (2) is Lemma 14.1 (2), Lemma 14.5 and Definition 
14.6. Item (3) is Theorem 14.10, which corresponds to Stokes’ formula in our 
situation and is the main result of Section 14. 

Theorem 14.10. Let (U, s) be a good coordinate system with multivalued perturba¬ 
tion of X (see Definition lf.3) and assume dim (X,U) = 1. We consider its nor¬ 
malized boundary d{X 1 lA) = (dX,dlL) where s induces a multivalued perturbation 
Sd thereof and (dU,Sg) is a good coordinate system with multivalued perturbation 
of dX with dim(9X, did) = 0. Then the following formula holds. 

[(dx,du,s |)] = o. 


Furthermore we also show 

Corollary 14.28. Let Xi = ( Xi,lA l ), i = 1,2 be spaces with Kuranishi structure 
without boundary of dimension 0. Suppose that there exists a space with Kuranishi 
structure if) = (Y,U) (but without corner) such that 

<92) = £i U —X 2 - 

Here —X 2 is the smooth correspondence X 2 with opposite orientation. Then we 
have 

[{XiV 1 )] = l(X2,U 2 )]. (1.13) 


The proof of Theorem 14.10, which was given in [FOn], goes as follows. We take 
a transversal multisection of (X,U) extending the given one, s n , on the boundary. 
We may take it so that its zero set has a triangulation and it, when equipped with 
an appropriate weight, defines a chain. (In our situation it is a singular chain of a 
space which consists of a single point.) The boundary of this chain is the degree 
0 chain which is the virtual fundamental chain [9(X,W, s 71 )]. Therefore it is zero. 
(Degree zero singular chain of a point is zero if it is homologous to zero.) 

This proof is correct as it is. The only nontrivial issue (besides the existence of 
transversal multisection) to be clarified is the triangulability of the zero set. Non¬ 
trivial point of the argument is the following. If we take each branch of multisection 
.s”, its zero set is a one dimensional manifold. We need to check however union of 
various (s™) _1 (0) (for different branches) has triangulation. In case the intersec¬ 
tion of (s”) -1 (0) with (s”) _1 (0) is wild this triangulability fails. Other point is a 
discussion of the behavior of the zero set at the locus where the number of branches 
changes. As we mentioned in [FOn] we can resolve these points by taking an ap¬ 
propriate generic choice of perturbations. (See [FOn, page 946].) In our situation 
where our space (with good coordinate system) is 1 dimensional it is not so difficult 
to work it out. 14 

We will discuss triangulation of the zero set of multisection elsewhere in more 
detail. In this article, we provide an alternative proof of Theorem 14.10 which may 
be simpler and more transparent. In this proof we take a function / : (X,U) —> R>o 
such that / _1 (0) = dX and its gradient vector field of / along dX points inward. 

14 In [FOn] the case when the dimension is higher is also discussed. Those cases are more 
nontrivial to handle. However none of the application in [FOn] uses the case when the dimension 
of ( X,U ) is higher than 1. 
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For generic s > 0, the level set / _1 (s) = X s carries a good coordinate system 
induced from 1A which we write IA S . The dimension of (X S ,U S ) is zero. Using 
compactness of X we find that X s is an empty set for sufficiently large s. Since 
(Xq,Uq) = d(X,U), to prove Theorem 14.10, it suffices to prove that the virtual 
fundamental chain [(Af s , U s ,s n \^)\ £ Q is independent of s. Note the zero set 

of (s ra ) -1 (0) fl / -1 (0) is zero dimensional, which is a finite set. So the required 
independence follows by locally studying the zero set of s n . 

Remark 1.9. We would like to again mention a relationship with [Jo2], [Jo4]. In 
[Jo4], Joyce gave an alternative version of ‘space with Kuranishi structure’. In his 
version he relaxes the condition of compatibility of coordinate changes so that it is 
required only at the zero set of Kuranishi map. He requires compatibility including 
the derivative up to the first order. In that way Joyce succeeds in inverting the 
arrows of the coordinate change of Kuranishi charts so that the trouble coming from 
noninvertibility of coordinate change disappears. His way has an advantage that 
one can define the notion of morphisms between ‘spaces with Kuranishi structures’. 

We however use our version of Kuranishi structure and good coordinate system 
in this article. The reason is as follows. Our goal is to define a system of operators 
from a system of smooth correspondences (which is the object such as Situation 
1.7 (1)(2)). We need to choose a chain model on which we realize our operations 
forming the algebraic structure. Our choice in this article is the de Rham complex. 
(In some other occasion we also use the singular chain complex.) Note the space 
X which has Kuranishi structure may have pathological topology in general. So 
singular homology does not behave nicely for X. In the case of de Rham model, 
the situation gets even worse. Namely it seems impossible to define the notion of 
differential forms on X. 15 

Thus, we need to take a union of charts of X which has a positive size to work 
with de Rham or singular homology. Namely we need a system of spaces Up which 
is a manifold or orbifold and containing X. Both singular homology and de Rham 
cohomology of such spaces behave nicely. We remark that to define the notion of 
differential forms of a good coordinate system or of Kuranishi structure, we need 
compatibility of coordinate change in our sense, that is stronger than Joyce assumed 
in [Jo4], Namely, we also need to assume compatibility at some points outside X 
(i.e., outside the zero set of Kuranishi map s). By this reason, it seems that we 
can use neither de Rham cohomology nor singular homology directly if we use the 
definition of Kuranishi structure in the sense of [Jo4], 

As far as we understand, Joyce’s plan is to use a version of Kuranishi homology 
([Jol]) as the cohomology theory which makes sense in his version of Kuranishi 
structure. It seems likely that this approach works. One potential trouble however 
is the Poincare duality. Joyce in [Jol] provides a chain level intersection paring. 
However the intersection ‘number’ in his chain level intersection paring is not a 
number but is an element of some huge complex (whose cohomology group is Q). 
Though this construction provides the same amount of information in the homology 
level there is a trouble using it for the chain level argument. While we work on 
the chain level argument, sometimes we need to convert some input variables (of 
algebraic operation we will obtain) to output variables. We use the (chain level) 

^Since Cech cohomology behaves nicely with respect to the projective limit, it might be the 
best choice if we want to define chain model directly on the topological space X. 
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Poincare duality for this purpose. Note the pairing 

(u, v) i-A / u A v € R 

J M 

works in the chain level in de Rham theory. This identifies an element of de Rham 
complex with an element in its dual. Although the dual space of the space of 
differential forms is the set of distributions and is different from the set of differential 
forms, the difference between the spaces of differential forms and of distributions is 
relatively small so that we can still use the chain level Poincare duality to convert 
certain input variables to output variables. It seems that to realize this Poincae 
duality in the situation of Kuranishi homology, one needs to work more on the side 
of homological algebra. The amount of algebraic work to be done for this purpose 
might be very heavy, although it is plausible. 

Remark 1.10. As we mentioned in the beginning, we previously wrote an article 
[F00013] which provides a detailed explanation of similar nature as that of the 
present article. We refer readers to [F00013, Part 6] for some documentation of 
certain activities in which we were involved concerning the foundation of the virtual 
fundamental chain techniques, around the time when [F00013] was written. After 
we posted [F00013] in arXiv in 2013 September, we have continued our effort of 
accommodating the demand for more details of this technique which came from 
some part of symplectic geometry community. 

The first named author, together with other mathematicians, organized a semester- 
long program in the Simons Center for Geometry and Physics to discuss the foun¬ 
dation of the virtual fundamental chain techniques. Two one-week long conferences 
were held on the subject as well as a series of eleven lectures are presented by the 
first named author which are closely related to the content of this article. (The 
video of the conferences and the first named author’s lectures are available in the 
web page of the Simons Center for Geometry and Physics.) In addition, in our 
attempt to clarify the ‘Hausdorffness issue’ raised by D. McDuff and K. Werheim 
in their joint lectures given in the Institute for Advanced Study in early 2012, we 
separately wrote a paper [F00018]. 

While we have been writing this article and during these activities occurred 
(that is, between September 2013 and March 2015), the present authors have not 
been aware of any explicit mathematical questions unanswered on the foundation 
of virtual fundamental chain or cycle technique or on its application to the moduli 
space of pseudo-holomorphic curves. 16 


^®We disregard ‘objections’ directed to the points whose answers we had already provided 
before they were presented. 
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2. Notations 

o Int A, A: Interior of a subset A of a topological space, 
o A: Closure of a subset A of a topological space, 
o Perm(fc): The permutation group of order fc!. 

o Supp(/i), Supp(/): The support of a differential form h, a function /, etc., 
o Pullback of a sheaf by a map ip. 

o X: A paracompact metrizable space. (Parti), 
o Z: A compact subspace of X. (Part I). 
o U = ( U,£,ip,s ): A Kuranishi chart, Definition 3.1. 

o U\ Uo = {U 0 ,£\u 0 ,ip\u 0 ns-i(o),s\u 0 )'- open subchart ofU = (U,£,ij>,s), Def¬ 
inition 3.1. 

o $ = (ip : ip): Embedding of Kuranishi charts, Definition 3.2. 
o o p ,Op(q): Points in a Kuranishi neighborhood U p of p. Definition 3.4. 
o $21 = (U 2 i,p 2 i,p 2 i): Coordinate change of Kuranishi charts from U\ to 
IA 2 , Definition 3.5. 

o U = ({W p }, {$ pg }): Kuranishi structure, Definition 3.8. 
o (X,li), ( X,Z,U ): K-space, relative K-space, Definition 3.11. 
o W =((*?,<), {ZYp},{$ P q}): Good coordinate system, Definition 3.14. 
o \U\: Definition 3.15. 

o $ : U —»£/': KK-embedding. An embedding of Kuranishi structures, 
Definition_3.20. 

o $ : U —> U' : GG-embedding. An embedding of good coordinate systems, 
Definition 3.24. 

o $ : U —» U: KG-embedding, An embedding of a Kuranishi structure to a 
good coordinate system, Definition 3.29. 
o $ : U —>• U: GK-embedding. An embedding of good coordinate system to 
a Kuranishi structure, Definition 5.9. 

o / : ( X,Z;U ) —>• Y and / : (. X,Z;U) —>• Y : Strongly continuous map, 
Definitions 3.35 and 3.38. 

o (. X,Z\1A ) XjvM, (X\,Zi\Ui) x M (X 2 ,Z 2 -M 2 ): Fiber product of Kuranishi 
structures, Definition 4.9. 

o Sk(X, Z\U), Sk{X,Z\U ): Corner structure stratification, Definition 4.15. 
o Sq(X, Z\ U), Sq(X, Z\IA): Dimension stratification, Definition 5.1 
o U < U + : U + is a thickening of U. Definition 5.3. 
o <S p (A, Z\U\K,)\ Definition 5.6 (4). 

o K = {/C p | p G fp}: A support system. Definition 5.6 (2). 
o (/C 1 ,/C 2 ) or (/C“, A + ): A support pair, Definition 5.6 (3). 
o /C 1 < /C 2 : Definition 5.6. 
o |/C|: Definition 5.6. 
o B$(A): Metric open ball, (6.20). 

o S x = (W x ,uix,{s%})' CF-perturbation (=continuous family perturbation) 
on one orbifold chart. Definition 7.3. 
o S!). = (W x ,(jO Xi s%) for each e > 0: Definition 7.2. 

o © = {(QJ r ,d> r ) | r S 91}: Representative of a CF-perturbation on Kuranishi 
chart U. Definition 7.15. 

Here 53 r = (' V x , E Xl T r , </> r , (j> x ) is an orbifold chart of (U, £) and S x = (W x ,w x , {s}}) 
is a CF-perturbation of U on QJ r . 
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o © £ = {(QJ r ,<S £ ) | r G 91} for each e > 0. Definition 7.15. 

o © = {6p | p G *P}: CF-perturbation of good coordinate system. Definition 
7.47. 

o ©: CF-perturbation of Kuranishi structure. Definition 9.1. 

o 5?\ Sheaf of CF-perturbations. Proposition 7.21. 

o oS^o, ^/rh, Subsheaves of 5?. Definition 7.25. 

o /!(/i;© £ ): Pushout or integration along the fiber of h by (/,© £ ) on good 
coordinate system. Definition 7.78 

o f\(h; © £ ): Pushout or integration along the fiber of h by (/, © £ ) on Kuran¬ 
ishi structure. Definition 9.13. 

o Corr Smooth correspondence associated to good coordinate system. 

Definition 7.85. 

o Corr^gjSmooth correspondence of Kuranishi structure Definition 9.23. 

° ( s p) -1 (0) : The zero set of multisection. 

o n((© £ ) _1 (0)): Support set of a CF-perturbation © £ . Definition 7.72. 

o (V, F, 0): Orbifold chart, Definitions 15.1, 15.6. 

o (V,E, r, </>,</>): Orbifold chart of a vector bundle, Definitions 15.17, 15.22. 

o (X,£): Or bibundle, Definition 15.20. 

Convention on the way to use several notations. 

~ and^ We use ‘hat’ such as W, /, ©, h of an object defined on a Kuranishi 
structure U. We use ‘triangle’ such as U. /, ©, h of an object defined on a 
good coordinate system U. 

p and p For a Kuranishi structure IA on Z C X we write IA P for its Kuranishi chart, 
where p G Z. (We use an italic letter p.) For a good coordinate system U 
on Z C X we write U v for its Kuranishi chart, where p G (We use a 
German character p.) Here fp is a partial ordered set. 

■ The mark ■ indicates the end of Situation. See Situation 6.3, for example. 
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3. KURANISHI STRUCTURE AND GOOD COORDINATE SYSTEM 


3.1. Kuranish structure. The notion of Kuranishi structure in this document is 
the same as one in [F0007, Section Al] and [F00013], except we include the 
existence of tangent bundle in the definition of Kuranishi structure. The notion 
of good coordinate system in this document is the same as one in [ *"00013]. We 
introduce some more notations which are useful to shorten the account of this 
article. We refer Section 15, for the definition of (effective) orbifold, vector bundle 
on an oribifold, and their embeddings. Our orbifold is always assumed to be effective 
unless otherwise mentioned explicitly. 

Throughout Part 1, X is always a separable metrizable space. 

Definition 3.1. A Kuranishi chart of X is U = ([/,£, 0,s) with the following 
properties. 

(1) U is an orbifold. 

(2) £ is a vector bundle on U. 

(3) s is a smooth section of £. 

(4) 0 : s -1 (0) — > X is a homeomorphism onto an open set. 

We call U a Kuranishi neighborhood , £ an obstruction bundle , s a Kuranishi map 
and 0 a parametrization. 

If U' is an open subset of U, then by restricting £, 0 and s to U' , we obtain a 
Kuranishi chart which we write U\w and call it an open subchart. 

The dimension U = (U, £, 0, s) is by definition 


dimZY = dim!/ — rank £. 


Here rank£ is the dimension of the fiber £ —> U. 

We say that U = (U, £, 0, s) is orientable if U and E are orientable. An orien¬ 
tation of U = (U,£,ij), s) is a pair of orientations of U and of £. An open subchart 
of an oriented Kuranishi chart is oriented. 

Definition 3.2. Let U = (U,£,ijj, s), U' = (f7',£ , ,0 / , s') be Kuranishi charts of X. 
An embedding of Kuranishi charts : U —> W is a pair <f> = (tp, p ) with the following 
properties. 

( 1 ) p : U U' is an embedding of orbifolds. (See Definition 15.2.) 

(2) p : £ —> £' is an embedding of vector bundles over ip. (See Definition 


15.20.) 


(3) p o s = s' o p. 

(4) 0' o p = 0 holds on s -1 (0). 

(5) For each x £ U with s(a;) = 0, the (covariant) derivative D^^s' induces 
an isomorphism 



(3.1) 


(- D x p)(T x U) <p(£ x ) 


In other words, the map (3.1) is the right vertical arrow of the next commutative 
diagram. 



(3.2) 



■> 



ip(£x) 
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If dim U = dim U' in addition, we call (p, (p) an open embedding. 

Definition 3.3. In the situation of Definition 3.2, suppose U and U' are oriented. 
Then the orientations induce trivialization of DetTt/'^Detf' and of DetTI/® Det£. 
(Here Det£ is a real line bundle which is the determinant line bundle of £. Det TU' 
etc. are defined in the same way.) 

We say = (ip, (p) is orientation preserving if the isomorphism 

Det T V ( X )U' ® (Dct T X U)* = Det£^ x ) <g> (Det£ x )* 

induced by (3.1) is compatible with these trivializations. 

The composition of embeddings of Kuranishi charts is again an embedding of 
Kuranishi charts. There is an obvious embedding of Kuranishi charts from IA to 
itself, that is, the identity. We can define the notion of isomorphism of Kuranishi 
charts by using the above two facts in an obvious way. 

Definition 3.4. For A C X, a Kuranishi neighborhood of A is a Kuranishi chart 
such that Im(i/>) contains A. In case A = {p} we call it a Kuranishi neighborhood 
of p or a Kuranishi chart at p. 

When U p = (U p , £ p ,iJj p , s p ) is a Kuranishi neighborhood of p, we denote by 
o p £ U p the point such that s p (o p ) = 0 and ip p (o p ) = p. If q £ Im(^ p ) we denote 
by o p (q) £ U p the point such that s p (o p (q)) = 0 and i/j p (o p (q)) = q. Note such o p 
and o p (q) are unique. 

Definition 3.5. Let U\ = (U\, £\, ipi, si), U 2 = (f/ 2 , £ 2 , i> 2 , S 2 ) be Kuranishi charts 
of X. A coordinate change in weak sense (resp. in strong sense ) from U\ to U 2 is 
$21 = {U 211 <P 2 i, P 21 ) with the following properties (1) and (2) (resp. (1), (2) and 

(3)): 

(1) D 21 is an open subset of U\. 

(2) (y> 2 i) ^ 21 ) is an embedding of Kuranishi charts : U\ If/21 ~ 1 ► ^2- 

( 3 ) ^(^'(O) n U21) = Im(V>i) n Im(^ 2 )- 

In case U\ and U 2 are oriented d> 2 i is said to be orientation preserving if it is so as 
an embedding. 

Remark 3.6. We use coordinate changes in weak sense for Kuranishi structures 
(Definition 3.8), while we use coordinate changes in strong sense for good coordinate 
systems (Definition 3.14). From now on, coordinate changes appearing in Kuranishi 
structures are in weak sense and coordinate changes appearing in good coordinate 
systems are in strong sense. 

Convention 3.7. Hereafter in Part 1, Z is assumed to be a compact subset of X, 
unless otherwise specified. 

Definition 3 . 8 . A Kuranishi structure U of Z C X assigns a Kuranishi neigh¬ 
borhood U p = (U p , £ p ,i/j p , s p ) of p to each p £ Z and a coordinate change in 
weak sense & pq = (U pq , p pq , (p pq ) : U q —»• U p to each p, q £ Im(i/> p ) n Z such 
that q £ il) q (s~ 1 ( 0) fl U n ) and the following holds for each p, q £ Im(^ p ) n Z, 
r £ ijj q (s~ 1 (0) n U pq ) n Z. 

We put U pqr = ip qr )(Up q ) H U pr . Then we have 

| Upqr = ^ pq 0 ^ qr\u pgr ■ 

We call Z the support set of our Kuranishi structure. 


(3.3) 
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We also require that the dimension of U p is independent of p and call it the 
dimension of U. 

Remark 3.9. We require that the equality (3.3) holds on the domain where both 
sides are defined. This is always the case of this kinds of equality when we require 
such an equality between the maps whose domain is a Kuranishi chart that is a 
member of a Kuranishi structure. 

On the other hand, in case when we study maps whose domain is a Kuranishi 
chart that is a member of a good coordinate system defined in Definition 3.14, we 
sometimes require other conditions such as the condition that the domains of the 
two maps coincide. (See Definition 3.24 (1) for example.) We mention explicitly 
those conditions when we require it. 

Definition 3.10. We say the Kuranishi structure ({Up}, {‘f’pU) is orientable if we 
can choose orientation of U p such that all $> pq are orientation preserving. 

The notion of orientation of an orientable Kuranishi structure and of oriented 
Kuranishi structure is defined in an obvious way. 

Definition 3.11. A K-space is a pair (X,U) of a paracompact metrizable space X 
and a Kuranishi structure U of X. 

A relative K-space is a triple (X, Z;U), where Z G X is a compact subspace and 
U is a Kuranishi structure of Z C X. 

Remark 3.12. In [FOn, F0004, F00013] we assumed that the orbifold appear¬ 
ing in Kuranishi structure is a global quotient. Namely we assumed U = V/T 
where V is a manifold and T is a finite group acting on V effectively and smoothly. 
There is no practical difference of the definition since we can always replace U p by 
a smaller open subset so that it becomes of the form U p = V p /T p . 

Remark 3.13. In [Jol] etc. a space with Kuranishi structure is called Kuranishi 
space. However the name ‘Kuranishi space’ has been used for a long time for the 
deformation space of complex structure, which Kuranishi discovered in his cele¬ 
brated work. The Kuranishi structure in our sense is much inspired by Kuranishi’s 
work, but a space with Kuranishi structure is different from the deformation space 
of complex structure (Kuranishi space). So we call it K-space in this document. 

We also insist to call s a Kuranishi map. This is the main notion discovered by 
Kuranishi. 

From now on when we write Kuranishi neighborhood of p as U p , U' p etc. we use 
the notation V p , U p etc. by U p = (U p , £ p , ip p , s p ). 

3.2. Good coordinate system. 

Definition 3.14. A good coordinate system of Z C X is 

U = ((¥,<), {U p |pG<P},{$ pq | q < p}) 

such that: 

(1) (*$7 <) is a partially ordered set. We assume is finite. 

(2) Up is a Kuranishi chart of X. 

( 3 ) Up ^ U P^Z. 

(4) Let q < p. Then <F pq = (f7 pq , ip pq , v? pq ) is a coordinate change in strong 
sense: U q —> Up in the sense of Definition 3.5. 
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(5) If r < q < p, then by putting U pqt = ip„^(U vq ) PI U px we have 

^P^lc/pq! = ^*Pq ° ‘^Vlf/pqt ' (3-4) 

(6) If Im(^p) fl Im(^q) ^ 0, then either p < q or q < p holds. 

(7) We define a relation ~ on the disjoint union U pg tp U p as follows. Let 
x £ C/p, y £ U q . We define x ~ y if and only if one of the following holds: 

(a) p = q and x = y. 

(b) p < q and y = y qp {x). 

(c) q < p and x = <p pq (y). 

Then ~ is an equivalence relation. 

(8) The quotient of H p6 (p U p / ~ by this equivalence relation is Hausdorff with 
respect to the quotient topology. 

In case Z = X we call it a good coordinate system of X. 

In case hi satisfies only (l)-(6), we call it a good coordinate system in the weak 
sense. 

We call Z the support set of our good coordinate system. 

We also require that the dimension of U p is independent of p and call it the 
dimension of hi. 

We say a good coordinate system structure U = ((tp, <), { U p | p £ tp}, {<P P q | q < 
p}) is orientable if we can choose orientation of U p such that all <f>pq are orientation 
preserving. The notion of orientation of orientable good coordinate system and of 
oriented good coordinate system is defined in an obvious way. 

Definition 3.15. We write \U\ the quotient set of the equivalence relation in Def¬ 
inition 3.14 (7). (See [F00013, Remark 5.20] for its topology.) 

Remark 3.16. (1) Condition (7) above was not included in the definition of 

good coordinate system in [FOn], [F0004]. This condition is due to Joyce 

[Jol], 

(2) The fact that Condition (8) makes the argument used in our construction of 
the perturbations more transparent became clearer during the discussion 
at the google group Kuranishi. This condition was not included in the 
definition of good coordinate system in [FOn], [F0004]. The authors thank 
the members of the google group Kuranishi who helped us much to polish 
the discussion here. 

(3) However, we note that, for each ‘good coordinate system’ in the sense of 
[FOn], [F0004], for which (7), (8) are not necessarily satisfied, we can 
always shrink U p so that (7), (8) are satisfied. The detailed proof of this 
fact is given in [F00018]. Therefore, the statements in [F0004] based 
on the definition of ‘good coordinate system’ in the sense of [F0004], is 
correct as stated there without change 17 . 

(4) Throughout this document, we denote by U p etc. (where the index p is a 
German character) a Kuranishi chart which is a member of good coordinate 
system, and by hi p etc. (where the index p is an italic letter) a Kuranishi 
chart which is a member of Kuranishi structure. 


^ Note however that there is an error related to the notion of ‘germ of Kuranishi neighborhood’ 
in [FOn], which was explained in [F00013, Subsection 34.1], This error had been corrected in 
[F0004, Section Al], 
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From now on, when we write coordinate change U q —» Up as $ pq we use the 
notations U vq , <p vq etc. where <E>p q = (f7 pq , tppq, £) pq ). The same remark applies to 

$pq- 

Lemma 3.17. Let Ui = (Ui,£i,i/ji,Si), ( i = 1,2) be Kuranishi charts and $21 : 
U\ — > U 2 a coordinate change. We assume that dim U\ = dim t / 2 and the map 

U 21 —t U\ x U 2 

defined by x ha (ip 2 i(x), x) is proper. Then there exists a Kuranishi chart U 3 = 
(t/3, £ 3 , -03 , S3) and open KK-embeddings $3i = (<fi 3 i,<P 3 i) ■ Ui -A U 3 (i = 1 , 2 ) such 
that 

( 1 ) $32 O $21 = $ 3 l|[ 7 2 i- 

( 2 ) U 3 = Im(^ 3 i) U Im(<p 32 ). 

Proof. We can glue two orbifolds (of the same dimension) U\ and f / 2 by the diffeo- 
morphism U 21 —> U 2 to its image (that is an open set). Here U 21 C U\ is also an 
open set. By the properness we assumed the glued space is Hausdorff. Therefore, 
by gluing we obtain an orbifold, which we denote by U 3 . We can glue £\ and £2 to 
obtain £ 3 . The rest of the proof is obvious. □ 

We note that U 3 is unique up to isomorphism that is compatible with $3^. (The 
proof of this uniqueness is easy and is left to the reader.) We call the chart U 3 the 
sum chart. 

Lemma 3.18. Let Ui = (Ui, £i,if>i, sf) [i = 1,2,3) and $jj (1 < i < j < 3) 
be as in Lemma 3.17. Let Uq = (Uq, £q, ipo, sq) be another Kuranishi chart and 
$oi '■ Hi U 0 (resp. $io : Uq —> Ui) embeddings of Kuranishi charts for i = 1,2. 
We assume 

$02 0 $21 = $01 |t/21 , 

(resp. U w (~l U 2 o = Tiq{U 2 i) and $ 2i 0 $io|t/i 0 nU 2 o = ^ 2 o\u w ou m -) 

Then there exists a unique embedding of Kuranishi charts $03 : U 3 —.► Uq (resp. 
$30 : Uq —> U 3 ) such that 

$03 0 $3i = $0i (resp. $ 3i o $ l0 = $ 30 J. 

Proof. We note that our orbifold is always assumed to be effective and we only 
consider embeddings as maps between them. As its consequence, two such maps 
coincide if they coincide set-theoretically. Moreover, if we are given smooth maps 
(embedding) on open subsets of our orbifolds so that they coincide on the intersec¬ 
tion of the domain, then we can glue them to obtain a smooth map (embedding). 
Lemma 3.18 is an immediate consequence of these facts. □ 

Remark 3.19. It seems that Lemma 3.18 will become false if we include noneffec¬ 
tive orbifold. 

3.3. Embedding of Kuranishi structures I. 

Definition 3.20. Let U = ({U p }, {$ P9 }), U' = ({U' p }, {<&' pq }) be Kuranishi struc¬ 
tures of Z C X. A strict KK-embedding $ = {$ p } from U to U' assigns, to each 
p £ Z, an embedding of Kuranishi charts $ p = ( <p p ,<p p ) : U p -A U' p such that for 
each q £ Im(i/>p) n Z we have the following: 

© $ P o ^ P q\ Upqnip -\u^) = Kg 0 ^i\u pq n v -\ui, q y 
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(See Remark 3.9.) 

We say that it is an open KK-embedding if dim U p = dim U' p for each p. 

We say that U is an open substructure of W if there exists an open KK-embedding 

U^rU'. _ _ __ _ 

A KK-embedding from U to U + is a strict KK-embedding IAq —> U + from an 
open substructure IAq of U. 

Definition 3.21. In the situation of Definition 3.20 we assume that U and U' are 
oriented. We say that $ = {dip} is orientation preserving if each of <f> p is orientation 
preserving. 

Remark 3.22. The notion orientation preserving embedding can be defined for 
other types of embeddings (there are 4 types of them see Table 5.1.) in an obvious 
way. 


Convention 3.23. Hereafter in this article we assume all the Kuranishi charts, 
Kuranish structures and good coordinate systems are oriented unless otherwise 
mentioned explicitly. We also assume all the coordinate change and embedding 
among Kuranishi charts, Kuranish structures and good coordinate systems are 
orientation preserving unless otherwise mentioned explicitly. 


Definition 3.24. Let U = (<$, {Z4 P }, {$ pq }), U' = (<£', {U' p ,}, {d>p/ q ,}) be good 

coordinate systems of Z C X. A GG-embedding <f> = {<f> p } from U to U' assigns an 
order preserving map i : —> ( jl' and, to each p € an embedding of Kuranishi 

charts <f> p = (ip p , tp p ) : U p such that for each q < p we have the following: 

(!) Upq = Vq 1 (t / i(p)i(q))- 

(2) $ p o$ pq = $( (p)l(q) o$ q |^ q . 


Wq|l7 pq 

u p 


-A Ui 


i ( c l) ^‘(p)i(q) 




(3.5) 


We say that d> is a weakly open GG-embedding if dimt/ p = dimt/'^ for each p. We 
say it is an open GG-embedding if = < p / in addition. We say it is a strongly open 
GG-embedding if 

MU P n sp x (0)) = MU P n (s',)- 1 ^)) 

holds in addition. 

We say that IA is an open substructure (resp. weakly open substructure , strongly 
open substructure) of IA' if there exists an open (resp. weakly open, strongly open) 
GG-embedding U -*U'. 

We say a GG-embedding 4> is an isomorphism if the map i is a bijection and (p p 
is an isomorphism for each p. 


Remark 3.25. Definition 3.24, especially Item (1), implies that a GG-embedding 
IA —} IA' induces an injective continuous map \U\ —» \U'\. 

Lemma 3.26. Let U = (*)!, {Z4 P }, {4> pq }) be a good coordinate system of Z C X 
and let U p C U p be given open subsets such that Z C Upeqj V'p( s ^ 1 (0) G U p ). Then 
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there exists a unique coordinate change 4>p q such that (Cp, {U v | j/o}, {$p q }) is an 
open substructure ofU. 

Proof. Let $ pq = (U vq , £ pq ). We put 

u pq = n U° n (p-q (U°) (3.6) 

and $° q = (C/pq^pqlu^^pqlup 0 ,)- It is easy to see that (fp, {U v \ v o}, {$pq}) is an 
open substructure of U. 

On the other hand, if (*$, {W p |u°}, {$p q }) is an open substructure of U , then 
Definition 3.24 (1) implies that the domain U pq of <f> pq must be as in (3.6). □ 

Lemma 3.27. LetU = ({ U v }, {'Fpq}) be a Kuranishi structure of Z C X and Up C 
Up open subsets containing p. Then there exists <f>p q such that ({U p \uo}, {4*^}) is 
an open substructure of Id. 

Remark 3.28. The uniqueness dose not hold in Lemma 3.27 since there is no 
condition similar to Definition 3.24 (1) for Kuranishi structure. They have, however, 
a common open substructure. 

Proof. We put 

U n = U pq n U° 0 <Ppq(Up) (3.7) 

and = (U° q , <Ppq\u° q , Vpq\u° q )- It is easy to see that ({Wplc/o}, {'Fp,}) is a Ku¬ 
ranishi structure. □ 

Definition 3.29. Let U be a Kuranishi structure and U a good coordinate system 
ofZCX A strict KG-embedding of U to U assigns, for each p £ Z, p £ fp with 
p £ Ini(Vip), an embedding of Kuranishi charts 4)pp = (<Pp p ,tpp p ) : IA V -A U p with 
the following properties. 

If p, q e *P, q < p, P £ Im(^> p ) U Z, q € Im (ipp) n tf q (U pq ) n Z, then the following 
diagram commutes. 

U i\u pq n v -f(u eq ) ^ U <t\u Pq 

$ P ,| |<F Pq (3.8) 

Up Up 

A KG-embedding oilA to U is by definition a strict KG-embedding of an open 
substructure of U to U. 

If Uq —> U is a KK-embedding, U -A U + is a GG-embedding, and U —> U is a 
strict KG-embedding (resp. KG-embedding), then the composition 

Uo^-U -A W -+U+ 

is defined as a strict KG-embedding (resp. a KG-embedding). (See Definition 5.16 

(3)-) 

The next result is the same as [FOn, Lemma 6.3], [F00013, Theorem 7.1]. We 
will reproduce its proof together with various addenda in Section 11. In particular, 
Theorem 3.30 is proved in Subsection 11.1. 

Theorem 3.30. For any Kuranishi structure U of Z C X there exist a good coor¬ 
dinate system U of Z C X and a KG-embedding U -A U. 




30 


KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, KAORU ONO 


Remark 3.31. According to Convention 3.23, Theorem 3.30 contains the state¬ 
ment that U and the KG-embedding It —>• are oriented (provided U is oriented). 
We do not repeat this kinds of remarks later on. 

Definition 3.32. A good coordinate system U is said to be compatible with a 
Kuranishi structure U if there exists a KG-embedding It —>U. 

Remark 3.33. (1) The next terminology is due to Joyce [Jol] . 

Definition 3.34. A good coordinate system is said to be excellent if fp C 
Z> 0 , < is the standard inequality on Z>o and dimGp = p. 

Starting with an arbitrary good coordinate system U = ({C/ p }, {<f>p q }), 
we can construct an excellent good coordinate system U' as follows. Sup¬ 
pose dim[/ Pl = dimt/ P2 . If Im(^ Pl ) is disjoint from Im(i/’p 2 ), we take 
its disjoint union as a new chart and remove these two charts. Suppose 
fm(V’p 1 ) Dlm^pj) ^ 0. Then we may assume pi < p 2 - Since an embedding 
between two orbifolds of the same dimension is necessarily a diffeomor- 
phism, the coordinate change d’papj is an isomorphism. We can use this 
observation and Lemma 3.17 to construct the sum chart of U Pl and lt P2 . 
We take it as a new chart and remove lt Pl and lt P2 . The coordinate change 
between sum charts and other charts can be defined by using Lemma 3.18. 

We can continue this process finitely many times until we get an excellent 
coordinate system. Note there is a weakly open GG-embedding U —► It'. 

(2) We note that in [F00013, Section 7] we introduced the notion of mixed 
neighborhood, ft is basically equivalent to the notion of a pair of an ex¬ 
cellent good coordinate system U and a KG-embedding U -+U. (The only 
difference is that the conclusion of [F00013, Lemma 7.32] is not assumed 
in [F00013, Definition 7.15]. This difference is not essential at all be¬ 
cause of [F00013, Lemma 7.32].) Therefore Theorem 3.30 is equivalent to 
[F00013, Theorem 7.1]. 

Definition 3.35. Let It be a Kuranishi structure of Z C X. 

(1) A strongly continuous map f from (X, Z; U) to a topological space Y assigns 
a continuous map f p from U p to Y for each p £ X such that f p o ip pq = f q 
holds on U pq . 

(2) In the situation of (1), the map / : Z —> Y defined by f(p) = f p {p) is a 
continuous map from Z to Y. We call / : Z Y the underlying continuous 
map of /. 

(3) We require that the underlying continuous map / : Z —>• Y is extended to 
a continuous map / : X —>• Y and include it to the data defining a strong 
continuous map. 

(4) When Y is a smooth manifold, we say / is strongly smooth if each of f p is 
smooth. 

(5) A strongly smooth map is said to be weakly submersive if each of f p is a 
submersion. 

We sometimes say / is a strongly continuous map (resp. a strongly smooth map, a 
weakly submersive map) in place of / is a strongly continuous map (resp. a strongly 
smooth map, weakly submersive), by an abuse of notation. 


KURANISHI STRUCTURE AND VIRTUAL FUNDAMENTAL CHAIN 31 

Remark 3.36. The continuity claimed in (2) follows from the next diagram 

V‘( 0 ) if 

>’i y (3 - 9) 

Y = Y 

whose comutativity is a consequence of f p o ip pq = f q . 

Remark 3.37. In [Jol], Joyce used the terminology ‘strong submersion’ instead 
of ‘weak submersion’ which we have been used since [FOn] . We insist on using the 
terminology ‘weakly submersive’ by the following two reasons. 

(1) Let V\ C 14 be a submanifold, /2 a map from V 2 and f± a restriction of fi 
to V\ . The condition that fn is smooth is stronger than the condition that 
/1 is smooth. So we used the word strongly smooth. On the other hand, 
in case /2 is smooth, the condition that /2 is a submersion at each point 
of V\ is weaker than the condition that f\ is a submersion. So we used the 
word weak submersion. 

(2) Later we will use the terminology ‘strongly submersive’ for a different no¬ 
tion. See Definitions 6.35 and 6.36. 

Definition 3.38. Let U be a good coordinate system of Z C X. 

(1) A strongly continuous map f from (X, Z\U) to a topological space Y assigns 
a continuous map / p from U p to Y to each p S ip such that fp o tp pq = f q 
holds on Up q . 

(2) In the situation of (1), the map / : Z —>• Y defined by f{p) = / p (o p (p)) (for 
p £ Im('b’p) n Z) is a continuous map from Z to Y. 18 We call / : Z —> Y 
the underlying continuous map of /. 

(3) We require that the underlying continuous map / : Z —> Y is extended to 
a continuous map / : X -A Y and include it to the data defining strong 
continuous map. 

(4) When Y is a smooth manifold, we say / is strongly smooth if each of / p is 
smooth. 

(5) A strongly smooth map is said to be weakly submersive if each of / p is a 
submersion. 

We sometimes say / is a strongly continuous map (resp. a strongly smooth map, 
weakly submersive) in place of / is a strongly continuous map (resp. a strongly 
smooth map, weakly submersive), by an abuse of notation. 

Definition 3.39. (1) If / : (X,Z;W) —> Y is a strongly continuous map and 

•!> = {dip} : U —> U' is a KK-embedding, then f p oip p :U p ^-Y defines a 
strongly continuous map, which we call the pullback and write / o <f>. 

(2) Let $ be a KK-embedding. If / is strongly smooth, then so is / o <f>. If $ is 
an open embedding and / is weakly submersive, then / o <E> is also weakly 
submersive. 

(3) The good coordinate system version of pullback of maps can be defined in 
the same way as (1). A similar statement as (2) holds as well. 


1 *The proof of continuity is the same as Remark 3.36. 
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(4) If / : (. X,Z,U ) -A Y is a strongly continuous map from a good coordinate 
system and •!> : U —> U is a KG-embedding, then the pullback / o <f> can be 
defined in the same way as (1). A similar statement as (2) holds as well. 

4. Fiber product of Kuranishi structures 

4.1. Fiber product. Before studying fiber product we consider direct product. 
Let Xi, i = 1,2 be separable metrizable spaces, Z 2 C Xi compact subsets, and Ui 
Kuranishi structures of Zi C X,; . We will define a Kuranishi structure of the direct 
product Z\ x Zi C X\ x Xi- 

Definition 4.1. For pi £ Z 2 let U Pi = (U Pi ,£ Pi ,ip Pi ,s Pi ) be their Kuranishi 
neighborhoods. Then the Kuranishi neighborhood of p = (pi,P 2 ) £ Zi x Z 2 is 
Up = U pi x U P2 = (U p , £ p , ip p , s p ) where 

(U p ,£p,i/j p , s p ) = (U pi x U p2 ,£p 1 x £p 2 ,ijj pi x ip P2 ,s Pl x s P2 ). 

This system satisfies the condition of Kuranishi neighborhood (Definition 3.4.) 

Suppose qi £ Zi and q = (<71 , < 72 ) £ Z\ x Z 2 . If q £ ipp( s p 1 ( 0)), then it is easy 
to see that qi £ ip Pi (s~^( 0)) for i = 1,2. Therefore there exist coordinate changes 
<f > PiQi = ( l Pp i q i ,‘Pp i q i ,hp iqi ) from U qi to U Pi . We define 

= ®Pl9l X ^2 92 = ( Upq, Ifipq, Ifpq ) 

= (Up iqi X Up 2 q 2 ,ipp iqi X <Pp 2 q 2 , l Pp 1 qi x t Pp^q 2 )- 

This satisfies the condition of coordinate change of Kuranishi charts (Definition 
3.5). 

Then it is also easy to show that ({U Pl xU P2 }, x 4> P292 }) defines a Kuranishi 

structure of Z\ x Z -2 C X\ x X 2 in the sense of Definition 3.8. (We note that 
effectivity of an orbifold is preserved by the direct product.) We call this Kuranishi 
structure the direct product Kuranishi structure. 

We can easily prove that the direct product of oriented Kuranishi structures 
([F00013, Definition 4.5]) is also oriented. 

Next we study fiber product. Let (X,Z;U) be a relative K-space and / = {f p } : 
(X,Z;U) —> N a strongly smooth map, where A” is a smooth manifold of finite 
dimension. Let /' : M —>• N be a smooth map between smooth manifolds. We 
assume M is compact. In this section we define a Kuranishi structure on the pair 
of topological spaces 

Z x N M = {(p,q) £ Z x M | f(p) = f'(q )}, 

X Xjv M = {(p, q) £ X X M | f(p) = f(q)}, 

that is the fiber product. The assumption we need to require is certain transver- 
sality, which we define below. 

Definition 4.2. We say / is weakly transversal to /' on Z C X if the following 
holds. Let (p,q) £ Z Xjv M and U p = (U p , E p , s p , ip p ) be a Kuranishi neighborhood 
of p. We then require that for each (x, y) £ U p x M with f p (x) = f'(y ) we have 

(d x f P )(T x U p ) + (d y f')(T y M) = T f(x) N. (4.2) 


KURANISHI STRUCTURE AND VIRTUAL FUNDAMENTAL CHAIN 


33 


Let us explain the meaning of (4.2). We take an orbifold chart (V p (x), r p (a;), <p p {x )) 
of Up at x. (Definition 15.6.) The composition 

V p {x) ^ Up^N 

is by assumption a smooth map which we write f p , x - (4-2) means 
(d 0 ( x )f p .x)(fT 0p (x) V p (x)) + ( d y f )(T y M ) = Tf( x )N 
where o(x) £ V p (x ) is the base point which satisfies <j> p (x)(o(x)) = x. 

Example 4.3. (1) If / : ( X,Z;U ) —y N is weakly submersive in the sense of 

Definition 3.35, then for any /' : M —> N, f is weakly transversal to /'. 

(2) If /' : M —>• N is a submersion, then any strongly smooth map / : 
(X, Z\U) —> N is weakly transversal to /'. 

(3) The pullback of map in Definition 3.39 by an open embedding preserves 
the weak transversality. 

(4) Suppose ( Xi, Zi ) (i = 1,2) have Kuranishi structures Ui and the maps 
fi : (X, ; , Zj-. Ui) —>• N are strongly smooth. We put: 

Zi x N Z 2 = {( p, q) G Zi x Z 2 | fi(p) = / 2 (q)}. 

Let (p,q) £ Z\ Xn Z 2 . We denote by U p , U q the Kuranishi neighborhoods 
of p , q respectively and assume the condition 

(d x (h)p)(T x U p ) + ( d y (f 2 ) q )(T y U q ) = T (fl)p(x) N (4.3) 

for each (x,y) £ U p x U q with (fi) p {x) = (f 2 )q(y)- (The precise meaning 
of (4.3) can be defined in a similar way as the case of (4.2).) It is easy to 
see that (4.3) is equivalent to the next condition. We consider the map 

/ = (fi, / 2 ) : X\ x X 2 N x N. 

We use the direct product Kuranishi structure (Definition 4.1) on Z\xZ 2 C 
X\ x X 2 . Then (4.3) holds if and only if / is transversal to the diagonal 
embedding N —> N x N in the sense of Definition 4.2. 

(5) We can generalize the situation of (4) to the case when three or more 
factors are involved. In fact, in the study of the moduli space of pseudo- 
holomorphic curves, we will encounter the situation where we consider the 
fiber product of various factors which are organized by a tree or a graph. 
See Parts 2 and 3 or [F0004, Subsection 7.1.1]. 

Definition 4.4. In the situation of Example 4.3 (4) we say fi is weakly transversal 
to f 2 if (4.3) is satisfied. 

Now we assume that / : (X,Z;U) —> N is weakly transversal to /' : M —>• N 
in the sense of Definition 4.2 and define a Kuranishi structure on the fiber product 
(4.1). Recalling that a Kuranishi neighborhood U p of p £ Z is assumed to be an 
effective orbifold, we find the following. 

Lemma 4.5. For each (p,y) £ Z x^ M the fiber product U p x jv M is again an 
effective orbifold. 

Proof. Let (p,f) £ Zx^M. Pick an orbifold chart (V p , r p ) at p. Denote by o p £ V p 
the point, which is mapped to o p under the quotient map V v —> U p by T p and by f p 
the lift of f p : U p —> N. Since f p is P p -invariant, we find that Kd p = Ker df p at 5 P 
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r r 

is transversal to the tangent space T Sp V p p of the fixed point set V p p by T p -action. 
Hence the tangent space T| d p ,x]V p x n M contains K^ p . Since T p acts trivially on 

p 

V p p and T p acts effectively on V p , T p acts effectively on K 5p . It implies that the 
fiber product U p x jv M is an effective orbifold. □ 

Let U p be the given Kuranishi neighborhood of p and (p,y) £ Z x jv M. We 
define = U p Xjv XI. Note U( PjT ) is a smooth orbifold by Definition 4.2. The 

bundle £( p , r ) is the pullback of £ p by the map U( p ^ —y U p that is the projection 
to the first factor. The section s p induces S( PjT ) of £( p r ) in an obvious way. Note 
s (p 1 j)(0) = s p 1 (^) x n M. Therefore if p : s p 1 (0) —y X induces 

4 >( P ,f) : s (^ 1 jr)(°) = V 1 (°) x N M ^ X x N M. 

It is easy to see that p p is a homeomorphism onto a neighborhood of (p, y). 

In sum we have the following: 

Lemma 4.6. U^ p p = (t/( p , r ),f( p , r ),S( p , r ))^(p,j:)) a Kuranishi neighborhood of 

(p,y) £ X x N M. 

We next consider the coordinate change. Let (p, y), (q, r|) £ Z x jv XI. We assume 
(q, t)) = ipr P ,f)(x, y) where (x, y) £ I4 PiJ .). By definition we have q = if p {x). Therefore 
by Definition 3.8 there exists a coordinate change <l> pg = (U pq , ip pq , (p pq ) from U q to 
U p in the sense of Definition 3.5. 

Now we put 

(!) U (p,T),(q,x>) = U pq Xat M. 

(2) T( P ,p), (g,i)) — ^Ppq x iv id . U pq Xn AI y U p xn XI. 

(3) P( p ,p),(g,t)) ~ ^Ppq Xn id . £q\u pq xiv XI y £ p xn AI. 

Lemma 4.7. $( p ,y),(,,»,) = (^(p, r ),(«,!>), £&>,?),(?,9)) defines a coordinate 

change from U^^ to U( p ^) . 

The proof is immediate from the definition. 

Lemma 4.8. Suppose Z C X has a Kuranishi structure U and f : ( X , Z;U) —y N 
is weakly transversal to f : M —> N. Then the Kuranishi neighborhoods in Lemma 
4-6 together with coordinate changes in Lemma 4-1 define a Kuranishi structure of 
the fiber product of Z x^ AI C X Xn M. 

The proof is again immediate from the definition. 

Definition 4.9. (1) Suppose / : ( X,Z;U ) —y N is weakly transversal to /' : 

AI —y N. We call the Kuranishi structure obtained in Lemma 4.8, the fiber 
product Kuranishi structure and write the resulting relative K-space by 

( X , Z;U) f xp XI or (X, Z\U) Xn XI. 

(2) Suppose fi : (Xj, Zj-.Uj) —y N are strongly smooth maps. We assume f\ 
and f 2 are weakly transversal in the sense of Example 4.3 (4). Then we 
define the fiber product 

(Wi, ZpUi) p Xf 2 (X 2 , Z 2 ; U 2 ) or (Xi, Zp Ufi) x« (X2, Z 2 ;U 2 ) 
as the fiber product 

({X^ZpUi) x {X 2 ,Z 2 -,U 2 )) /1X/2 Xj Am- 
Here * : Am —> XI X M is the embedding of the diagonal. 
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For the purpose of reference we also include another obvious statements. 
Lemma 4.10. We consider the situation of Lemma j.8. 

(1) If g : ( X,Z;U ) —» M' is also a strongly continuous map, then it induces 
a strongly continuous map Z x jv M —> M'. It is weakly submersive if 
( f,g ) : ( X , Z\U) -A N x M' is weakly submersive. 

(2) If f is weakly submersive, then the projection Z Xjy M — > M is weakly 
submersive . 

Lemma 4.11. Let U, U + be Kuranishi structures of Z C X and $ : U —> U + a 
KK-embedding. Let f : ( X , Z]IA + ) -A N be a strongly smooth map and g : M N 
a smooth map between manifolds. 

(1) If f o<f> : ( X , Z\U) -A N is weakly transversal to g, then f : ( X , Z;U + ) -A N 
is weakly transversal to g. 

(2) In the situation of (1), $ induces a KK-embedding 

$ x N M :U Xjv M -^U+ x N M. 

The same conclusions hold if we replace g : M —> N by a strongly smooth map from 
a relative K-space g : ( XZ'\U') -A N. 

4.2. Boundary and corner I. So far we study the case when our Kuranishi 
structures do not have boundary or corner. Its generalization to the case when our 
Kuranishi structure and/or the manifold M has boundary or corner is straightfor¬ 
ward. We however state them for the completeness’ sake. Later we need to and 
will study boundary and corner more systematically. (See Subsections 5.4, 8.1, and 
Part 2.) 

Definition 4.12. An orbifold with corner is a space locally homeomorphic to V/T 
where V is a smooth manifold with corner and T is a finite group acting smoothly 
and effectively on V. We assume the smoothness of the coordinate change as usual. 

See Definition 15.12 for more precise and detailed definition. 

Definition 4.13. Let M be an orbifold with corner. It has the following canonical 
stratification {Sk{M)}. The stratum Sk{M) is the closure of the set of the points 
whose neighborhoods are diffeomorphic to open neighborhoods of 0 of the space 
([0, l) k x R"" fe )/r. We call this stratification the corner structure stratification of 
M. 

O 

It is easy to see that Sk{M) = Sk{M) \ Sk+i(M) carries a structure of a smooth 
orbifold of dimension n — k without boundary or corner. However this orbifold may 
not be effective. In this document, we assume the next condition in addition as a 
part of the definition of orbifold with corners. 

Convention 4.14. (Corner effectivity hypothesis) When we say M is an orbifold 

O 

with corners, we assume the orbifold Sk(M) is always an effective orbifold in this 
document. 

Definition 4.15. For a relative K-space (X,Z\li), we put 
S k (X,Z-U) = { P €Z \o p € S k (U p )}, 

S k {X,Z-,U) = S k {X,Z-U) \ (J S k .{X,Z-U), 

k'>k 


(4.4) 
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where U p = (U p , E p , s p ,ip p ) is the Kuranishi neighborhood of p. We call this strat¬ 
ification the corner structure stratification of U. We can define corner structure 
stratification {Sfc(W, Z\ U)} of a good coordinate system U in the same way. 

O ^ 

Lemma 4.16. For any compact subset K of Sk(X, Z\U ) C X, the Kuranishi struc- 
turelA induces a Kuranishi structure without boundary of dimension dim(W, Z\U) — 

k on K C °S k (X,Z-U). 

The same conclusion holds for good coordinate system. 


Proof. We put 


Sk(U p ) 


Sk{U p ),E p 


Sk(U p ) 


Spl o , Ipp | O 
S k (U p ) P 's k (U p ) 


o ^ o 

Then we define a Kuranishi neighborhood of K C Sk(X, Z;U) at p by Sk(lA P ). 
Suppose q = o p (q) £ if p (s/ 1 ( 0)) fl Z. Then q £ Sk'(X,Z-,li) if and only if o p (q) £ 

O 

Sk'(U p ). Using this fact, we can restrict coordinate changes to Sk(U P ) to obtain 
desired coordinate changes. The compatibility conditions follow from ones of U. □ 


Remark 4.17. (1) In general the above Kuranishi structure on K CSk{X,Z;U) 

may not be orientable even if U is orientable. 

O ^ 

(2) In case k = 1 the above Kuranishi structure of K C S±(X : Z;U) is ori¬ 
entable if U is orientable. 

(3) The Kuranishi structure induced to the normalized corner of ( X , Z\U) (see 
Part 2) is orientable if U is orientable. 

Definition 4.18. Let M\ and M 2 be smooth orbifolds with corner, N a smooth 
orbifold without boundary or corner and fi : Mi —> N smooth maps. We say 

O 

that fi is transversal to ,[2 if for each ki,k 2 the restriction f\ : S^iMfi) — > N is 

O 

transversal to /2 : Sk 2 (M 2 ) —> N. 

We can define the case of strongly continuous maps from relative K-spaces with 
corners to a manifold in the same way. The case of good coordinate system is the 
same. 

Lemma 4.19. (1) Suppose that Z C X has a Kuranishi structure with bound¬ 

ary and/or corner and f : ( X , Z;IA) —> N is weakly transversal to f : M —> 
N. Then the fiber product Z Xjy M Cl Xjy M has a Kuranishi structure 
with corner. 

(2) If Zi C Xi has a Kuranishi structure with boundary and/or corner and 
fi : (Xi,Zi\lAi) -A N a strongly smooth map to a manifold. Suppose they 
are weakly transversal to each other. Then the fiber product Z\ Xjv Z 2 C 
X\ Xj\r X 2 has a Kuranishi structure with corners. 

The proof is immediate from definition. 

Definition 4.20. We call the Kuranishi structure obtained in Lemma 4.19, the 
fiber product Kuranishi structure. 
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4.3. Basic property of fiber product. One important property of fiber product 
is its associativity, which we state below 19 . We consider the following situation. 
Suppose (Xi, Zi) have Kuranishi structures for i = 1,2,3 and let /i : (Xi, Z\\U\) —> 

Mi, f 2 = (/ 2 ,i } / 2 , 2 ) : (X 2 ,Z 2 -U 2 ) Mi x M 2 , f 3 : (X 3 , Z 3 \ll 3 ) —> M 2 be maps 
which are weakly smooth. We assume /1 is transversal to f 2 ,i and f 2>2 is transversal 
to f 3 . 

Lemma 4.21. In the above situation, the following three conditions are equivalent. 

(1) The map f 3 : (X 3 , Z 3 ,U 3 ) —> M 2 is transversal to the map f 2 2 : (X 1; ZpWiJxjii 
{X 2 ,Z 2 ,U 2 ) —> M 2 , which is induced by f 22 . 

(2) The map fi : (Xi,Zi,U\) —¥ M\ is weakly transversal to the map f 21 : 
[X 2 ,Z 2 .U 2 ) x m 2 {X 3 ,Z 3 -U 3 ) -4 Mi, which is induced by f 2i i. 

(3) The map 

(/u/ 2 ,/ 3 ) : (Xi,Zi-Ui) x (X 2 ,Z 2 -U 2 ) x (X 3 ,Z 3 ;U 3 ) — 1 Af? x Mf (4.5) 
is weakly transversal to 

A = {(xi,x 2 ,yi,y 2 ) G Mi x Mi x M 2 x M 2 \ xi = x 2 , yi = y 2 }. 

Here we use the direct product Kuranishi structure in the left hand side of 

(15). 

In case those three equivalent conditions are satisfied, we have 

UXi,Zi-Ui) xjv/i {x 2 , z 2 -u 2 )) x M 2 (X 3 ,Z 3 -U 3 ) 

~ , L —. \ (4-6) 

— {Xi, Zi\Ui) x M\ ({x 2 , Z 2 ;U 2 ) xm 2 (X 3 , Z 3 \U 3 )j . 

Here the isomorphism = in (4.6) is defined as follows. 

Definition 4.22. Suppose {Xi, Zi,Ui) and (X 2 , Z 2 -,U 2 ) are relative K-spaces. Let 
/ : (Xi, Zi) —> (X 2 , Z 2 ) be a homeomorphism. An isomorphism of relative K-spaces 
between (X 1; Zi\lAi) and (X 2 , Z 2 ,U 2 ) assigns the maps f v , f p to each p G Xi such 
that the following holds. Let U p ,U^ p ^ be the Kuranishi charts of p, f(p) in Xi, X 2 , 
respectively. 

(1) f p : Up —> is a diffeomorphism of orbifolds. 

(2) U ■■ £r —> is a bundle isomorphism over f p . 

(3) s p 2 o f p = f p o sf. 

( 4 ) ^/(p) °f P = i’l on s“ 1 (0). 

(5) /p(°p) = Op. 

Remark 4.23. This definition of isomorphism is too restrictive to be a natural 
notion of isomorphism between Kuranishi structures. To find a correct notion of 
morphisms between K-spaces and of isomorphism between them is interesting and 
is a highly nontrivial problem. We do not study it here since it is not necessary 
for our purpose. A slightly better notion is an equivalence as germs of Kuranishi 
structures. See [Fu4j. 

19 The fiber product in the sense of category theory is always associative if it exists. Since we 
do not study morphism between K-spaces, the fiber product we defined is not a fiber product in 
the sense of category theory. Therefore we need to prove its associativity. However it is obvious 


m our case. 
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The proof of Lemma 4.21 is easy and is omitted. 

In the previous literature such as [F0004, Section A1.2] we defined a fiber 
product using the notion of good coordinate system. There is one difficulty in 
defining the fiber product with a space equipped with good coordinate system, 
which we explain below. 

For i = 1,2, suppose that X t have good coordinate systems that are defined 
by «p i} U Vi = and $ p , q , = (E7* q , 0* pq , ¥>*„). Let % = {(/Op} : 

(. X i: U Pi ) —X Y be strongly smooth maps. We assume that /i iPl : C/ pi —> Y is 
transversal to / 2 , P2 : I/ p2 —X Y for each pi £ <Pi and p 2 G fp 2 . Then we define 

> llPa ) = Ul Xy Ul 

and define other objects £( PliP2 ), V’(pi,p 2 )) S(pi,p 2 ) by taking fiber product in a similar 
way and to define a good coordinate system. 

This is written in [F0004, Section A1.2]. A point to take care of in this con¬ 
struction is as follows. (This point is mentioned in [Fu3, Remark 10 page 165] and 
is discussed in detail by Joyce in [Jol].) 

Let pi, q, € fp i such that q* < p;. We assume that the fiber product 

(t/pV n «) _1 (o)) Xy (t/ p 2 2q2 n (O-^o)) 

is nonempty. Then we have 

'^(qi,p2)( s ( q 1 1 ,p 2 )(0)) n V , (pi,q 2 )( s (p 1 1 , q2 )(b)) / 0- 

On the other hand, neither (q 1; p 2 ) < (q 2 , pi) nor (q 2 ,pi) < (qi, p 2 )■ In fact it 
may happen that dimC/ qi < dimt/ Pi . In such a case there is no way to define 

^(qi>P2),(pi,q2) 0r ^(Pi,q2),(qi,p2)' 

Remark 4.24. Note the same problem already occurs while we study the direct 
product. 

We can resolve this problem by shrinking t/( PljP2 ) appropriately. Joyce [Jol] gave 
a beautiful canonical way to perform this shrinking process so that the resulting 
fiber product is associative. (See also [Fu3, Figure 14].) 

In case we have a multisection (multivalued perturbation) on the Kuranishi struc¬ 
tures on Xi so that the fiber product over Y is transversal on its zero set, we use 
the fiber product of this multisection. This is especially important when we work in 
the chain level. Joyce [Jol] did not seem to discuss this point since, for his purpose 
in [Jol], it is unnecessary. We have no doubt that we can incorporate the construc¬ 
tion of multisection to Joyce’s fiber product so that we can perturb the Kuranishi 
structure in a way consistent with the fiber product and is also associativity of fiber 
product holds together with perturbation. 

However, in this article we take a slightly different way. We define the fiber prod¬ 
uct among the spaces with Kuranishi structures themselves not those with good 
coordinate systems. Then the above mentioned problem does not occur. In other 
words, Kuranishi chart (of the fiber product) is defined as the fiber product of Ku¬ 
ranishi charts without shrinking it. (Lemmata 4.6, 4.7, 4.8.) Moreover associativity 
holds obviously. (Lemma 4.19). 

On the other hand, the compatibility of the multisection with fiber product still 
needs to be taken care of. In fact, to find a multisection with appropriate transver- 
sality properties, we used a good coordinate system. So we need to perform certain 
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process to move from a good coordinate system back to a Kuranishi structure to¬ 
gether with multisections on it. We will discuss this point in Sections 5 - 12. 

5 . Thickening of a Kuranishi structure 

5.1. Background of introducing the notion of thickening. Let X be a para- 
compact metrizable space, and let U = ({U p }, { < f’ p(? }) be a Kuranishi structure on 
it. We consider a system of multisections 20 {s p } of the vector bundle £ p —> U p for 
each p with the following property: 

(★) For each p and q £ Im.(ip p ) the pullback of s p to U pq that is a multisection 
of <fpq£ P is the image of the multisection s q by the bundle embedding (p pq . 

This is a kind of obvious condition of multisection (multivalued perturbation) that 
is compatible with the Kuranishi structure U. (We define such a notion precisely 
later in Definition 6.38.) 

However, we need to note the following: Let us take a good coordinate system 
U = ((tp, <), {U 9 | p £ <$}, {$ pq | p. q G *P, q < p}) such that U is compatible with 
U in the sense of Definition 3.32 and use it to define a system of multisections s p 
on Up. Then it is usually impossible to use s p to obtain a system of multisections 
s p of U that has property (★). 

The reason is as follows. Let p £ X. We take p 6 such that p £ Imfipp). By 
definition of the compatibility of good coordinate system and Kuranishi structure, 
there exists an embedding <f> P p : U p —>• Up. We put <f> P p = ( ipp p ,(pp p ). Then we 
consider ipp p (o p ) £ Up. (Here ip p (o p ) = p.) By definition (See Definition 6.2.) 

s p (op) £ (£ P | 0p ) • (5-1) 

On the other hand, (pp p restricts to a linear embedding £ p \ 0p —> £p\ip pp (o p )- It induces 

(£p\o P ) l ^(£p U fP {oJ- (5-2) 

By inspecting the construction of the multisection s p given in [FOn, p 955], we find 
that 

Sp(ipp p {o p )) <£ Im(5. 2) (5.3) 

in general. So s p cannot be pulled back to a multisection of £ p on U Vp . 

To explain the reason why (5.3) occurs, we introduce some notations. 

Definition 5.1. For a Kuranishi structure U of Z C X, we define the dimension 
stratification of Z by 

S 0 (X,Z;U) = {p£ Z | dim Up > t)}. (5.4) 

Here 5 £ Z>o- 

When U is a good coordinate system of Z C X, we define the dimension strati¬ 
fication of Z by 

Sp(X, Z;U) = {p £ Z | 3p, dimf/p > d, p £ 1m ip p }. (5.5) 


20 We will discuss multisection in Section 6. Here we just mention it to motivate the definition 
we give in this section. The readers who do not know the definition of mutisection can safely skip 
the part before Definition 5.1. 
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Lemma 5.2. (1) iS a (X, Z]U), is a closed subset of Z. S$(X, Z\U) is an open 

subset of Z. Moreover ifD' < 0, then 

S* (X, Z-U) C Sv{X, Z-U), 5 0 (I,2;M)C5 # -(X, Z:U). 

(2) IfU is embedded into U’ then 

5 9 (X,Z;W)C5 9 (X,2;i?). 

The equality holds if and only if the embedding from U to U' is an open 
embedding. 

The same holds for GG-embeddings. (The equality in <So(X, Z;U) C 
<So(X, Z;U') holds if the embedding is a strongly open embedding.) 

If the good coordinate system U is compatible with U, then 

<S 0 (X, Z-U) C S d (X. Z-U). (5.6) 

The proof is immediate from definition. However, we note that the equality 
almost never holds in (5.6). Namely S$(X, Z;U) contains an open neighborhood of 
<So(X, Z;U). This is the reason why (5.3) occurs. 

5.2. Definition of thickening. To go around this problem we introduce the no¬ 
tion of thickening. 

Definition 5.3. Let U be a Kuranishi structures of Z C X. We say that ( U + , <f>) 
is a thickening of U if the following condition is satisfied. 

(1) U + is a Kuranishi structure of Z C X and <f> : U —> U + is a KK-embedding. 

(2) For each p £ Z there exists a neighborhood O v of p in t/’ P ((s P ) _1 (0)) PI 
^(«) _1 (0)) C X with the following properties. 

For each q € O p fl Z there exists a neighborhood W p (q) of o p (q) in U p 
such that: 

(a) ip p (W p (q)) C <p+(U+). 

(b) For any x & W p (q), y e U+ q with ip p (x) = (p pq (y), we have 

Tp(Ep\x) Q Tpq{Eq\y). 

We sometimes say U + is a thickening of U by an abuse of notation. 

We write U < U + if U + is a thickening of U. 


v t, 

A 


W P (q)<- 




fp 


U v 


q S p 1 (0) 

ifip 

0 / --x 


(5.7) 
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Remark 5.4. Condition (2) above implies that 

('&) Sq(X, Z;U + ) is a neighborhood of Sx>{X, Z\U). 

In fact if q G O p fl Z, then 

dim 17+ > dim W q (p) = dim U p 

by Condition (2)(a). In particular, U is almost never a thickening of itself. 

In the case dim 17+ is strictly greater than dim{7 p and dim 17+, Condition (w) 
may not imply Condition (2)(a). 

Lemma 5.5. If (U + , <f>) is a thickening ofU and (Z7++, <f>+) is a thickening ofU + , 
then (Z7++, <f>+ o$) is a thickening ofU. 

Proof. Let O pi W p (q ) be as in Definition 5.3 (2) (a) for <I> : U —>• U + and let O p , 
W p ( q ) be one for 4>+ : U + —> U ++ . We put O p + = O p fl 0+ and W p + (q) = 
W p (q) fl ip~ 1 (W+(q)). Suppose q £ O p + . Then we have 

(cp+ ocp p )(W++(q)) = V+(v P (W++(q))) C V+{W+(q)) C ^ + (U++). 

Thus we have checked Definition 5.3 (2) (a). The proof of Definition 5.3 (2) (b) is 
similar. □ 

5.3. Existence of thickening. We next prove the existence of thickening. We 
need some notation. 

Definition 5.6. Let U be a good coordinate system of Z C X. 

(1) A support system of U is 1C = {/C p | p G 7p} where IC P C 17 p is a compact 

O 

subset for each p G such that it is a closure of an open subset /C p of ?7 P , 
and 

U M^P ns v 1 (°)) 2 z. (5.8) 

peq3 

(2) A support pair (/C 1 , K?) is a pair of support systems (/C p ) pe q 3 i = 1,2, such 
that 

K.\ C K*. (5.9) 

We write /C 1 < 1C 2 if (A7 1 ,/C 2 ) is a support pair. 

(3) When K. is a support system, we define 



Here, for a; G /C p , y G /C q , the relation x ~ y is defined by: x = <Ppq(y) 
or y = ip qp (x). On |/C|, we put the induced topology from \U\. Then it 
follows from the definition and [F00013, Proposition 5.17] or [F00018, 
Proposition 5.1], that the space |/C| is metrizable. 

(4) When K. is a support system we define 

S P (X,Z;U-J C)= UV’q (a- 1 (0)n/c q )nz, 

q>p 

S P (X, Z;U; K.) = S P (X, Z;U;IC) \ |J Sq(X;U;/C). 

q>p 


(5.10) 
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Proposition 5.7. For any Kuranishi structured there exists its thickening. 

Proof. By Theorem 3.30 we have a good coordinate system U = (*P, {Up}, {4> pq }) 
compatible with U and its support pair (K,~ ,KL + ). By compatibility, there exists 
a KG-embedding U —> U which we denote by 4> = {4> pp | p £ X, p £ tp,p £ 

_ 

The first step is to define U + . 

O ^ 

Lemma 5.8. Let p £ Z. There exists unique p 6 tp such that p £ S p (X, Z;U\ K.~). 

O 

Proof. By definition <S P (X, Z;U; K,~) are disjoint from one another for different p’s. 
By (5.8) they cover Z. This finishes the proof. □ 


We take an open neighborhood 17+ of o p (p) £ K. p in K. p such that 

V’ P (sp' 1 (o)ni7+)n^ q (s^ 1 (o)n/c-)^0 => q<p. ( 5 . 11 ) 

Such a neighborhood exists by Condition (6) of Definition 3.14. We define 

Up = Up\ v +. 

We next define a coordinate change. Let q £ V’p( s p^ 1 (0) H 17+). Take the unique 

q £ *P such that q £ <S q (X, Z\U\1C~). Since q £ ^ p (s(f 1 (0) l~l 17+) (0)0/7”), 

(5.11) implies q < p. We put 

u+ = u+ n Up, n (Up). (5.12) 

This is a subset of 17+ C U, and contains o+ = o q (g). We define 

= $ piIe/+,- 

Clearly $+ (/ is a coordinate change from 17+ to 17+. Using Definition 3.14 applied 
to U, we can easily show that 17+ and 4*+^ define a Kuranishi structure. We denote 
it by U + . 

We next define an open substructure Uq of U and a strict embedding Uq —> U + . 

O ^ 

Let p £ Z and we take p such that p £ S P (X, Z:U; /C”). We put 


K = T{ P \U+), 


K = u p \uo. 


By restricting the coordinate change 4> piJ of U to <p{q(Up) 0 U qp 017°, we obtain Uq 
that is an open substructure of U. Then 4> p = 4> pp |j/o is defined. 

Definition 3.20 © follows from the fact that 4> : U U is a KG-embedding. 

We finally prove that U + is a thickening. Let p £ S P (X, Z;U; IC~). We choose 
O p , a neighborhood of p in X so that the following condition (■&•) is satisfied. 

(*) If Op ri'0 q (s“ 1 (O) O/C”) ^ 0, then p £ ^(s” 1 ^) O Int/C+). 

O ^ 

Let q £ O p fl Z. We take q such that q £ S q (X,Z;U;IC~). By Condition (-*-) we 
have p £ , (/; q (s“ 1 (0) PI Int /C+). Therefore there exists an embedding 4> qp : U p —> U q . 
Recall from (5.12) that q £ U pq C 17 pq . We put 

w P (q) = T qp (Uq) n t/° n p^(u pq ). 
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This is an open subset of Up and contains o p {q). Now we have 
<Pq p(Wp(q)) C Uq n tfqpitPpp {Up)) n Upq. 

Since 

T’pq (‘Pqpifpp (Up))^\Up q ) C Up, 

we have 

l Ppp{Wp{q)) = ‘PpqiVq p(%(?)) C ^pq(Uj^) = Vpq{U pq )- 

Thus we have proved Definition 5.3 (2)(a). 

Using (pq P we can prove Definition 5.3 (2)(b) in the same way. The proof of 
Proposition 5.7 is complete. □ 

5.4. Embedding of Kuranishi structures II. 

Definition 5.9. Let U = (<P, { U p }, {$ pt) }) be a good coordinate system of Z C X 
and U + a Kuranishi structure of Z C X. A GK-embedding $ : U —>• U + is a 
collection {(U p (p), 4> pp )} with the following properties. 

(1) (Up(p), $ pp ) is defined when p £ <p and p £ V'p(s^" 1 (0)) PI Z. 

(2) Up{p) is an open neighborhood of o p (p) in Up where ip v (op(p)) = p. 

(3) <P pp : Up | u p (p) —> Up is an embedding of Kuranishi charts. 

(4) If q £ q < p, q £ ipp{U p {p) n s p *(0)) and q £ V’q^H 0 )) fl Z, then 
q £ ij)p(JJp PI (s+) _1 (0)) and the following diagram commutes. 

U ^V^(U p (p))r\(<p+ q )- 1 (U+ q ) > U q\ U+ 

fpqj |l>+ (5.13) 

Up\u P <p) K 

Remark 5.10. (1) The case p = q (but p ^ q) is included in Definition 5.9 

(4). The case p = q (but p ^ q) is also included. 

(2) Note q £ V’p (Up l~l (sp~) -1 (0)) (in Definition 5.9 (4)) follows from the as¬ 
sumptions (q £ fP and q £ i/ ; q(s^ 1 (0)), q < p) and Definition 5.9 (3). 

(3) We include U p {p) as a part of the data to define an embedding. We some¬ 
times need to shrink it. Such a process is included in the discussion below. 

Definition-Lemma 5.11. We can pullback a strongly continuous (resp. strongly 
smooth) map from Kuranishi structure to one from a good coordinate system by a 
GK-embedding. Weak submersivity is preserved by an open embedding. 

The proof is immediate from the definition. 

Below we define compositions of embeddings of various types. See the table 
below. In the tables below, KS = Kuranishi structure, GCS = good coordinate 
system. 


source 

target 

symbol 

Definition 

name 

comment 

KS 

KS 

U -f U+ 

Definition 3.20 

KK-embedding 

(1) 

KS 

GCS 

U^U 

Definition 3.29 

KG-embedding 

(2) 

GCS 

KS 

U^U+ 

Definition 5.9 

GK-embedding 

(3) 

GCS 

GCS 

u —> u+ 

Definition 3.24 

GG-embedding 

(4) 
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Table 5.1 : Definition of embedding 

Comments: (1) Strict version and non-strict version exist. (2) Strict version and 
non-strict version exist. (3) None. (4) None. 


1st structure 

2nd structure 

3rd structure 

definition 

comment 

KS 

KS 

KS 

Definition 5.16 

(1) 

KS 

KS 

GCS 

Definition 3.29 

(2) 

KS 

GCS 

KS 

Lemma 5.14 

(3) 

KS 

GCS 

GCS 

Definition 3.29 

(4) 

GCS 

KS 

KS 

Definition-Lemma 5.13 

(5) 

GCS 

KS 

GCS 

Definition-Lemma 5.18 

(6) 

GCS 

GCS 

KS 

Definition-Lemma 5.13 

(7) 

GCS 

GCS 

GCS 

Definition 3.24 

(8) 


Table 5.2 : Composition of embeddings 
1st structure —> 2nd structure —> 3rd structure 


Comments: (1) Strict version and non-strict version exist. Composition of non- 
strict version is well-defined only up to equivalence. (2) Strict version and non- 
strict version exist. Composition of non-strict version is well-defined only up to 
equivalence. (Definition 5.16 (3)) (3) Need to restrict to an open substructure. The 
composition becomes a thickening. (4) Strict version and non-strict version exist. 
(5) None. (6) Need to restrict to a weakly open substructure. (7) None. (8) None. 

Definition 5.12. (1) Let 4> = {(Z7 p (p), $ pp )} : U —f U + be a GK-embedding. 

Suppose for each p S and p € i/> p (s p 1 (0)) fl2 we are given an open subset 
U' p {p) of U p (p) such that o p (jp) <E t/'(p). Then {(C p (p), 4> P p|(7'( P ))} is also 

an embedding U ~^U + . We call it an open restriction of the embedding <f>. 

(2) Two embeddings U —> U + are said to be equivalent if they have a common 
open restriction. This is obviously an equivalence relation. 

Definition-Lemma 5.13. Let $ : U —> U + be a GK-embedding, : U' —> U a 
GG-embedding and $2 : U + —» U ++ a strict KK-embedding. Then we can define 
the composition 

U' — >U — >U+ — >U++ 

which is a GK-embedding. 

The proof is easy and left to the reader. 

Lemma 5.14. If : U —> U. is a KG-embedding and <f> 2 : U —» U + is a GK- 
embedding, then we can find an open sub-structure Uq of Li such that the composition 
ofUo^U^-U and LA —>■ U+ is defined as a strict KK-embedding : Uq —> U + . 

U + is a thickening of U 0 . 

Proof. Replacing U by its open substructure, we may assume that 4 11 is a strict 
KG-embedding. Let p £ Z. We define Up C U p by 

U r= f| {v\ P T\Up(jp)). 

p-p^pG~ 1 (o)) 








KURANISHI STRUCTURE AND VIRTUAL FUNDAMENTAL CHAIN 


45 


Here we define U p (p) by <f> 2 = {(f7 p (p), <f> 2 p )}. We use them to define our open 
substructure Uq = W|{[/“}• Then 

$pp 0 ®\ P \u° ■ Up\u% -> 
is well-defined and defines the required embedding. 

We can prove that W+ is a thickening of Uq in the same way as the proof of 
Proposition 5.7. □ 


Lemma 5.14 implies that there exists a KK-embedding U -A U + in the situation 
of Lemma 5.14. This embedding is well-defined in the following sense. 


Definition 5.15. Let W and U + be Kuranishi structures. Suppose ZYo,, (i = 1,2) 
are open substructures of U and : Wo,, -A W+ are strict KK-embeddings. We 
say they are equivalent if there exists an open neighborhood ( U 00 ) p of o p in U p such 
that 


u°° c uy n u: 


0,1 


r0,2 




Here is the Kuranishi neighborhood of p assigned by Wo,,. 

We can define an equivalence between two KG-embeddings W —> W in the same 
way. 


Definition 5.16. ( 1 ) The composition of two strict KK-embeddings W -A W', 

U' —> U" is defined in an obvious way and it is a strict KK-embedding 
W -A U". _ _ _ 

(2) We compose two KK-embeddings W -A W', U' -A W" and obtain a KK- 
embedding W — > U". The composition is well-defined up to equivalence 
defined in Definition 5.15. 

(3) The composition of a KK-embedding W — > U' and a KG-embedding W' — > W 
in Definition 3.29 is well-defined up to equivalence. 

Lemma 5.17. Let <f> : W —^ W+ be a GK-embedding and Wq” an open substructure 
ofU + . Then there exists a GK-embedding 4>° : W —> Uq such that the composition 
U —>• W 0 + -A W+ is an open restriction of$>. 

Proof. Let $ = {{U p (p), $ pp )}. We put U°(p) = Pp P (JJ p ) C U p (p). We define 
{(C/p (p), 'hpp I u° (p ))} an d obtain the required embedding. □ 


The composition of embeddings in another case is slightly nontrivial. 

Definition-Lemma 5.18. Let $ : W —» W be a GK-embedding, and $+ : W —► W+ 
a KG-embedding. Then there exists a weakly open substructure Uq ofU such that 

Uq — > U ——A W and U -?-A W+ can be composed to a GG-embedding Uq — > W+. 


We will prove Definition-Lemma 5.18 in Subsection 9.3, where we use it. 


Remark 5.19. We may introduce the notion of germ of Kuranishi structures and 
use it to describe these situations. See Section [Fu4]. 

Definition 5.20. Let W be a Kuranishi structure on X and W+ be its thickening. 
We say a good coordinate system W is in between U and W + and write 

W<W <W+, 
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if the following holds. 

(1) There exist embeddings U —tli and U —>• U + . 

(2) The composition U —> U —> U + is equivalent to the given embedding U —> 
U + in the sense of Definition 5.15. 

Proposition 5.21. LetU be a Kuranishi structure of Z C X andU + its thickening. 
Then there exists a good coordinate system U in between U and ll + . 

We also use the following version thereof. 

Proposition 5.22. Let U be a Kuranishi structure of Z C X and Ut ( a = 1,2) 
thickenings ofU. Then there exists a good coordinate system U and embeddings 

U^U, (a = 1,2) 

such that their compositions U -A U —>■ Ua are equivalent to the given embedding 



(5.14) 


The proofs are almost the same as the proof of Theorem 3.30. We will review and 
prove them later in Subsection 11.2. 


6. Multivalued perturbation 


6.1. Multisection. 

6.1.1. Multisection on an orbifold. We next define the notion of multivalued per¬ 
turbations associated to a given good coordinate system. We will slightly modify 
the previously given definition to make explicit certain properties which we used to 
study its zero set (in [F00013, Section 2.6] for example.) 21 

We begin with a review of multisections. We first introduce certain notations on 
vector bundles on orbifolds. See Section 15 for detail. 

Definition 6.1. Let U be an orbifold and £ a vector bundle on it. 

(1) (Definitions 15.1 (1) and 15.6 (1)(3)) Let x G U. We call (14 ,L x ,(j> x ) an 
orbifold chart oiU at x if the following holds. 

(a) 14 is a smooth manifold on which a finite group T x acts effectively and 
smoothly. 

(b) (f> x : 14 —> U is a T x -invariant map which induces a diffeomorphism 
<t> x : V x /T x — > U 22 onto an open neighborhood U x of x. 

21 Note the definition of multisection we use here exactly the same as one of the smooth 
multisection in [FOn]. 

22 See Definition 15.5 (1) for the definition of diffeomorphism here. 
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(c) We require that there exists a unique point o x £ V x such that o x is a 
fixed point of all elements of T x and <j> x {[o x \) = x. 

(2) (Definition 15.22 (3)) A trivialization of our obstruction bundle £ = £/Y x 
on U x is by definition ( E x ,(f ) x ) such that 

(a) E x is a vector space on which F x acts linearly. 

(b) <f> x : V x x E x —> £ is a r x -invariant smooth map which induces an 
isomorphism of vector bundles ( V x x E x )/Y x —> £\v x /T;,.- 

(3) (Definition 15.22 (2)(4)) We call TJ X = (14, P x , E x ,<f> x ,(j> x ) an orbifold chart 
of (U,£). 

Definition 6.2. Let TJ X = (V x ,Y x ,E x ,(f> x ,<j) x ) be an orbifold chart of (U,£). 

(1) A smooth (.-multisection of £ on an orbifold chart Q3 X is s = (si,... ,se) 
with the following properties. 

(a) s is a smooth map V x -A E x . 

(b) For each y £ V x and 7 £ F x there exists u £ Perm(^) such that 

s*(k)(y) = 7 s k (y). 

Hereafter we simply say (-multisection in place of smooth Amultisection. 

(2) Two f'-multisections (si,... ,se) and (s ' 1; ... ,s' e ) are said to be equivalent as 
(-multisections on TI X if for each y there exists a permutation cr £ Perm(£) 
such that s'i{y) = s a (i){y)- 

(3) The C-iteration of f'-multisection s is the £'t-multisection s' such that s' k = 
s m for k = m mod (. We denote the ^'-iteration of s by s x£ . 

(4) Let S(i) be an ^i-multisection and S( 2 ) an f^-multisection. We say S(i) 
is equivalent to S( 2 ) as multisections if s *^ 2 is equivalent to s *^ 1 as ( 1 ( 2 - 
multisections. 

(5) It is easy to see that Item (4) defines an equivalence relation. We say its 
equivalence class a multisection on our orbifold chart. 

Situation 6.3. Let Q3 X = (V x ,T x ,E x ,(j) x ,f) x ) and %}' x , = (Vf ,, Y' x ,, E ' x ,, <p ' x ,, 6 j x ,) be 
two orbifold charts of a vector bundle {U,£). We assume that <p' x ,(Vf,) C </> x (I4) 
and that there exist (p xx / : Kc' h X x' '■ 14 , -A Y x such that h xx i is an injective 

group homomorphism and <p xx ' is an h xx ' equivariant smooth open embedding such 
that they induce the composition map 

m-'o^-.V^/Y'^^Vx/Yx, 

where <p x (resp. is induced by <f> x (resp. <f>' x r). In other words, 

tfx'iv) = <j>x(<Pxx'(y)) mod Y x . 

Moreover we assume that the composition 

■ (K' X E' x ,)/Y' x , -a (V x X E x )/Y x 

is induced by a smooth map (p xx / : Vf, x E' x , —> E x that is linear in E x , factor. In 
other words 

<i> X '(y,v ) = ^x(<Pxx'(y),v>xx'{y,v)) mod r x . 

We put &xx 1 = (h xx f, (pxx'i ^Pxx f \^ 

Definition 6.4. We call <f> X x' a coordinate change from an orbifold chart 23 x < to 


48 


KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, KAORU ONO 


Remark 6.5. We put <p X x'(y,v) = (y, <p X x'(y,v)). Then 

( hxx’ 5 ^Pxx‘ ? Pxx' ) 

is a local representative of an embedding of vector bundles, id : £\ — —> £\ — 

Im 4>' x r Im^ 

in the sense of Definition 15.26. Moreover it is a fiberwise isomorphism. 

Definition 6.6. Let s x be an t-multisection on 93 x and <h xx ' : 9J X ' —> 93 x a coor¬ 
dinate change. We define the restriction <l?* a ,,s by 

( Kx' s )k(y ) = 9y 1 s k (<Pxx'{y)) 
where g v : E x > ->• E x is defined by g y (v) = ip xx >(y,v). 

Lemma 6.7. If s x is equivalent to s' x as multisections then & xx iS is equivalent to 
& xx rS' as multisections. 

We omit the proof. (See the proof of a similar lemma, Lemma 7.7.) 

Here is a notational remark. 

Remark 6.8. So far we have written 93 x = ( V x , T x , E x , <p x , (f x ). The point x plays 
no particular role except we assume the existence of o x £ V x such that <p x (o x ) = x 
and o x is fixed by all the elements of T x . If we change the choice of such x, the 
constructions so far do not change at all. So, from now on, we do not specify x in 
our notation of local orbifold chart but only assume an existence of such x. We will 
write for example 9J r = (V t , T r , E r , <J> t , <p t ) instead of 9J X = (V X ,T X , E x , <fi x , <f> x ). 

Definition 6.9. Let U be an orbifold and £ a vector bundle on it. 

(1) A representative of a multisection of £ on U is ({QJ r | r £ 91}, {s r | r £ 91}) 
with the following properties. 

(a) QJ r is an orbifold chart of a vector bundle (U, £) such that [J rg tR U t = 
U. 

(b) s r is a multisection of QJ r . 

(c) For any y £ QJ ri n 9J r2 , there exist an orbifold chart and coordinate 

changes $ riy : 9J y —> 5J ri such that is equivalent to $* 2y s r2 . 

(2) Let ({2J$ } | £ 9tW},{5^ } | £ 9l( ?; )}) be representatives of multi¬ 

sections of £ on U for i = 1,2. We say they are equivalent if the following 
holds. 

For any x £ 93^ , there exist an orbifold chart 53 x and coordinate 

r i r 2 

changes <£ riX : 9 3 X -A 93^ } (i = 1,2) such that $* (1) is equivalent to 

<j>* 

t ( 2 2) x r 2 2) ) 

An equivalence class of this equivalence relation is called a multisection 

of(U,£). 

(3) (See [FOn, Definition 3.10].) Let s n be a sequence of multisections of (U, £). 
We say that it converges to a multisection s in C k -topology (k is any of 
0,1,..., oo) if there exists a representative ({93 r | r £ 91}, {s™ | r £ 91}) of 
s n for sufficiently large n and ({9J r | r £ 91}, {s r | r £ 91}) of s such that 
s” converges to s r in compact C fc -topology for each r. We note that we 
assume 93 r and 91 are independent of n. 
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Definition 6.10. Let s be a multisection of a vector bundle (U,£) on orbifold U 
and x G U. We put s = [({93 r | t G 91}, {s r | t G 91})]. We take an orbifold chart 
at x. A map germ [s], where s : O x —>• E x , is said to be a branch of s at x if 
the following holds. 

(1) O x is a neighborhood of o x in V x . 

(2) Let t G 91 such that x G U t . Then there exists k such that 

M<ftx(y),s v , k (<Ptx(y))) = 4>x{y,s{y)) 

if y is on a neighborhood of x in O x . Here £p xx is a part of a coordinate 
change 93 x —> 53 r . 


6.1.2. Multisection on a good coordinate system. Let U = (9p, {Up}, {<l> pq }) be a 
good coordinate system of Z C X. 

Definition 6.11. Let /C = {/C p } be a support system of a good coordinate system 
U and Sp multisections of E p on a neighborhood of /C p for each n G Z> 0 and p. We 
say that s = {s n \ n G Z>o} = {Sp | n G Z>o, p G tp} is a multivalued perturbation 
of (U, K.) if the following conditions are satisfied. 

(1) Sp o <^p q = ^pq o Sq on a neighborhood of /C q fl <^ p ,q(^Cp)- 

(2) lim„_>. 00 .Sp = Sp in C' 1 -topology on a neighborhood of K. p . 

A multivalued perturbation of U is a collection {Sp} such that (1)(2) hold for 
some support system 1C. 


Note that the Kuranishi map s p , which is a single valued section of £ p , can be 
regarded as a multisection by Lemma 15.32. The C 1 - convergence in Definition 6.11 
(2) therefore is defined in Definition 6.9 (3). 

Below we will elaborate on the equality in Definition 6.11 (1) further. Let x G 
/Cq (A- P ) and x' = ippq(x) G ICp. We can take orbifold charts of (U q ,£ q ), 5J X / 
of (U p ,£p) such that (^ Pq ,^ Pq ) has a local representative (h pq - x > x , ip pq - X ' X , f> Pq - X 'x) 
with respect to these orbifold charts. (Lemma 15.25.) We define Cp vq - x ' x '■ V x xE x —»• 
E x / by the relation 

Pp q ;i'i(yi ^) = i i pp q -,x'x{y)j i pp q -,x i x{y^')')- 


We may choose and 9J X < so small that Sp and s” have representatives on the 
charts. Let s” , and s” x be the representatives, which are t\ and £2 multisections, 
respectively. By taking an appropriate iteration we may assume £± = £2 = £■ We 
then require 

S p,x';k( L Pptl\x'x(y)) — f , p q -,x'x{yj 5 q ,x;p y (k) iv)) (^-l) 

for y G 14, k = 1,..., £, where p y G Perm(f’). (6.1) is the precise form of Definition 

6.11 ( 1 ). 


We will use the CWconvergence to prove certain important properties which 
we use in the next subsection. To state this property we need to prepare some 
notations. 

We denote the normal bundle of our embedding ip pq : U pq —> U p by 


N{<pp q ; Up) 


v; q TUp 


TU, 


ql U p 


ft defines a vector bundle over C7 pq . For a compact subset K C U q we denote by 
A r K{<Pp q ', Up) the restriction of this vector bundle to K fl f7 pq . 
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Situation 6.12. We fix a Riamannian metric on Up. It induces a metric on 
N(<p pq -,Up). We denote by N s ((p pq ; U,) the <5-disc bundle thereof for 5 > 0. Using 
the normal exponential map of the embedding <fp,, we have a diffeomorphism: 

Exp : N 5 K ^p q -Up) -► U pq x Up (6.2) 

which is given by Exp(:r, v) = (x, exp x v ) where exp^. is the exponential map of the 
metric given on Up. (See [F00014, Lemma 6.5].) Here S is a positive number 
depending on a compact subset K of U, and the embedding (p pq . We put 

BNs'(K; Up) = U exp x (N^(ip p ,;Up)) C Up (6.3) 

xGU pq nK 

for S' < 5. We denote by 7 rgi : BN$>(K-,Up) —> Up, fl K the composition of Ext -1 
with the projection N(ipp,-, Up) —> U, of the vector bundle. Note that on the 
image of ip p ,, the obstruction bundle £ p has a subbundle tp p ,(£,). We consider a 
sub-bundle 

£q;p c £p = n s (<£pq(£q)) 

on B$(K ; Up) which restricts to the bundle (5p q (£ q ) on ip p ,(K) C Up. We take the 
quotient bundle £p/£,- p and consider 

sji = s p mod fq ;P 

that is a section of £p/£ q;P . In a similar way for each branch s™. k of s p we obtain 

s p ; fc(y) ^ (^p/^q;p)i/■ (6-4) 


We denote by E : BNs(K;U p ) —> N^((pp,;U,) the inverse of Exp on its image. 
Namely 

E(y) = (x,v) x = n s (y),v = exp~ 1 (y). (6.5) 

Lemma 6.13. Suppose we are in Situation 6.12. There exist c > 0, So > 0 and 
no £ Z>o such that for y £ BNs 0 (K; Up) 


kp;fc(2/)l > c \ E (y)\ 

(6.6) 

|sp(y)l > c\E(y)\ 

(6.7) 


hold for any branch if n > no and d(irs(y)> s q X (0)) < So- 

Proof. We choose and fix a connection of the quotient bundle £p/£ q;p . For y = 
Exp(:r,0) £ ipp : ,(K) we consider the covariant derivative 

V DySp : (Nk(<Pp,' } U p )) x —> (£p/£, [p ) x . ( 6 - 8 ) 

By Definition 3.2 (5), the map (6.8) is an isomorphism if a; £ s~ 1 (0) in addi¬ 
tion. Therefore we may choose So so that the map (6.8) is an isomorphism if 
d(x, s“ 1 (0)) < So- Then the existence of do, c satisfying (6.7) is an immediate con¬ 
sequence of the fact s p is smooth. The inequality (6.6) then is a consequence of 
C' 1 -convergence. □ 
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Remark 6.14. Note the set theoretical fiber of a vector bundle over an orbifold 
is a quotient of a vector space by a finite group. The value ~Sp(y) is well-defined as 
an element of vector space if we fix a local trivialization. When we do not specify 
the local trivialization, the value ~Sp(y) is defined as an element of a quotient of a 
vector space by a finite group. The left hand side of (6.7) so makes sense. 

In case of multisection s™. k (y), this is well-defined as an element of vector space 
if we fix a local trivialization. When we change the local trivialization it changes 
by the permutation of k and a finite group action. Therefore the validity of (6.6) 
for all branches k is independent of the choice of trivialization. 


Remark 6.15. Note that in Definition 6.2 (2) we allow the permutation a to 
depend on y which lies in a neighborhood of x. By this reason the notion of branch 
of multisection should be studied rather carefully. Here is an example: We define 


Je re- 1 /!* 1 t <0 
eei£a(t) - \e 2 e-i/l‘l t> 0. 


Here is either plus or minus. Four functions e++, e _, e_e_|_are all smooth 

functions on R. We define 2-multisections s and s' as follows. 


s = (e_|— 1_ , e—), s' = (e+_, e_+). 

They are 2-multisections on R of a trivial line bundle. It is easy to see that s is 
equivalent to s' in the sense of Definition 6.2 (2). (This definition coincides with 
[FOn].) However, it is impossible to choose a appeared in Definition 6.2 (2) in a 
way independent of y. See Subsection 13.5 for more discussion about this point. 

It is convenient to remove the assumption d(ns(y ), s“ 1 (0)) < <5o in Lemma 6.13. 
Lemmata 6.18 and 6.19 below say that we can always do so by replacing our good 
coordinate system by a strongly open GG-embedding. 

Condition 6.16. Let U be a good coordinate system of [X, Z) and 1C its support 
system. We consider the following condition for them. 

For each p > q, there exist Riemannian metrics on Up and the sub-bundle £ q;P as 
in Situation 6.12. (Here the compact set K appearing in Situation 6.12 is ¥> pq (/C q ).) 
and we have a connection on £ p /£ q;p . They satisfy the following. 

If x £ ?„(£„), V £ {N K (<p pq ; U p )) x , V ± 0 then 

D v s^ ± 0. (6.9) 

Remark 6.17. Note the left hand side of (6.9) is a covariant derivative which 
depends on the choice of the connection in general. It is independent of the choice 
of the connection when x £ s p (0)). 

Lemma 6.18. Suppose U and K. satisfy Condition 6.16. Then there exist c > 0 
and ng € Z>o 


My) 1 > c\E(y)\ 

(6.10) 

\^k(y)\ > c \ E {y)\ 

(6.11) 


hold for all branch if n > no, x £ K. q and y £ BNs 0 (K ; Up). 

Here the map E is as in (6.5). The proof is the same as the (second half of the) 
proof of Lemma 6.13. 
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We take a metric d on |/C + | in the next lemma and Bs(A) = {x £ |/C + 1 | d(x, A) < 
<5}. We also regard Z C |/C + | by ip. 

Lemma 6.19. Let IA be a good coordinate system of (X,Z) and (/C~,/C + ) be its 
support pair. Then there exists a support system K.~' and <5o > 0 with the following 
properties. 

(1) (£"',£+) is a support pair. 

(2) U, K~' satisfy Condition 6.16. 

(3) 

B s (JCf nz)nz c B s ()Cf'nz), ( 6 . 12 ) 

for any q £ Sp. 

Proof. Take a support system K. h such that K,~ < K. h < K. + . Apply (the first 

half of the proof of) Lemma 6.13 to K = /C7 + and obtain (5 q such that 

D v s^yl 0 (6.13) 

for V € (N k (^U p )) x , x € B Sq {K~+ n sf\0)) n U q . 

Put <5i = min{(5 q | q £ *p}. Take 62 > 0 such that 

B25 2 (> q-) n Uq c JC-+, B 2 s 2 (iCf + ) n u q c /c°+ (6.14) 

for all q. We take 

K.-’ = Clos e(Bs 2 (fCq HZ)nUq). (6.15) 

We take <5o smaller than minjJi,^}. 

Item (1) follows from (6.14). Item (2) follows from (6.13) and (6.14). 

We prove hat Item (3) holds if we replace Sq by a smaller positive number if 

necessary. We remark that for any <5 > 0 there exists S' > 0 such that 

Bs’{lCq C Z) nU p C N close ( B ^ K .- nz ^ nu ^(ip P q;U p ). (6.16) 

(6.16) and Lemma 6.13 implies 

b s >{ ic~ nz)nu p cUq (6.17) 

for sufficiently small S' and q < p. (6.12) follows from (6.14), (6.15) and (6.17). □ 

Remark 6.20. Note the way taken in [F00013] or in the earlier literatures such 
as [F0n],[F0004] is different from that in this document and proceed as follows. 
We fix the extension of the subbundle £ q;P and fix the choice of the splitting £ q = 
£q ; p © We then assumed the equality 

n^(5p, fc ) = n^( Sp ) (6.18) 

f q;p f q;p 

for any branch s p k of our multisection s p . (See [FOn, (6.4.4)] for example.) 23 

We did not assume s p k converge to s p in C' 1 -topology but assumed only C 0 - 

convergence. 

However (6.18) together with the fact 

|n_£n_(s p )| > c\v\ 

£q;p 

We remark that actually we can make sense the equality (6.18) without taking and fixing 
s s 

the splitting Sp = Sa p © P q , since the projection Sp —> P q is well-defined without fixing this 

’ ^-qip ^qiP 

splitting. 
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(which follows from the proof of Lemma 6.18 (6.10)) is enough to prove (6.11). 

We have slightly modified the definition here, since by assuming C^-convergence 
as in Definition 6.11 (2) we can prove Lemma 6.18, which we will use instead of the 
assumption (6.18) made in the earlier literature. In fact, (6.11) is the property we 
need. (See the proof of Sublemma 6.28 Case 4.) 

We however emphasize that the results using the definition in the earlier lit¬ 
erature is literally correct without change by the proof given there. We here are 
improving the presentation of the proof of the earlier literatures but are not cor¬ 
recting the proof therein. 

In Part 2 of this document, we need to study a family of multivalued pertur¬ 
bations. The following notion is useful for the study of a family of multivalued 
perturbations. 

Definition 6.21. A o parameterized family of multivalued perturbations {{a”} I 
a G si) of fU,K) is said to be a uniform family if the convergence in Definition 
6.11 is uniform. More precisely, we require the following. 

For each e there exists n(e) such that if n > n(e) then 

|s(2/) - s p (y)| < e, \{Ds)(y) - {Ds p ){y)\ < e (6.19) 

hold for any branch s of s” at any point y G JC P for any p G fp, cr G si. 

Remark 6.22. Note that we assume that ( U , 1C) is independent of a. 

Inspecting the proof of Lemma 6.19, we have the following. 

Lemma 6.23. 7/{{s”} | cr G si} is a uniform family, then the constants no, c and 
So in Lemma 6.19 can be taken independent of a. 

Remark 6.24. Suppose si consists of one point. Then the condition assumed in 
Lemma 6.23 is slightly weaker than C 1 convergence in the sense of Definition 6.9 
(3). In fact, in Definition 6.9 (3), we assumed, for example, that we may choose 
that the number of branches of s n is independent of n. 

If we define C k convergence of multisections to a multisection using branch in 
the same way as above, it seems rather complicated. Note we discuss here the case 
of C 1 convergence of multisections to a single-valued section, the Kuranishi map. 

6.2. Support system and the zero set of multisection. We use Lemma 6.18 
to prove Propositions 6.25 and 6.30 below. In this subsection we use a metric on 
subsets of \U\ = Up 6 .p Up/ which we choose as follows. We start with support 
systems K.',i= 1, 2, 3 with K 1 < K 2 < /C 3 . (See Definition 5.6 (2) for this notation.) 
The union of the images of /C 3 in \U\ is denoted by |/C 3 |. The quotient topology on 
|/C 3 1 is metrizable. (See [F00018, Proposition 5.1].) We use this topology or its 
induced topology. The space X can be regarded as a subspace of |/C 3 | and of |/C 2 | 
or l/C 1 !. We take a metric on a compact neighborhood of |/C 3 | in \U\ and use the 
induced metric on various spaces appearing below. Note that all the spaces Kip etc. 
are contained in the compact neighborhood of |/C 3 | so have this metric. 

For a subset Ac |/C 3 | we put 

B S (A) = {x G |/C 3 | | d(x, A) < <$}. (6.20) 

For a point p G |/C 3 |, we define Bg(p) := Bg({p}). 

Sometimes we identify a subset K l p with its image in |/C 3 |. Then for example, for 
a subset IcKjfl U pq , we identify A with c p pq (A). 
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Proposition 6.25. Let K, < /C + < K? < K? and let {Sp} be a multivalued 
perturbation of ( Lt,K , 3 ). Then there exist 5 > 0, no £ Z>o such that for any q £ tp 
and n > no 

B s (ic~ nz)n U((sp)“ 1 (o) n k*) c k+. ( 6 . 21 ) 

p 

Here (Sp) _1 (0) is the set of the points in /Cj) such that at least one of the branches 
of Sp vanishes. 

Proof. We hrst remark that in view of Lemma 6.19 it suffices to prove the proposi¬ 
tion when K~ satisfies Condition 6.16 in addition. In fact we apply Lemma 6.19 to 
obtain /C _/ satisfying Condition 6.16 in addition. By using Lemma 6.19, we have 

B S (JC- nz)n U((sp) _1 (o) n k*) c b s {k~' n z)n U((*?) _1 (o) n K? p ) 

p p 

Therefore (6.25) with IC~ replaced by YC~' implies (6.25). 

Hereafter we assume the condition. 

Let x £ /C~ (~l Z. We first show the following lemma. 

Lemma 6.26. There exist 8 X , q > 0 and n x ,q > 0 such that for n > n x . q 

Bs x „ (x)nzc /C+, B S ^ (x) n (J( s p) _1 (0) C IC+. 

p 

Proof. During the proof of Lemma 6.26 we fix x and q. The constants in Sublem¬ 
mata 6.27, 6.28 depend on x and q. 

Sublemma 6.27. There exists <5i > 0 with the following properties. 

(1) If x £ K, p, then B $ 1 (x) =0. 

(2) If x G )Cp , then B § 1 (x) fl /Cp = Bg x (x) f~l K p . 

(3) If x € K. p, q < p, then Bg x (x) n C /Cp fl K.^. 

(4) If x € /Cp, q > p, then Bs 1 (x) n/Cp C /C+. 

Proof. Statement (1) follows from compactness of 1C p, (2) from ICp C Int/Cj|", (3) 
from K. p C Int /Cp, and (4) from x £ 1C~ PI Z and K.~ C Int K.+ , respectively. □ 

Sublemma 6.28. There exists 62 , p for each p £ and ni,p £ Z>o such that 

Bs 2 , p (x) n (sp)- 1 ^) n/c^ c /c+, B Sa Jx) n (s”)- 1 ^) mc 2 p c k+ 

hold for n > ni iP . 

Proof. We discuss 4 cases separately. In the first 3 cases we will prove 

Bs 2 , P (x)nlC 2 p C/C+. (6.22) 

(6.22) obviously implies the required inclusion in those cases. 

(Case 1) Neither p < q nor q < p. In this case we may choose 62 , p = <5i since the 
left hand side of (6.22) is an empty set by Sublemma 6.27 (1). 

(Case 2) p = q. We take 82 , P = ■ Then (6.22) follows from Sublcmma 6.27 (2). 
(Case 3) p < q. We take 82 # = . Then (6.22) follows from Sublemma 6.27 (4). 
(Case 4) q < p. This is the most important case. Let d p be a metric function 
induced by a Riemannian metric g p of U p . Note the metric d which we used to 
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define the metric ball in Sublemma 6.27 is different from d p . However they define 
the same topology. We next prove that there exist, 1)3 > 0 and c > 0 such that 

\s p (y)\> cdpiy^l) (6.23) 

holds for y £ Bg 3 (x) (~l /C p . To prove this we show the next subsublemma. 

Subsublemma 6.29. There exists 63 > 0 such that if y £ Bg 3 (x) 0 /C p then 
there exists a minimal g v -geodesic l : [0,d] —> Up of length d such that KfS) £ 
^ q (H pq )n/C p 3 n/C2 and d = dp{y,K, 2 ). 

Proof. Since 1C 2 is a relatively compact subset of K. q and x £ K . 2 , there exists ^3 > 0 
such that dp(x,y) < 63 implies that there exists 2: £ /C q with the property that the 
minimal geodesic joining 2 and y is perpendicular to and that d p (z, y) < d p (x, y). 
We can now use Sublemma 6.27 (3) to show that we may choose £3 such that 
2 £ tppqiUpq) fl /C p fl K. 2 . The subsublemma follows. □ 

The inequality (6.23) follows from Subsublemma 6.29 and Lemma 6.18 (6.10). 
Now (6.23) implies that 

b s 3 {x) n (s P ) -1 (o) c K? q . 

It implies Bg 3 (x) fl (s p ) _1 (0) C /C+ by Sublemma 6.27 (2) applied to p = q. 

We use Lemma 6.18 (6.11) and Subsublemma 6.29 in the same way as the proof 
of (6.23) to show: 

\Sp(y)\>cd p (y,Uq) (6.24) 

for all y £ Bg 4 ( x ) fl /C p and sufficiently large n. (Note that this inequality holds for 

any branch of s q .) Using (6.24) in place of (6.23) we prove Bs 4 (x) H (s p ) _1 (0) C K . 2 
in the same way as above. Then Bg 4 (x) fl (s p ) -1 (0) C /C+ follows from Sublemma 
6.27 (2). Thus 62 ,p = minjdi,^3,£4} has the required properties. The proof of 
Sublemma 6.28 is complete. □ 

We put 6 x , q = min-j^p | P G ip} and n x , q = max{ni. p | p £ *P}. Then Lemma 

6.26 follows from Sublemma 6.28. □ 

Now we take finitely many points Xi £ ICf (~l Z, i = 1,..., IVq such that 

N q 

U Bs x ,„(xi) ICf n z. 

2=1 

We put lX q = (J^i B$ x . (xi). Then for any n > max{n Iitq | i = 1,..., iV q } we 
have 

n q d /C” n z, ii q n(J(( s ^- 1 (0)) c/c+. 

p 

Since il q is open and /C~ fl Z is compact, there exists <5 q > 0 such that Bg q (IC~ fl 
Z) C ilq. It is easy to see that S = min{<5q | q £ <p} and no = max{n Ijiq | i = 
1 .,N q , q £ <p} have the required properties. The proof of Proposition 6.25 is 
complete. □ 

Proposition 6.30. Let Ad 1 , /C 2 , AH 3 be a triple of support systems of a good co¬ 
ordinate system U of Z C X with Kf < K . 2 < K? and s = {s p } a multivalued 
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perturbation of Then there exists a neighborhood it (Z) of Z in |/C 2 | and 

n o £ Z>o such that the following holds for any n > no- 

nit (Z) = ^U((^) _ 1 ( 0 )n/c=)^ nii(z). (6.25) 

Proof. The inclusion C is obvious for any U(Z). We will prove the inclusion of the 
opposite direction. 

Lemma 6.31. For each 5 > 0, there exists S' > 0 such that for every p £ 

B S '(Z)nK%cB s (ZnK%). (6.26) 

Here we put Bg(A) = {x £ |/C 2 | \ d(x,A) < (5}. 

Proof. The proof is by contradiction. If the lemma does not hold, there exist p £ tp, 
6 > 0, a sequence Si —>• 0, and points Xi £ Bg ( (Z) n /Cp such that Xi Bg(Z n /Cp). 

Since /Cp is compact, we may assume that the sequence Xi converges to a point 
x £ /Cp. Then x £ /Cp n Z. Therefore Xi £ Bg(Z n /Cp) for sufficiently large i. This 
is a contradiction. 

By Lemma 6.31 

fU(K) _1 ( 0 ) n ^)) n B v(z) = u («) _1 (°) n rc\ n b s .{z)) 

\ q / q 

cU^r'fojnB^n^n/cJ). 


□ 


(6.27) 


for sufficiently large n. We take a support system /C° = (/Cp) pe <p such that /C° < 1C 1 . 
Since (J q Z n /C q = Z, we have 

U (( s q) _1 (°) n M z n n^)cU ((Sp) _1 (0) n B S (Z n /c°) n /c p 2 ) . ( 6 . 28 ) 


p,q 


In fact 


U (( s p) _ 1 (°) n M z n K) n K) = (^) _1 (°) n b s (Z) n /Cp 2 

q 

2 (sp ) _ 1 (o) n b s (z n /c 2 ) n /c 2 . 

We apply Proposition 6.25 to (/C”,/C + ) = (AC 0 ,/C 1 ) and obtain 

U (( s p) _ 1 (°) n M z n K) n K ) c ^ 

p 

for sufficiently large n. Note 

U(( 5 ")- 1 (0)n/cJ) = «)- 1 (0)n/c q 1 . 

p 

Hence (6.29) implies 

U (( s p) _1 (°) n w n O n^)c[J («) _1 (0) n ACJ) . 

p>q q 


(6.29) 
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Combined with (6.27) and (6.28), we have 

( UW 1 * 0 ) 0 Kq) ) n B ^ Z ) C U («) _1 (°) n ■ 

V q / q 

We take it (Z) = Bg>(Z). The proof of Proposition 6.30 is then complete. 


□ 


Proposition 6.30 corresponds to [F00013, Lemma 6.6]. The proof we gave above 
is based on the same idea. 

Corollary 6.32. There exist a neighborhood H(Z) of Z in |/C 2 | and no £ Z>o such 


that the space ( (J p ((s p ) 1 (0) fl /C p ) I fli l(Z) is compact if n > uq. Moreover, 


lim U(( 5 ?) _1 (°) n/C P> ^ X 


(6.30) 


Here the limit is taken in Hausdorff topology. 


The first claim corresponds to [F00013, Lemma 6.11] and the second claim 
corresponds to [F00013, Lemma 6.12]. Using Proposition 6.30 the proof is also 
the same as those lemmata. We reproduce them here for reader’s convenience. 


Proof. Proposition 6.30 implies that 

(U(( 5 p) _ 1 ( 0 ) n/C °p)) nii(Z)= (U(( s -r 1 ( 0 )n/cj)) nii(Z). 


(6.31) 


We may assume that it (Z) is compact. Then (|J p ((s p ) 1 (0) fl /Cj)) flit (Z) is com¬ 


pact. The compactness of (^(Jp(( s p) *(0) C/C p )J flit (Z) follows from (6.31). 

We next prove (6.30). Suppose (6.30) does not hold for any U(Z). Then there 
exist p £ tp, 5 > 0, Hi — > oo, and asuch that Xi £ (Sp i ) _1 (0) fl /Cj fl it (Z) and 
d(xi, X) > 5 for all i. We may assume that Xi converges to x. (Note we may assume 
that it (Z) is compact.) Then x £ (sp) _1 (0) fl /C p flit (Z). Therefore x £ X. This 
contradicts to d(x,X) > 5 > 0. □ 

Remark 6.33. To derive the estimate (6.24) we used Definition 6.9 (3) for the 
notion of C 1 - convergence of the multivalued perturbations {s p }. However, we note 
that (6.24) can be also obtained by using a slightly weaker notion of (^-convergence 
defined by Definition 6.21. See also Remark 6.24. Therefore Propositions 6.25, 6.30 
also hold even if we use this weaker notion of (^-convergence of multivalued pertur¬ 
bations. Indeed, the next proposition, which concerns uniformity of the constants 
appearing in Propositions 6.25, 6.30 and Corollary 6.32, is also obtained under the 
weaker notion of C 1 - convergence. 

Proposition 6.34. Let {{s” | n £ Z>o} | er £ be a uniform family of multival¬ 
ued perturbations of ( U , Kf). 

(1) In Proposition 6.25 the constants S and no can be taken independent of cr. 

(2) In Proposition 6.30 the set il (Z) and the constant no can be taken indepen¬ 
dent of a. 
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(3) In Corollary 6.32 the setiX(Z) and the constant no can be taken independent 
of a. Moreover 


lim sup 

n—too 


d H ix, U(«p) _ 1 (o)n^) nii(Z) 


a £ srf > = 0 . 


(6.32) 


Proof. This is a consequence of Lemma 6.23 and the proofs of Propositions 6.25, 
6.30 and Corollary 6.32. □ 


Definition 6.35. (Orbifold case) 

(1) Let s be a multisection of a vector bundle £ on an orbifold U. We say it is 
transversal to 0 on K C U if for each x £ K and any branch Sk of s at x 
such that Sfc(:r) = 0, Sk is transversal to 0. (Note Sfc : V x —> E x is a smooth 
map and {V x ,T x ,E x ,(j) x ,(j) x ) is an orbifold chart of (U,£).) 

(2) In the situation of (1), let /:[/—>■ N be a smooth map to a manifold. We 
say / is strongly submersive with respect to s, if for any branch Sk of s at 
x G K such that Sk(x) = 0, the composition 

5^(0) ^ V t/A N (6.33) 

is a submersion. 

(3) In the situation of (2), let g : M —>• TV be a smooth map between manifolds. 
Suppose the multisection s is transversal to 0 on K. We say (s, /) is strongly 
transversal to g if s is transversal to 0 and, for any branch Sk of s at x £ K 
such that Sk(x) = 0, the composition (6.33) is transversal to g. 

Definition 6.36. (Good coordinate system case) 

(1) Let s be a multisection of (U, /C), where U is a good coordinate system of 
Z C X and /C its support system. We say it is transversal to 0 if for each 
p £ *$, s p is transversal to 0 on /C p . 

(2) In the situation of (1), let / : (X, Z;U) —tN be a smooth map to a 
manifold. We say / is strongly submersive with respect to 5, if for each 
p G ‘P, f p is strongly submersive with respect to s p . 

(3) In the situation of (2), let g : M —> N be a smooth map between manifolds. 
Suppose the multisection s is transversal to 0 on K. We say (s, /) is strongly 
transversal to g if for each p s / p is strongly transversal to g with respect 
to s p . 

(4) A multivalued perturbation of a good coordinate system T = {s n } is said 
to be transversal to 0 if s n is transversal to 0 for sufficiently large n. 

(5) Strong submersivity of maps on good coordinate system with respect to 
a multivalued perturbation is defined in the same way. The definition of 
strong submersivity of a map f : (X,Z\U) -A N on good coordinate system 
to g '. M —N with respect to a multivalued perturbation is defined in the 
same way. 

Theorem 6.37. Let U be a good coordinate system of Z C X and /C its support 
system. 

(1) There exists a multivalued perturbation s = {s p } of (W,/C) such that each 
branch o/s p is transversal to 0. 
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(2) Suppose f : {X,Z\LA) -A N is strongly smooth and is transversal to g : 
M -a N, where g is a map from a manifold M. Then we may choose s 
such that f is strongly transversal to g with respect to s. 

This is actually proved during the proof of [F00013, Proposition 6.3]. We will 
prove it in Section 13. 

6.3. Embedding of Kuranishi structure and multisection. 

Definition 6.38. Let U be a Kuranishi structure of Z C X. A strictly compatible 
multivalued perturbation of U is a collection 9 = {s™} = (s p } p ^z such that s p is 
a multisection of E p on U p for each p £ X and n £ Z>o, which have the following 
properties. 

(!) s” o tp pq = (p pq o s" on U pq . 

(2) linin^ooS” = s p in C 1 sense on U p . 

The precise meaning of (1), (2) above is the same as in the case of Definition 6.11. 

Remark 6.39. We use the terminology, strictly compatible multivalued pertur¬ 
bations, in Definition 6.38. The phrase ‘strictly compatible’ indicates that this is 
rather a strong condition and is hard to realize. For example, we may not expect 
such a perturbation exists for a given Kuranishi structure. Namely we need to re¬ 
place the given Kuranishi structure to its appropriate thickening to obtain strictly 
compatible multivalued perturbation. (See Proposition 6.44.) Nevertheless we usu¬ 
ally omit the phrase ‘strictly compatible’ and simply say multivalued perturbation. 

Definition 6.40. (1) Let <f> = {<f> p } : U —> U' be a strict KK-embedding of 

Kuranishi structures. Let {s”} and {s' p } be multivalued perturbations of 
U and U' , respectively. We say {5])} and {s' p } are compatible with $ if 
s' p ojPp = ^pO S ”. 

(2) Let Uq be an open substructure of a Kuranishi structure U. Let {s”| be a 
multivalued perturbation of U. Then {Sp|(/o} is a multivalued perturbation 
of Uq. We call it the restriction of {s”} and write {Sp}|^ 0 - 

(3) Let $ = {4> p } : U —> U' be a (not necessary strict) KK-embedding of 
Kuranishi structures. Let {s”| and {s' p } be multivalued perturbations of 
U and U’ , respectively. We say {s p } and {s' p } are compatible with $ if a 
restriction {5"Pry is compatible to {s("} with respect to a strict embedding 

Uo —tU'. Here Uq is an open substructure of U 

Definition 6.41. Let 4> = {4> p } : U —> U’ be a GG-embedding, and s = {Sp} and 
s' = (Sp”} multivalued perturbations of U and U' , respectively. We say {fip } and 
(Sp”} are compatible with 4> if s'f 1 o = (p v o Sp . 

Definition 6.42. Let <f> = ({f7 p (p)}, {4> p p}) : U -A U + be a GK-embedding. Let 
s' = {Sp } and s = (s”} be multivalued perturbations of U and U + , respectively. We 
say {s^} and {s”} are compatible with <f> if s” o p pp = (p pv os" holds on U p (p). 

There are various obvious statements about the composition of embeddings and 
its compatibilities with the multivalued perturbations. We leave to the interested 
readers to state and prove them. 
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Definition 6.43. Let U , Uo be good coordinate systems of Z C X. An open GG- 
embedding <£> : Uq — > U is said to be relatively compact if, for each p, the subset 
(pp(Up) is relatively compact in Up. 

Proposition 6.44. Let Uo —> U be a relatively compact open GG-embedding of 
good coordinate systems of Z C X. Then there exist a Kuranishi structure U and 
a GK-embedding Uq —> Id with the following properties. 

(1) Let 1C be a support system ofU and s = {s p } a multivalued perturbation of 
(i U,IC ). We assume <pp(Up) C fnt /C p . 

Then there exists a multivalued perturbation's = {s p } ofU such that's \q 

and's are compatible with the embedding Uq —>14. 

(2) If f : (X,Z;U) —> Y is a strongly continuous (resp. strongly smooth) map, 
then there exists f : (X, Z;U) —>■ X such that f |^- is a pullback of f by the 
embedding Uq —tU. 


We will prove Proposition 6.44 together with the following relative version. 

Proposition 6.45. In the situation of Proposition 6.44 (1) we assume the following 
in addition. 

(^r) U + is a Kuranishi structure of Z C X andU ~^U + is a GK-embedding. 

Then we may choose U and Uo —» IA in Proposition 6.44 such that the following 
holds in addition. ___ 

There exists a KK-embedding IA —>• U + such that: 

(i) The composition ofUo -^U and Li — >■ U + is equivalent to the composition 
of the embeddings Up, -+U, U —> U + . 

(ii) U + is a thickening ofU. 

(iii) In the situation of Proposition 6-44 (%), we assume that f : ( X,Z,U ) — > Y 
is a pullback of /+ : (X, Z;U + ) —> Y, in addition. Then we may take f 
such that it is a pullback of /+. 



(6.34) 


Proof of Propositions 6.44 an d 6.45. We put /C p = <fip(Up) and KP = {/C p }. Then 
(/C°, /C) is a support pair. Let p £ Z. We take p p with the following properties. 

Property 6.46. (1) p £ % p (s^ 1 (0) n /C Pp ). 

(2) If p £ n /C°) then q < p p . 

Existence of such p p follows from Definition 3.14 (6). We take an open neigh¬ 
borhood Up of p in /C Pp with the following properties. 
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Property 6.47. (1) U p is relatively compact in Int/C p . 

(2) If ip p (U p n s~ 1 ( 0 )) n n ^(O)) n Z ^<t), then q < pp. 

(3) In the situation of Proposition 6.45 we require U p C U Pp (p) in addition. 
Here U Pp (p) is an open neighborhood of o p in U p that appears in the defi¬ 
nition of the GK-embedding U —> U + . (Definition 6.42.) 

We define a Kuranishi chart U p by U Pp \u p - 

We next define a coordinate change among them. Let q e V , p P ( s ^ 1 (0) G U p ). 
Property 6.46 and Property 6.47 (2) imply that p q < p p . Therefore there exists a 
coordinate change <I> PpP(j of the good coordinate system U. The coordinate change 
from U q to Up is by definition the restriction of $ PpP<! to U q PI (p p \ (U q ). Compat¬ 
ibility of the coordinate changes follows from the compatibility of the coordinate 
changes of U and the commutativity of Diagram (3.8). We thus obtain the required 
Kuranishi structure U. 

Firstly we prove Proposition 6.44 (1). We define the GK-embedding Uq —> U. 
Let p £ Up fl X. Since /C p is the closure of U p , Property 6.46 (2) implies p < p p . 
Therefore there exists a coordinate change $ Pp p : U p —» U Pp . We put 

o?(p) = Vp pP (u P ) n u°, = $p pP lu»( P) - 

It is easy to see that they define the required GK-embedding U Q —> U. 

Secondly we prove Proposition 6.44 (2) (3). We define s p = s Pp \u p - Its compati¬ 
bility with coordinate change follows from one of s p . Thus we obtain a multivalued 
perturbation {s p }. The strong compatibility of it with the GK-embedding Uq —> U 
follows from the strong compatibility of s p with coordinate change. 

If / = {/p}, then we define f p = f Pp \ Up . It is easy to see that it has required 
properties. 

Thirdly we prove Proposition 6.45 (i). We define a KK-embedding : U —> U + . 
Let p £ X. We consider ip pPp : U Pp \u p ( P ) —> U p that is a part of the data defining 
the GK-embedding U —> U + (Definition 6.42.) By Property 6.47 (3) we can restrict 
it to U p . It is easy to see that they are compatible with coordinate changes and 
define the required KK-embedding : U —> U + . 

Commutativity of Diagram 5.13 implies that the composition Uq —> U —»• U + is 
the given embedding Uq —> U + . 

We finally prove Proposition 6.45 (ii)(iii), that is, U + is a thickening of U. Let 
p € X. We put 

o P = iP Pp (s Pp \o) nu p n Int K Pp ). 

Note U p C U Pp (p) C U Pp . 

Let q G O p . Then 

Q e ^P P (s Pp { 0 ) Hint /C Pp ) ni/>+((s+)- 1 (0)). 

Therefore there exist 0 Pp (q) C U Pp and <p qPp : 0 Pp (q) f/+. We put 

W p (q) = U p ncp- p 1 p (U+). 

Then 

Pp{Wp(q)) = Ppp p (W p (q)) C P pq (Pqp p (W p (q))) C p pq (U+). 
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We have thus checked Definition 5.3 (2)(a). Definition 5.3 (2)(b) can be checked in 
the same way by using (p qPp . We have thus proved (ii). 

(iii) is a consequence of the fact that [/+ is an open subset of U Pp and /+ is a 
restriction of f Pp . 

The proof of Propositions 6.44 and 6.45 is now complete. □ 


Propositions 6.44 and 6.45 provide a way to transfer a multivalued perturbation 
of a good coordinate system to that of a Kuranishi structure. The next results 
describe the way of transferring them in the opposite direction. For this, we need 
one more definition. 


Definition 6.48. Let $ = {<f>p p } : U —> U be a KG-embedding. Let s = (s” } and 
s = {fip } be multivalued perturbations of U and U, respectively. We say {s™} and 
{fip } are compatible with $ if they satisfy 

<p w os"=5jo £ Pp 


on U p . 


Proposition 6.49. Let U be a Kuranishi structure on Z C X and s = {s^} a 
multivalued perturbation ofU. Then we can take a good coordinate system IA and 
the strict KG-embedding 4> : IAq —> U in Theorem 3.30 so that the following holds 
in addition. 

(1) There exists a multivalued perturbation s = {s”} oflA such that'sand s 
are compatible with the embedding <f>. 

(2) If f : (X,Z]IA) —>• Y is a strongly continuous map, then there exists f : 
( X, Z\IA) —> Y such that f o <f> is a pullback of f. If f is strongly smooth 
(resp. weakly submersive) then so is f. The transversality to M Y is 
also preserved. 


Proposition 6.50. Suppose we are in the situation of Propositions 5.21 (resp. 
5.22) and 6.f9. Then we can take the GK-embedding 4>+ : IA —>- IA + in Proposition 

5.21 (resp. the GK-embeddings <f>a : U —>■ Ua in Proposition 5.22 (a = 1,2)) so 
that the following holds. 

(1) If s + is a multivalued perturbation oflA+ such that s+, s are strongly com¬ 
patible with the KK-embedding IA —> IA + , then we may choose s such that 
t, s + are compatible with the embedding 4>+. (resp. If st (a = 1,2) is a 
multivalued perturbation oflAa such that st, s are strongly compatible with 
the embedding IA —> IA + , then we may choose s' such that s’, sj are both 
compatible with the embedding ■) 

(2) If /+ : (X, Z;IA + ) -A Y is a strongly continuous map so that the pull back 
of /+ is f : (X,Z\IA) —> Y, then we may choose f : ( X,Z;IA ) —> Y such 
that f + o $+ = /. (resp. If fa ■ ( X, Z;lAa ) —> Y are strongly continuous 
maps such that the pull back of both fa (a = 1 , 2 ) are f : (X,Z;IA) —> Y, 
then we may choose f : (X, Z;IA) —> Y such that fa o <f>^ = f.) 

We will prove Propositions 6.49 and 6.50 in Subsection 11.3. 
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6.4. General strategy of construction of virtual fundamental chain. In this 
subsection we summarize a general strategy we will take and show how the results 
of this section will be used in the strategy. 

Let us start with a Kuranishi structure U of X. 

Step 1: We find a good coordinate system U such that U <U, which means that U 
is embedded in U. (Theorem 3.30.) 

Step 2 : We find a multivalued perturbation "s of U that has various transversality 
properties. (Theorem 6.37.) 

Step 3 : We obtain a virtual fundamental chain associated to the perturbations of 
U. _ 

Step 4: We next apply Proposition 6.44 to obtain Kuranishi structure U + such that 

u<u<u+ 

and a multivalued perturbation s+ of it. 

Step 5: We apply Proposition 5.21 to U + and obtain a good coordinate system U + 
such that 

u <u < u+ <u+. 

Moreover, the multivalued perturbation s+ induces a multivalued pertur¬ 
bation s+ of IA + . ^ 

Step 6: The transversality of s implies one of s+ and then one of s+. 

Step 7: We obtain a virtual fundamental chain associated to s+. 

Now an important statement is that the virtual fundamental chain obtained in 
Step 3 is the same as the virtual fundamental chain obtained in Step 7 for any 
sufficiently large n. (Roughly speaking, this is a consequence of Proposition 6.30.) 
Its de Rham version is Proposition 9.16. 

This statement can be used as follows. Note the constructions in Step 5 is not 
unique. Namely for each given U + there are many possible choices of 71+. How¬ 
ever the virtual fundamental chain associated to it is independent of such choices. 
Moreover it coincides with the virtual fundamental chain obtained in Step 3. 

In other words, we can recover the virtual fundamental chain of s (that is defined 
on U in Step 3) from s+ that is defined on U + . 

By this reason, we can forget the good coordinate system IA and remember only 
the Kuranishi structure U + and s+ on it. Since Kuranishi structure behaves better 
with fiber product than good coordinate system, we can use this fact to make the 
whole construction compatible with the fiber product description of the boundaries. 

In Sections 7-12, we will work out this process in the de Rham model in great 
detail, where we will use CF-perturbations , which is an abbreviation of continuous 
family perturbations , instead of multivalued perturbations. 

In Part 2 of this document, we will discuss in detail the way how we make 
the whole construction compatible when we start with the system of Kuranishi 
structures. 

7. CF- PERTURBATION AND INTEGRATION ALONG THE FIBER (PUSHOUT) 

7.1. Introduction to Sections 7-10. As we mentioned in Introduction, we study 
systems of Kuranishi structures so that the boundary of each of its member is de¬ 
scribed by the fiber product of the other members. We will obtain an algebraic 
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structure on certain chain complexes which realize the homology groups of certain 
spaces. They are the spaces over which we take fiber product between members of 
the system of the Kuranishi structures. To work out this process we need to make 
a choice of the homology theory we use. The choices are de Rham cohomology, 
singular homology, Cech cohomology, Morse homology or Kuranishi homology (see 
[Jol] ), and etc.. In [F0003] we took the most standard choice, that is, the singular 
homology. In this article, we mainly use de Rham cohomology. There are three 
advantages in using de Rham cohomology. One is that it seems shortest to write a 
detailed and rigorous proof. The second is that it is easiest to keep as much sym¬ 
metry as possible. The third is, by using de Rham cohomology, we might clarify 
some direct relation to quantum field theory, (especially in the case of perturbation 
of the constant maps). There are certain disadvantage in using de Rham cohomol¬ 
ogy. The most serious disadvantage is that we can work only over real or complex 
numbers as a ground field. Certain technical points which appear when we use 
singular homology will be explained elsewhere. The way to use Morse homology is 
discussed in [F0005]. Actually Morse homology is one the authors of the present 
document had used around 20 years ago in [Ful],[Ohl], etc. See [F0003, Remark 
1.32]. 

The situation we work with is as follows. 

Situation 7.1. (See [F0007, Section 12]) Let X be a compact metrizable space, 
and U a Kuranishi structure of X (with or without boundaries or corners). Let M s 
and M t be C°° manifolds. We assume U , M s and M t are oriented 24 . 

Let f s : (X;U) —>• M s be a strongly smooth map and f t : (X;U) — > M t a 
weakly submersive strongly smooth map. We call X = ((X; U)\ f Sl f t ) a smooth 
correspondence from M s to M t .M 

Our goal in Sections 7-10 is to associate a linear map 

Corr* : H fc (M s ) -A n k+e (M t ) (7.1) 

to a smooth correspondence X and study its properties. Here f l k (M s ) is the set of 
smooth k forms on M s and 

i = dim M t — dim (X,U). 

If (X;U) is a smooth orbifold, namely if the obstruction bundles are all 0, then 
we can define (7.1) by 

Corr x (h) = /*!(/;(/>)). 

Here /* : H fe (M s ) —> fl fc (X) is the pullback of the differential form and /)! : 
n k (X) -> n k+e (M t ) is the integration along the fiber , or pushout , which is charac¬ 
terized by 

[ ftK v ) Ap= / ftP- 

J M t • ' X 

(Note £ < 0 in this case.) Existence of such f t \ is a consequence of the fact that 
ft is a proper submersion. (In our situation where (X;7/) is an orbifold this is a 
consequence of the weak submersivity of ft-) 

24 In certain situations, for example in [F0004, Subsection 8.8], we discussed slightly more 
general case. Namely we discussed the case when U, M s and Mt are not necessarily orientable by 
introducing appropriate Z 2 local systems. See [F0004, Section A2]. 
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When the obstruction bundle is nontrivial, we need to perturb the space X 
so that integration along the fiber is well-defined. However, taking a multivalued 
perturbation of U discussed in Section 6 is not good enough for our purpose unless 
M t is a point. Let us elaborate on this point below. 

Suppose s = {Sp } is a multivalued perturbation of U where U is a good coordinate 
system compatible with U. If we assume that Sp is transversal to 0, then in case 
dimW = deg/i, we can define the number 


L 


However we can not expect the map 


l (0) 


nw g 


% 




: Us? 


is a ‘submersion’ in any reasonable sense. In fact, there may happen the case when 
dimfY is strictly smaller than dim M t . Therefore the integration along the fiber 
ft |y ( s e)-i( 0 )! sends a differential form to a distributional form which may not be 
smooth. Thus we need to find an appropriate way to smooth it to define (7.1). The 
way we take here is to use CF-perturbation , which is an abbreviation of continuous 
family perturbations. We had discussed this construction in [F0004, Section 7.5], 
[Fu3, Section 12], [Fu2, Section 4], [F0007, Section 12]. 

Now the outline of Sections 7-10 is as follows. We review and describe the CF- 
perturbation and the integration along the fiber in greater detail and then combine 
them with the process to transfer various objects from a Kuranishi structure to a 
good coordinate system and back. More specifically, we first introduce the notion 
of a CF-perturbation of a single Kuranishi chart U in Subsection 7.2, where we 
find in Proposition 7.21 that the set of CF-perturbations of U turns out to be a 
sheaf 5?. We introduce several subsheaves of 5? which satisfy various transversality 
conditions. Using these subsheaves we define the pushout of differential forms. Next 
in Subsection 7.4, we generalize these results to the case of CF-perturbations of a 
good coordinate system. Then we can formulate the pushout of differential forms 
and smooth correspondences in a good coordinate system. We also formulate and 
prove Stokes’ formula for good coordinate system in Section 8. So far, everything 
here are discussed based on good coordinate system. However, as mentioned at 
the end of Section 4, it is more convenient and natural to use Kuranishi structure 
itself rather than good coordinate system, when we study the fiber product of 
K-spaces. For this purpose, we start from a Kuranishi structure and use certain 
embeddings into a good coordinate system and/or another Kuranishi structure 
introduced in Section 5 to translate the above results based on the good coordinate 
system into ones based on the Kuranishi structure and study their relationship. 
As a result, we show in Theorem 9.14 that the pushout of differential forms for 
Kuranishi structure is indeed independent of choice of good coordinate system. 
After these foundational results on the pushout of differential forms are prepared, 
we prove a basic result about smooth correspondence, which is called composition 
formula of smooth correspondence , in Theorem 10.20. The proof of the existence 
of a CF-perturbation for any K-space is postponed till Section 12, where we also 
prove in Proposition 12.4 that the sheaf 5? of CF-perturbations, together with the 
several subsheaves mentioned above, is soft. 
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7.2. CF-perturbation on a single Kuranishi chart. We first consider the sit¬ 
uation where we have only one Kuranishi chart as follows. After that we will 
introduce a CF-perturbation of good coordinate system in Subsection 7.4. A CF- 
perturbation of Kuranishi structure will be defined in Subsection 9.1. 

Situation 7.2. Let U = (U,£,s,tp) be a Kuranishi chart of X , and f : U —> M a 
smooth submersion to a smooth manifold M, and h a differential form on U which 
has compact support. Assume that U, £ and M are oriented.■ 

7.2.1. CF-perturbation on one orbifold chart. Under Situation 7.2 let = (14, r x , E x , (f> x , cf> x ) 
be an orbifold chart of (U,£). (Definition 15.17.) We assume {V x ,T x ,(f> x ) is an 
oriented orbifold chart. (Definition 15.10 (5).) Since / is a submersion, the com¬ 
position f o (f> x : V x —> U —» M is a smooth submersion, which is denoted by 


fx- 


Definition 7.3. A CF-perturbation (= continuous family perturbation) oilA on our 
orbifold chart = (V x , r x , E x , <j> x , <f) x ) consists of S x = (W x ,uj x , {s*}), 0 < e < 1, 
with the following properties: 

(1) W x is an open neighborhood of 0 of a finite dimensional vector space W x 
on which F x acts linearly. W x is invariant. 

(2) 5 % : V x x W x —>• E x is a F^-equivariant smooth map for each 0 < e < 1. 

(3) For y £ V x , £ € W x we have 


= s x (y) 


(7.2) 


in compact C 1 -topology on 14 x W x . 

(4) uj x is a smooth differential form on 114 of degree dim U4 that is Tj, invariant, 
of compact support and 



We assume u> x = |w;e|vo1 x here vol x is a volume form of the oriented mani¬ 
fold W x and \oj x \ is a non-negative function. 

For each 0 < e < 1, we denote the restriction of S x at e, by S x = (W x , uj x ,s x ). 

Remark 7.4. (1) In Definition 7.3 (3) we regard s x : V x — > E x as a F^, equi- 

variant map that is a local representative of the Kuranishi map in the sense 
of Definition 15.34. 

(2) In our earlier writings, we used a family of multi-sections parameterized by 
W x . Here we use a family of sections parameterized by H4 on 14 such that 
it is Ta, equivariant as a map from 14 x H4. We also allow H4 to have a 
nontrivial r x action. This formulation seems simpler. 


(3) We may regard s x as a local representative of a section of the vector bundle 
(14 x W x x E x )/T x —(14 x W x )/T x . (Lemma 15.33.) 

Definition 7.5. Let S x = (W x ,cu x , {sf*}) (i = 1,2) be two CF-perturbations of U 


on 24- 


(1) We say S x is a projection of S x , if there exist a map n : W x —>• W x with 
the following properties. 

(a) n is a T* equivalent linear projection which sends W x to W). and 
satisfies n!(w^) = oj x . 
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(b) For each y £ V x and £ £ W x we have 

(2) We say S x is equivalent to S x on QJ X if there exist N and si for i = 
0,..., 2TV with the following properties. 

(a) is a CF-perturbation of U on 

(b) 4 0) = sl si 2N) = Si 

(c) S x 2fc_1 ) and <S x 2fc+1 ^ are both projections of S^ k \ 

It is easy to see that the relations defined in Definition 7.5 (2) is an equivalence 
relation. 


: (o) 



A2N-1) 



c (2iV-2) c (2iV) 

£>x £>x 


Definition 7.6. Let <f> xx / = (h xx > , (p xx >, tp xx i) be a coordinate change from %3 X ’ to 
QJ X . (See Situation 6.3.) Let S x = (W x ,v x , s x ) be a CF-perturbation of U on 2J X . 
We define its restriction $>* X ,S X by 

K*>Sx = (w x , wx.K',}) 

where s x , is defined as follows. We associate a linear isomorphism g y : E x ’ — >• E x 
to each y £ V' x , by <p xx '(y> v ) = 9yi v )- Then we put 

= 9y 1 {s t x {‘p XX '(.y),0)- ( 7 - 3 ) 

Lemma 7.7. (1) IfS x is equivalent to S x , then & XX ,S X is equivalent to ^* X ,S X . 

(2) The restriction <f>* x ,S x may depend on the choice of$ xx i = {h xx ', <p xx >, ip xx '). 
However the equivalence class of &* X ,S X is independent of such a choice. 

Proof. (1) is obvious as far as we use the same (h xx ', <p xx >, <p xx /). We will prove (2). 
Let (h xx ,, l xx ,, l xx >) (i = 1,2) be two choices and S x /(y, £) the restrictions obtained 
by these two choices for i = 1,2, respectively. Then by Lemma 15.27 there exists 
7 £ r x such that 

h , xx , H) 'yh'xx , (y') r y > t X x‘ TTxx'i Txx' tTxx 1, 

We put <p l xx i(n),v) = g l y {v). Then g y (v) = jg y (v). Therefore (7.3) implies 

sZ'(y,{) = (3 2 y)- 1 (s e J(<p 2 xx'(y),0) 

= {9l)- 1 T-\4{TT>lAyU)) 

(7.4) 

= {9lr\4'{vlAy),T- 1 0) 

= 4)'( y , 7 - 1 C). 

We note that y _1 induces a r x / linear isomorphism from (W x ,h xx ,) to (W x , h xx ,). 
(Here the F x / action on W x is induced from the F x action by h xx , in case of 
(W x , h xx ,), i = 1,2. Then the map £ i-a y -1 £ is r x equivariant as a map W x —>• W x , 
where F x acts in a different way on the source and the target.) Therefore S^/(y, £) 
is equivalent to sl/(y,£). □ 

We next define the pushout of a differential form by using a CF-perturbation. 
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Definition 7.8. In Situation 7.2, let S x = (W x , u> x , {4}) be a CF-perturbation of 
U on QJ X . 

(1) We say S x is transversal to 0 if there exists eo > 0 such that the map s x is 
transversal to 0 on a neighborhood of the support of ui x for all 0 < e < eo. 
In particular 


(4) -1 (0) = {(!/,0 €V x xw x \ 4 (v,0 = 0} 


is a smooth submanifold of V x x W x on a neighborhood of the support of 
idx’ 

(2) We say f x = fo<j> x is strongly submersive with respect to (%J X , S x ) if S x is 
transversal to 0 and there exists eo > 0 such that the map 


/* O7r i|(>S)- 1 (0) : «k) 1 (0) —>■ M 


(7.5) 


is a submersion on a neighborhood of the support of ui x , for all 0 < e < eo- 
Here 7Ti : V x x W x —> V x is the projection. 

(3) Let g : N —>• M be a smooth map between manifolds. We say f x is strongly 
transversal to g with respect to (%3 X ,S X ) if S x is transversal to 0 and there 
exists eo > 0 such that the map (7.5) is transversal to g , for all 0 < e < eo- 
Here ni : V x x W x — > V x is the projection. 

Lemma 7.9. Suppose S x is equivalent to S x . 

(1) S x is transversal to 0 if and only if S x is transversal to 0. 

(2) f x is strongly submersive with respect to {fXJ x ,Sff) if and only if f x is strongly 
submersive with respect to (QJ X ,<S|). 

(3) f x is strongly transversal to g : N —>■ M with respect to (%J X ,S X ) if and only 
if f x is strongly transversal to g with respect to (fX3 x ,Sf). 

Proof. It suffices to prove the lemma for the case when Sf is a projection of <S X . 
This case follows from the fact that uj x = |w x |vol x where vol x is a volume form of 
W x and \u) x \ is a non negative function, which is a part of Definition 7.3 (4). □ 

We recall that a smooth differential form h on V x /T x is identified with a T x 
invariant smooth differential form h on V x . (Definition 15.10 (2).) The support of 
h is the quotient of the support of h by r x and is a closed subset of V x /T x = U x . 
We denote it by Supp (h). 

Definition 7.10. In Situation 7.2, let S x = (W x ,uj x , {s x }) be a CF-perturbation 
of IA on QJ X . Let h be a smooth differential form on U x that has compact support. 
Then we define a smooth differential form f x \(h;S x ) on M for each e > 0 by the 
equation (7.6) below. We call it the pushout of h with respect to f x , S x . 

Let p be a smooth differential form on M. Then we require 



(7.6) 


Here tti (resp. 7r 2 ) is the projection of 14 x W x to the first (resp. second) factor. 

Unique existence of such f-,f(h: <S^) is an immediate consequence of the existence 
of pushforward of a smooth form by a proper submersion. 

Remark 7.11. In the left hand side of (7.6) we crucially use the fact that T x is a 
finite group. It seems that this is the only place we use the finiteness of T x when 
we use de Rham theory to realize virtual fundamental chain. We might try to 
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use a CF-perturbation and de Rham version together with an appropriate model 
of equivariant cohomology to study virtual fundamental chain in case the isotropy 
group can be a continuous compact group of positive dimension, such as the case 
of gauge theory or pseudo-holomorphic curves in a symplectic manifold acted by a 
compact Lie group. 

Lemma 7.12. If S x is equivalent to S 2 , then 

f x \(h-,S^) = f x \(h-,S 2 ^). 

Proof. It suffices to prove the equality in the case when is a projection of Sf. 
This is immediate from definition. □ 

Lemma 7.13. Suppose we are in the situation of Definition 7.6 and Situation 7.2. 

(1) If (94,dq,) is transversal to 0, then (5J X /, is transversal to 0. 

(2) If f x is strongly submersive with respect to (9J X ,S X ), then f X ' is strongly 
submersive with respect to (%3 X >,&* X ,S X ). 

(3) If f x is strongly transversal to g : N —>• M with respect to (%} X ,S X ), then 
f x i is strongly transversal to g : N —> M with respect to (9J X /, & XX f>S x )- 

The proof is immediate from definition. 

7.2.2. CF-perturbation on a single Kuranishi chart. In Subsubsection 7.2.1, we 
studied locally on a single chart U x = V x /Y x . We next work globally on an orbifold 
U. We apply Remark 6.8 hereafter. 

Remark 7.14. In this subsubsection we consider a Kuranish chart U = ( U , £, s, if). 
However the parametrization if does not play any role in this subsubsection. 

Definition 7.15. Let U = (U,£,s,if) be a Kuranishi chart. A representative of a 
CF-perturbation ofU is the following object 6 = {(2J r ,5 r ) | r £ 91}. 

(1) {U x | r £ 91} is a family of open subsets of U such that U = (J,.^ U x . 

(2) 9J r = (14, T r , E x , <f x , cf x ) is an orbifold chart of ([/, £) such that c f x (V x ) = U x . 

(3) S x = (W x , w x , {s^}) is a CF-perturbation of U on 5J r . 

(4) For each x £ U Xl fl U t2 , there exists an orbifold chart 9J r with the following 
properties: 

(a) x G U x C U Xl n U X2 . 

(b) The restriction of <S tl to 5J r is equivalent to the restriction of S X2 to 
9J r . 

For each e > 0, we write 

6 e = {(9J r ,5 r £ ) |rGffi}. 

See Definition 7.3 for the notation S^. 

Definition 7.16. Let U = (JJ,£,s,if) be as in Definition 7.15 and & = {(9J},<S() | 
r G 91*} (i = 1,2) representatives of CF-perturbations of U. We say that S 2 is 
equivalent to S 1 if, for each x G U Xl H U t2 , there exists an orbifold chart 2J r with 
the following properties: 

(1) x G U x C U Xl n U t2 . 

(2) The restriction of S Xl to 9J t is equivalent to the restriction of S 2 2 to Q3 r . 
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Definition 7.17. Suppose we are in Situation 7.2. Let 6 = {© r } be a representa¬ 
tive of a CF-perturbation of U. Let U' C U be an open subset. 

Let © t = (93 t , S t ), 93 r = ( V x , r r , E x , <fi x , i j> t ). If Im(^ t ) nU' = 0, then we remove r 
from 91. Let 9t 0 be obtained by removing all such t from 91. If lm(0 t )fit/' ^ 0, then 
^lr|im(/> t n!7' is an orbifold chart of (U, £), which we write 9J r |c/' = (Vf, T', E x , </>(., </>(.). 
Let S x = (W t , ui x , {Sj}). We define 


S v \u' = (W r , iv t , {SrlvyxWr})- (7-7) 

Now we put: 

&\u' ={(9Jr|tt',«S r |t7') I re91o}. 

It is a representative of a CF-perturbation of U\u', which we call the restriction of 
6 to U'. 


Lemma 7.18. If 6 1 is equivalent to © 2 , then ©^n is equivalent to © 2 |n- 
The proof is immediate from definition. 

Definition 7.19. Suppose we are in Situation 7.2. 

(1) A CF-perturbation on U is an equivalence class of a representative of a CF- 
perturbation with respect to the equivalence relation in Definition 7.16. 

(2) Let be an open subset of U. We denote by 5^{fl) the set of all CF- 
perturbations on U\n- 

(3) Let Sli C H2 C U. Then using Lemma 7.18, the restriction defined in 
Definition 7.17 induces a map 

in.n, :^(n 2 )—(7.8) 
We call this map restriction map. 

(4) fl i-a 1) together with defines a presheaf. (In fact, oin 2 n 3 = 

inin 3 holds obviously.) The next proposition says that it is indeed a sheaf. 
We call it the sheaf of CF-perturbations on U . 

Remark 7.20. Hereafter, by a slight abuse of notation, we also use the symbol © 
for a CF-perturbation. Namely we use this symbol not only for a representative 
of continuous family perturbation but also for its equivalence class, by an abuse of 
notation. 


Proposition 7.21. The presheaf 5? is a sheaf. 

Proof. This is mostly a tautology. We provide a proof for completeness’ sake. 

Let U a gA ^ be an open cover of D. Suppose © a £ y(fl a ) and {(53 ait , <S ait ) | 
r £ 91 a } is a representative of © a . We put D af) = fl a fl We assume 

in ai ,n a (6 a ) = in ab n b (&b)- (7.9) 

To prove Proposition 7.21 it suffices to show that there exists a unique © £ y(fl) 
such that 

in a n(©) = ©a- (7.10) 

Proof of uniqueness. Suppose that 6, ©' € ^(fl) both satisfy (7.10). Let {(93 r , £> r ) | 
r £ 91} and {(93' r ,, S' x ,) | r' £ 91'} be representatives of © and ©', respectively. We 
will prove that they are equivalent. 

Let x £ fl. There exist t e 91, r' £ 91' such that x £ U X CU' X ,, where U x = Im(<?!> t ), 
U x , = Im (4>' x i). We take a such that x £ fl a - By (7.10), <S r |[/ t nn a is equivalent to 
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S' t , I u', nfia ■ Therefore there exists an orbifold chart %} x such that U x C U x fl U' t , 
and the restriction of <S r |f 7 r nn a to 2J X is equivalent to the restriction of <S', \u',nn a 
to 23 x . Thus the restriction of S v to V3 X is equivalent to the restriction of S', to Q3 X . 

Since this holds for any a; e 11, {(QJ r ,<S r ) | t € 91} is equivalent to {(QJ',,<S',) | 
t' £ 91'} by definition. □ 

Proof of existence. Let Q3 tja = (V t>a ,T' x ,a,E x , a ,<l> x , a ,<j> x ,a) and I/ r , a = <j> Xta (V x>a ). 
Then {C7 r a | a £ A, r £ 9t a } is an open cover of fl. We put 

6= n{(©a,t,5 a , t ) | r e 

oeA 

To show 6 £ 1) it suffices to check Definition 7.15 (4). This is a consequence of 

(7.9) and the definitions of the equivalence of representatives of CF-perturbations 
and of the restriction. We can check (7.10) also by (7.9) in the same way as in the 
proof of uniqueness. □ 

The proof of Proposition 7.21 is now complete. □ 

We recall that the stalk JP X of the sheaf at x £ U is by definition 

S* x = limJ^(fl). (7.11) 

Q,3x 

Definition-Lemma 7.22. The stalk S^ x is identified with the set of the equivalence 
classes of the equivalence relation defined in Item (2) on the set which is defined in 
Item (1). 

(1) We consider the set ,9 > x of pairs (5J r , ©„) where 93 r is an orbifold chart of 
(U,£) at x and 6 r is a CF-perturbation on QJ r . 

(2) Let (23 r , © r ), (Q3 r /, ©„/) £ Sf x . We say that they are equivalent if there 
exists an orbifold chart Tfa, at x such that U x C U t fl U t • and the restriction 
of © r to 3Xc equivalent to the restriction of © r / to %) x . 

The proof of obvious. The next lemma is standard in sheaf theory. 

Lemma 7.23. The setS fi (Q) is identified with the following object: 

(1) For each x £ fl it associates 6 X £ ’ x . 

(2) For each x £ fl, there exists a representative (QJ r , © t ) of & x , such that for 
each y £ <f> x (V t ) the germ 6 y is represented by (QJ r ,© r ). 

Definition 7.24. Let K C U be a closed subset. A CF-perturbation of K C U 
is an element of the inductive limit: lim J^(fl). We denote the set of all CF- 
perturbations of K C U by ^(K). Namely 

y(K) = lim (7.12) 

UDftDK; 17 open 

7.3. Integration along the fiber (pushout) on a single Kuranishi chart. 

Definition-Lemma 7.25. Suppose we are in Situation 7.2. Let fl C U be an open 
subset and let © £ J^(fl) be a CF-perturbation. We consider its representative 
{(QJ r , S x ) | re9t}. 

(1) We say that (U, ©) is transversal to 0 if, for each r, (2J r ,5 r ) is transversal 
to 0. This is independent of the choice of representative. 
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(2) We say that / is strongly submersive with respect to ( U , 6) if, for each r, the 
map / is strongly submersive with respect to (QJ r ,iS r ). This is independent 
of the choice of representative. 

(3) Let g : N —>• M be a smooth map between manifolds. We say that the 
map / is strongly transversal to g with respect to (U, ©) if, for each r, / is 
strongly transversal to g with respect to (QJ r ,<S r ). This is independent of 
the choice of representative. 

(4) We denote by b^rtio(D) the set of all © £ transversal to 0, ^/^(D) 

the set of all © £ ^(Sl) such that / is strongly submersive with respect to 
(U, ©), and by ^/^(D) the set of all © £ such that / is strongly 

transversal to g with respect to ( U , ©). They are subsheaves of 5?. 

(5) For a closed subset K C U we define J^rtiO (K), iT'ffa(K) and in 

the same way as (7.12). 

Proof. The statements (1), (2), and (3) follow from Lemma 7.9. (4) is a consequence 
of the definition. □ 

Next we introduce the notion of member of a CF-perturbation , which is an ana¬ 
logue of the notion of branch of multisection. 

Definition 7.26. Let 2J r be an orbifold chart of (U,£) and S x a CF-perturbation 
of (7/, Q3 r ). Let x £ V x . We take e £ (0,1]. 

Consider the germ of a map y i—> s(y), O x —> E x (where O x is a neighborhood of 
x £ V x ). We say s is a member of S x at x if there exists £ £ W x such that the germ 
of yei s x (y,£) at x is s and £ £ suppw x . (See Definition 7.3 for the notation S x .) 

Remark 7.27. The member of at x depends on e. In other words, we define 
the notion of the member of S e for each e £ (0,1]. 

Lemma 7.28. In the situation of Definition 7.26, let S' x be a CF-perturbation of 
(W,2J r ) that it is equivalent to S x . Then s is a member of S x if and only if s is a 
member of S'f. 

Proof, ft suffices to consider only the case when S x is a projection of S x . This also 
follows from the fact that uj x = lo^lvol^ where vol^ is a volume form of W x and 
\lo x \ is a non negative function, which is a part of Definition 7.3 (4). □ 

Therefore we can define an element of the stalk 5P X at x of the sheaf 5? of 
CF-perturbations. 

We now recall from Definition 7.3 that we denoted by S x = (W x ,cv x ,s x ) the 
restriction of the CF-perturbation S x = (W x , oo x , {b|}) at e. Recall by definition 
that {s|} is an e-dependent family of parameterized section, i.e., a map 5 % : V x x 
W x —> E x . 

Definition 7.29. Let © £ o5^(D) and x £ D. A member of © e at a: is a member of 
the germ of © e at x. 

Definition 7.30. Let U be an orbifold and K C U a compact subset and {U v } a set 
of finitely many open subsets such that U X U X Z> K. A partition of unity subordinate 
to {!/„} on K assigns a smooth function on U to each r such that: 

(1) suppx t C U x . 

(2) JOtgfK Xr = 1 on a neighborhood of K. 
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It is standard and easy to prove that a partition of unity always exists on an 
orbifold. 

Definition 7.31. Suppose we are in Situation 7.2. Let h be a smooth differential 
form of compact support in U. Let © € J^/rti(Supp(/i)). Let {y r } be a smooth 
partition of unity subordinate to the covering {I/ r } on Supp(/i). We define the 
pushout of h by f with respect to © £ by 

/!(fc;6 6 ) = £/!(*«&; S t e ) 

reoi 

for each e > 0. It is a smooth form on M of degree 

deg fl(h, S e ) = degh + dim M — dimil, 

where dim U = dim U — rank E. The well-defined-ness follows from Lemma 7.33 (3). 
We also call pushout integration along the fiber. 

Remark 7.32. In general f\(h; © e ) depends on e. Moreover lim e -> 0 /!(/i;© e ) typi¬ 
cally diverges. 

Lemma 7.33. (1) f\{h\ + hi', © e ) = /!(/ii; © e ) + f\{hi\ © e ) and f\(ch; 6 e ) = 

c/!(/i; © e ) for cel. 

(2) Pushout of h is independent of the choice of partition of unity. 

(3) If 0 1 is equivalent to © 2 then 

/!(/i;S 1 ' e ) = /!(/i;6 2 ' e ). (7.13) 

Proof. (1) is obvious as far as we use the same partition of unity on both sides. We 
will prove (2) and (3) at the same time. We take a partition of unity {\* | t € 
subordinate to ©* for * = 1,2 and will prove (7.13). Here we use those partitions 
of unity to define the left and right hand sides of (7.13), respectively. The case 
0 1 = 6 2 will be (2). 

We put ho = Xt 0 h. In view of (1) it suffices to prove 

f\(h 0 ;S^)= J2 f'-(Xrho-,S^). (7.14) 

tesn 2 

To prove (7.14), it suffices to show the next equality for each rSlH 2 - 

f\(Xrho;S^) = /!(x?fco;S?> £ ). (7.15) 

We put hi = xfho. Let K = Supp(/ii). For each x € K there exists QJ x such that 
the restriction of sk e to U x is equivalent to the restriction of to U x . We cover 
IF by a hnitely many such U Xi , i = 1,... ,N. Let {y( | i = 1,... ,1V} be a partition 
of unity on K subordinate to the covering {U Xi }. Then we obtain: 

N 

fl(x 2 x h 0 -,S^) = /!( x'ihi-,S^\ Uxi ) 

i=l 

N 

= T / fKKx' i hr,S^\ u J = f\(x 2 ho-,S^). 

i=1 


The proof of Lemma 7.33 is now complete. 


□ 
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7.4. CF-perturbations of good coordinate system. To consider a CF-perturbation 
of good coordinate system, we first study the pullback of a CF-perturbation by an 
embedding of Kuranishi charts in this subsubsection. Using the pullback, we then 
define the notion of a CF-perturbation of good coordinate system. 

7.4.1. Embedding of Kuranishi charts and CF-perturbations. 

Notation 7.34. To highlight the dependence on the Kuranishi structure, we write 
, y u etc. in place of 5?. Namely 5? u (f l) is the set of all continuous family 
perturbations of U 2 \q. 

Situation 7.35. Let U l = (U z , £ l , s l , if 1 ) ( i = 1,2) be Kuranishi charts and $21 = 
(^ 21 ,^ 21 ) : U l —> U 2 an embedding of Kuranishi charts. Let © 2 £ 5^ u ( U 2 ) and 
let |© 2 } = {(2J 2 ,iS 2 )} be its representative.■ 

We will define the pullback $21 © 2 £ <5^ u (U\). We need certain conditions for 
this pullback to be defined. 

Condition 7.36. Suppose we are in Situation 7.35. We require that there exists 
an orbifold chart QJj = (VJ. 1 , Tj, E*, (j)\, fi\) such that = p 2 i(U 2 ). 

(Recall U 2 = fi 2 x {V 2 ) and 03? = (U r 2 , T 2 , E 2 , 0 2 , f> 2 ).) 

Lemma 7.37. For any given {(03?, S?)} there exists {(03?', <S?')} which is equiva¬ 
lent to {(03?, <S?)} and satisfies Condition 7.36. 

Proof. For each x £ U 2 there exists TU such that has an orbifold chart and 

03^ C 03 r for some r. We cover U 2 by such 03^ to obtain the required {(03?', *S 2/ )}. 

□ 

Therefore we may assume Condition 7.36. Then we can represent the orbifold 
embedding (ip 21 ,^ 21 ) : (U 1 ^ 1 ) —>• (U 2 ,£ 2 ) in terms of the orbifold charts 03?, 03? 
by (h x 211 <^ 2 ii ^ 21 ) that have the following properties. 

Property 7.38. (1) h 21 : T{ —> TJj is an injective group homomorphism. 

( 2 ) P 21 '■ V 2 i s an ^ 21 -equivariant smooth embedding of manifolds. 

(3) h 21 and (p\i induce an orbifold embedding 

(¥2 Y 10 <P21 : v?/rl —> v 2 /r 2 . 

(4) ip 21 : Vf x El -A El is an h^-equivariant smooth map such that for each 
y £ Vf the map v i-A p\i (y, v) is a linear embedding E\ —> E 2 . 

(5) ip 2 i induces a smooth embedding of vector bundles: 

(^) _1 o^io^: (V? 1 x El)/Tl —t (V 2 x E 2 )/T 2 . 

In other words for each (y, v) £ Vf x E x we have 
<P2i 

See Lemma 15.25. 

Remark 7.39. The map (h 21 , <p 2 \, ^ 21 ) satisfying (l)-(5) above is not unique. 
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Condition 7.40. We consider Situation 7.35 and assume Condition 7.36. We take 
(^ 211 ^ 21 )^ 21 ) which satisfies Property 7.38. Let © 2 = (W 2 , to 2 , (fir’ 6 }). Then for 
each y G Vf. f G W 2 , we require 

s?’ e (2/,C) G Im^) (7-16) 

where g y : E] ^ E 2 is defined by 

£21 (y,v) = g v {v). (7.17) 

Definition 7.41. In Situation 7.35 we say that {(Q3 2 ,<S 2 )} can be pulled back to 
U 1 by $21 if and only if Conditions 7.36 and 7.40 are satisfied. 

The pullback ‘^{(Tl 2 , <S 2 )} °f {(5J?,«Sr)} is by definition {(01^,5^) | t G fKo} 
which we define below. 

( 1 ) 9to is the set of all r such that 17 2 f~l <^21 (C/ 21 ) ^ 0 . 

(2) QJj then is given by Condition 7.36. 

(3) = (IT 2 , cc 2 , {sb e }), where Sr’ e is defined by 

sl' € (y,0 = (7.18) 

Here g y is as in (7.17). The right hand side exists because of (7.16). 

It is easy to see that {(5Jj,<Sj) | r € 9Io} is a representative of a continuous 
family perturbation of IA 1 . 

Lemma 7.42. (1) //{(0J 2 ,<S 2 )} can be pulled back to U 1 by & 21 and {($J(?, <S(?)} 

is equivalent to {(QJ 2 , <S 2 )}, then {(QJ(?,5(?)} can be pulled back to U 1 by 
4*21 ■ Moreover 4 > 2 1 {(T 1 2 ,<S 2 )} is equivalent to 3>2i{(®t'’ 

(2) The pullback ^^{(lO 2 ,5 2 )} is independent of the choice of (h 21 , ^ 21 ) ^ 21 ) 
up to equivalence. 

Proof. To prove (1) it suffices to consider only the case when S' is a projection of 
S t , which follows again from the fact that = Iw^lvol^ where voT is a volume 
form of W x and \uj x \ is a non-negative function, which is a part of Definition 7.3 

(4). The assertion (2) follows from Lemma 15.27. □ 

Definition-Lemma 7.43. Suppose we are in Situation 7.35. 

(1) We denote by y ul>u2 (JJ 2 ) the set of all elements of y 1 * 2 (U 2 ) whose rep¬ 
resentative can be pulled back to U 1 . This is well-defined by Lemma 7.42 
(!)• 

(2) The pullback 

<S >* 21 : 5f u ^ u \lJ 2 ) -A (U 1 ) 

is defined by Lemma 7.42 (2). 

(3) n fa y ul > u2 (H) is a subsheaf of ^. 

(4) The restriction map $ 2:1 is induced by a sheaf morphism: 

$21 : y k 2 i y ui>u ‘ 2 —> y u \ (7.19) 

Here the left hand side is the pullback sheaf. (In this document, we use * 
to denote the pullback sheaf to distinguish it from pullback map.) 
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In other words, the following diagram commutes for any open sets fi, fib 


y ul>u \ci) 

* 5i I 

nfi) 


y wV “ 2 (n') 


(7.20) 


-a ^{ U 1 nfi') 


□ 


Proof. We can check the assertion directly. So we omit the proof. 

Lemma 7.44. Let &i+u : W —»■ U l+1 (i = 1,2) be embeddings of Kuranishi charts. 
We put $31 = $32 o $ 21 . 

(1) We have 

($* 2 ) _1 (^ wl>w2 ) n s fil<2>u3 c y ul>u 

as subsheaves of . 

(2) The next diagram commutes. 

$ 3 i(( $ 32 )" 1 (^ 1 ‘ >w2 ) n y u2 > u3 ) — 


(7.21) 


-A $5i(^ W >U 

1*« 

-A 


(7.22) 




In other words, the next diagram commutes for each fi C U 3 . 


(fi n u 2 ) n (fi) 


-a y u >u (fine/ 2 ) 

I*" 

-a y u \n n u 1 ) 


(7.23) 


y ul>u3 (n ) 

*31 

Proof. This is a consequence of (7.18). □ 

Next we generalize Lemma 6.18 to the case of continuous families. 

Lemma 7.45. Suppose IA and K. satisfy Condition 6.16. Then there exists c > 0, 
<5o > 0 and eo > 0 such that for each e < eg and member s e of G p aty = Exp(;r, v) £ 
BNs 0 (K-Up), x £ JC q , we have 

\s e (y)\ > c\v\ (7.24) 

The proof is the same as the proof of Lemma 6.18. 

Remark 7.46. The constants eo, c, Sg can be taken to be independent of the choice 
of representative of CF-perturbations. In fact, the notion of member is independent 
of the choice of representatives of CF-perturbation. 


7.4.2. CF-perturbations on good coordinate system. 


Definition 7.47. Let U = {U p | p £ *P} be a good coordinate system of Z C X. 
A CF-perturbation of (U,Kf) is by definition 6 = {S p | p £ tp} with the following 
properties. 


(1) 6 P £J^(/C P ). 

(2) If q < p then © p £ (£„). 
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(3) The pull back (6 P ) is equivalent to © q as an element of (v?p q 1 (ACp)n 
1C,). 

Definition 7.48. Let 6 = {© p | p £ ‘P} be a CF-perturbation of a good coordinate 
system U and K, its support system. 

(1) We say © is transversal to 0 if each of © p is transversal to 0. 

(2) Let / : ( X , Z\ U) —> M be a strongly smooth map that is weakly submersive. 
We say that / is strongly submersive with respect to & on K. if for each p £ fp 
the map / p is strongly submersive with respect to © p on /C p in the sense of 
Definition 7.8. 

(3) Let g : N — >- M be a smooth map between smooth manifolds. We say that 
/ is strongly transversal to g with respect to & on 1C if for each p £ *p the 
map /p is strongly transversal to g with respect to ©p on /C p . 

Theorem 7.49. Let U be a good coordinate system of Z C X and K, its support 
system. 

(1) There exists a CF-perturbation © of (U,IC) transversal to 0. 

(2) If f : ( X , Z;U) —>• M is a weakly submersive strongly smooth map, then we 
may take © with respect to which f is strongly submersive. 

(3) If f : ( X , Z\U) — y M is a strongly smooth map which is weakly transversal 
to g \ N —y M, then we may take © with respect to which f is strongly 
transversal to g. 

The proof of Theorem 7.49 is given in Subsection 12.3. 

For a later use we include its relative version, Proposition 7.52 and Lemma 7.53. 
To state this relative version we need some digression. 

Definition 7.50. Let X be a separable metrizablc space and Z\,Z 2 Cl compact 
subsets. We assume Z\ C Z 2 . 

(1) For each i = 1,2, let U * = {7/p}, {4>p q }) be a good coordinate system 

of Zi Cl We say U 2 strictly extends U 1 if the following holds. 

(a) <Pi = {p £ Cp 2 | iAp((s P ) _1 (0)) nip ^ 0}. The partial order of CPi is 
the restriction of one of CP 2 . 

(b) If p £ CPi, then is an open subchart of . Moreover Im(^p) C\Z\ = 
Im(^p) (~l Zx- 

(c) If p, q £ CPi, then <f>p q is a restriction of $p q . 

Note the case Z 2 = X is included in this definition. 

(2) In the situation of (a), we say U 2 extends U l (resp. weakly extends) if it 
strictly extends an open substructure (resp. weakly open substructure) of 
W. _ 

(3) Let U 2 = ({Up | p £ Z 2 },{<&p q | q £ Im(i/> p ), p, q £ Z 2 }) be a Kuranish 
structure of Z 2 C X. Then ({Up \ p £ Zi}, {<S>p q \ q £ Im(^ p ), p, q £ Z\}) 
is a Kuranishi structure of Z\ C X. We call it the restriction of U 2 and 
write U 2 \z 1 - 

Lemma 7.51. For each i = 1,2 let U l = (‘Pi, {U*}, {$* }) be a good coordinate 
system of Zi C X, and U 2 a Kuranishi structure of Z 2 C X such that U 2 is 
compatible withU 2 . Suppose that Z\ C Z 2 and U 2 strictly extends U 1 . 


78 


KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, KAORU ONO 


Then there exists a KG-embedding U 2 |zi ->■ U 1 with the following property. Let 
p £ Z i and p £ Im(i/>p). Let $p p : U 2 \jji be a part of the KG-embedding 

U 2 \z 1 —> U 1 . (Here U 2 \jji is an open subchart of Up.) Let $p p : U 2 —S> Up be a part 
of the KG-embedding : U 2 U 2 . The next diagram commutes: 

^p\uf -* Up 

| $2 pp (7.25) 

U\ -* U 2 p 

Note that the horizontal arrows are embeddings as open substructures. 

Moreover, the KG embedding U 2 \z 1 —> U 1 satisfying this property is unique up 
to equivalence in the sense of Definition 5.15. 

The same conclusion holds for extension or weak extension. 

Proof. Let p £ Z\ and p £ Im(ipp). By Definition 7.50 (l)(b), Up is an open 
subchart of Up. In particular, Up is an open subset of Up. Let 3> 2 : U 2 —>• Up be a 
part of the KG embedding: U 2 -+U 2 . We put 

K = (^)' 1 (t7 p 1 ) C U 2 . 

By Lemma 3.27, there exists a Kuranishi structure of Z\ C X whose Kuranishi 
chart is U 2 \jji. We can define by restricting <f>p. The commutativity of Diagram 
(7.25) is obvious. □ 

We recall Definition 3.32 for the compatibility used in the next proposition. 

Proposition 7.52. Let X be a separable metrizable space, Z\,Zi £ X be compact 
subsets. We assume Z\ C Zi- Let U 2 be a Kuranishi structure of Z^ C X and U 1 
a good coordinate system of Z\ C X which is compatible with U 2 \z 1 - Then there 
exists a good coordinate system U 2 of Zi C X such that 

(1) U 2 extends U 1 . 

(2) U 2 is compatible with U 2 . 

(3) Diagram (7.25) commutes. 

The proof is given in Subsection 11.4. 

Lemma 7.53. Suppose we are in the situation of Proposition 7.52. We may choose 
U 2 such that the following holds. 

Let Uq be an open substructure ofU 1 strictly extended to U 2 . Let f 1 = {/p} : 
(X, Z^Uq) —>• M and f 2 = {f 2 } : (X, Z 2 ',U 2 ) —> M be strongly continuous maps. 
Assume that the equality fp o ipp p = f 2 holds on U p C U 2 for each p £ Im (ifp )nZi. 
Then the following hold: 

(1) There exists a strongly continuous map f 2 = {/p} : ( X , Z 2 ',U 2 ) —> M such 
that: 

(a) fp o p 2 p v = f 2 for p £ Im (t/> p ) n Z 2 . 

(b) fp = /o, p on t/p 1 C U 2 . 




KURANISHI STRUCTURE AND VIRTUAL FUNDAMENTAL CHAIN 


79 


(7.26) 


u 2 \ Zl — -u 2 

(2) If f 1 and f 2 are strongly smooth (resp. weakly submersive) then so is f 2 . 

(3) If f 1 and f 2 are strongly transversal to g : N M then so is f 2 . 

The proof is given in Subsection 11.4. 

Definition 7.54. Let U l = (fp,, {7/p}, {$p q }) be good coordinate systems of -Z) C 
X, i = 1,2 and K. 1 support systems of U l for i = 1, 2. 

(1) Suppose U 2 strictly extends U l . We say that K, 1 is compatible with K 2 if 
for each p £ *Pi we have 

K C K 2 . 

(We note that Up C C/p by Definition 7.50 (l)(c).) In this situation we say 
(7C 2 ,/C 2 ) strictly extends (7/%/C 1 ). 

(2) Suppose U 2 extends U 1 . We say that /C 1 is compatible with 1C 2 if the 
following holds. 

By definition there exists an open substructure U\ = {U x 0 } of U 1 such 
that U 2 strictly extends U\. For each p £ fPi we require 

acJ c ulo n /c 2 . 

In this situation we say ( U 2 ,IC 2 ) extends {TJ l ,K}). 

Definition 7.55. For each * = 1,2 let U l = (fp {U^}, {^L}) be a good coordinate 
system of Zi CI,T a support system of 77% and & a CF-perturbation of (U l ,IC l ). 

(1) Suppose (7C 2 ,/C 2 ) strictly extends (7C 1 ,/C 1 ). We say © 2 strictly extends S 1 
if the restriction of © 2 to /CJ is ©J for each p £ <Pi. 

(2) Suppose (7C 2 ,/C 2 ) extends (7C 1 ,/C 1 ). We say© 2 extends S 1 if the restriction 
of ©p to /Cp is &p for each p £ tyi. 

Remark 7.56. In Definition 7.55 (2) we note that /CJ can be regarded as a support 
system of an open substructure of U 1 by Definition 7.54 (2). 



Proposition 7.57. Suppose we are in the situation of Proposition 7.52. We may 
choose U 2 such that the following holds. 

Let Uq be an open substructure of U x strictly extended to U 2 . Let K, 1 , K? be 
support systems of IA 1 , IA 2 respectively such that ( IA 2 ,JC 2 ) extends (77%/C 1 ). Let 
& be a CF-perturbation of (IA 1 ,K}). Then there exists a CF-perturbation © 2 of 
(IA 2 ,K, 2 ) which extends ©% Moreover the following holds. 

(1) If & is transversal to 0, so is © 2 . 
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(2) Suppose we are in the situation of Lemma 7.53 (1) in addition. We assume 
f 1 is strongly submersive with respect to & and f 2 is weakly submersive. 
Then f 2 is strongly submersive with respect to & 2 . 

(3) Suppose we are in the situation of Lemma 7.53 (1) in addition. We assume 
f 1 is strongly transversal to g : N M with respect to S 1 and f 2 is weakly 
transversal to g. Then f 2 is strongly transversal to g : N —>■ M with respect 
to © 2 . 

The proof of Proposition 7.57 is given in Subsection 12.3. 

Before we end this subsection, we consider a family of CF-perturbations. The 
next definition is a CF-perturbation version of Definition 6.21. 

Definition 7.58. A cr-parameterized family of CF-perturbations {& a \ cr £ g/} 
= {5^ p}) of ( U , /C) is called a uniform family if the convergence in Definition 
7.3 (3) is uniform. More precisely, we require the following. 

For each o > 0 there exists eo(o) >0 such that if 0 < e < eo(o), then 

I s(y) - s p (y)| < o, | (Ds)(y) - {Ds p )(y)\ < o (7.27) 

hold for any s which is a member of p at any point y £ /C p for any p £ and 

a £ srf. 

Lemma 7.59. If {& a \ a £ g/} is a uniform family of CF-perturbations of (U,K,), 
then the constant eo in Lemma 7.^5 can be taken independent of a. 

Proof. In the same way as Lemma 6.23 follows from the proof of Lemma 6.13, this 
follows from the proof of Lemma 7.45, which is the same as the proof of Lemma 
6.18. □ 

7.5. Partition of unity associated to a good coordinate system. We next 
define the notion of partition of unity on spaces with good coordinate system. 

Situation 7.60. Let U = (f}3, {U p }, {d>p q }) be a good coordinate system oi Z C X 
and /C its support system.® 

Definition 7.61. In Situation 7.60, let f1 be an open subset of \K\ and f : £1 —> R 
a continuous function on it. We say / is strongly smooth if the restriction of / to 
/Cp fl D is smooth for any p £ 

We remark that the strongly smooth function / : D —> R is nothing but a strongly 
smooth map to R regarded as a manifold in the sense of Definition 3.38. 

We take a support system /C + such that (/C, /C + ) is a support pair. We take a 
metric d on |/C + | and use it in the next definition. 

Definition 7.62. In Situation 7.60, let S > 0 be a positive number. We put 

/Cp(2<S) = {x£U p \ d{x, /Cp) < 26}. (7.28) 

2(5-neighborhood of JC p . We assume K. p (28) is compact. 

We put fC(26) = {/Cp(25)}p e <p, which is a support system of U. We put 

D p (/C, 5) = B S (K p) = {x£ |/C(2<5)| | d(x, /C p ) < 5}. 


(7.29) 
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Lemma 7.63. If q < p and 8 > 0 is sufficiently small, then 

lf p (/C,<5) n£ q (2<$) c JC P (2S). 

Moreover, H p (K,,8) H/C p (2<5) C Int/C p (2£) and f2 p (/C,<5) H/C p (25) is an orbifold. 

Proof. The first claim is a consequence of (7.29). The second claim follows from 
the fact that Int/C p (2<5) is open in (J <p /C q (28). □ 

Definition 7.64. We say {x p } is a strongly smooth partition of unity of the 
quintuple ( X, Z,U,K.,8) if the following holds. 

(1) x P : \K,(28)\ —>• [0,1] is a strongly smooth function. 

(2) suppx P C n p (K,,5). 

(3) There exists an open neighborhood if of Z in \K{28)\ such that for each 
point x £ it, we have 

£xp(*) = 1 - (7-30) 

p 

Remark 7.65. In our earlier writings such as [F0007, Section 12], we defined a 
partition of unity in a slightly different way. Namely we require Xp to be defined 
on Up and we required 

XpO) + 5Z Xq(^qp(20)+ X S (p(x-,U pq ))xq(n(x)) = 1 (7.31) 

q>p,xeI7 q p p>q,x€lm(p P q 

instead of (7.30). Here tt is the projection of a tubular neighborhood of <^pq(£7pq) 
in Up, p is a tubular distance function of this tubular neighborhood 25 and x" 5 : 
[0, oo) —> [0,1] is a smooth function such that it is 1 in a neighborhood of 0 and 
is 0 on (5, oo). We required (7.31) for all x G K. p . Formula (7.31) depends on the 
choice of the tubular neighborhood and we need to take certain compatible system 
of tubular neighborhoods (see [Ma]) to define it. 


2l Whe tubular distance function is, roughly speaking, the distance from the image y? |M] (Up t] ). 
We do not give the precise definition here since we do not use this notion. See [Ma]. 
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Note the covering \U\ = Upe«p Up n °t an °P en covering. In fact Up is not an 

open subset of \IA\ unless p is maximal. So a partition of unity in the above sense 
is different from one in the usual sense. Definition 7.64 seems to be simpler than 
the one in the previous literature. Also it is more elementary in the sense that we 
do not use any compatible system of tubular neighborhoods. However, by using 
the third term of (7.31) we can extend the function \q to its neighborhood in |/C| 
and the compatibility of tubular neighborhoods implies that it becomes a strongly 
smooth function. So the present definition is not very different from the earlier one. 

In the rest of this subsection we prove the existence of strongly smooth partition 
of unity. The proof is very similar to the corresponding one in manifold theory. 
However we prove it for completeness’ sake. We begin with the following lemma. 

Lemma 7.66. For any open set W of |/C(2<5) | containing a compact subset K of Z 
there exists a strongly smooth function g : |/C(25)| —> R that has a compact support 
in W and is 1 on a neighborhood of K. 

Proof. Let /C + be a support system such that 1C(26) < /C + . We take a metric d on 
|/C + |. (See [F00018, Proposition 5.1].) For each x £ K we consider 

e x = mf{d(x,K. q (26)) | q £ fp, x £ /C q (2<5)}. 

Let p x £ be the element which is maximum among elements p £ ip such that 
x £ /C p (26). Let W+ be an open neighborhood of x in JCp x PI B tx / 2 (x, |/C + 1). We 
may choose it so small that if x £ JC q (26) then W x fl IC q (26) is open. (Here we use 
the fact that x £ /C q (2 6) implies q < p a ..) Therefore W x = W x fl Kfp x (26) is open 
in \KL(26)\. We may choose W x small so that W x C W. 

We can take a smooth function f x : W x —» [0,1] that has a compact support and 
is 1 in a neighborhood Qf of x. (This is because W x is an orbifold.) We restrict 
f x to W x and extend it by 0 to |/C|, which we denote by the same symbol. Then f x 
is a strongly smooth function with a compact support in W x and equal to 1 on an 
open neighborhood Q x = Qf fl |JC(2<5)| of x. 

We find finitely many points X \,..., Xn of K so that 

N 

(J Qxi A K. 

2=1 

We put 

N 

/ = E^- 

»=i 

Then the function / is a strongly smooth function on |/C(2d)| with a compact 
support in W and satisfies f(x) > 1 if x £ Q = Q Xi . Let p : R 1 be a 
nondecreasing smooth map such that p(s) = 0 if s is in a neighborhood of 0 and 
p(s) = 1 if s > 1. It is easy to see that g = p o f has the required property. □ 

Proposition 7.67. If 6 > 0 is sufficiently small, then a strongly smooth partition 
of unity of (X, Z,U,KL, 6) exists. 

Proof. We put 

IC p (-6) = {xelCp | d(x, Up \ Kp) > 5}. 
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It is easy to see that 

U IC P (-S)DZ. 

p 

for sufficiently small 5 > 0. We apply Lemma 7.66 to (K, W) = (/C p (—<5), D p (/C, 5)) 
to obtain / p . Then there exists a neighborhood W' of Z such that 


(x)>l/2 


for x £ W '. We apply Lemma 7.66 to (K,W) = (Z,W') to obtain / : |/C(2d)| —* 
[0,1]. Now we define 


Xp(x) 


f( x )fp( x ) 

E P fp( x ) 
o 


if x £ W' 
if x i W’. 


(7.32) 


Then it is easy to see that this is a strongly smooth partition of unity. □ 


7.6. Differential form on good coordinate system and Kuranishi struc¬ 
ture. In this subsection we define differential forms of good coordinate system and 
Kuranishi structure, and give several basic definitions for differential forms. 

Definition 7.68. Let U = (ip, {ZY P }, {T pq }) be a good coordinate system and K, 
its support system. A smooth differential k form h of (Li, 1C) by definition assigns 
a smooth k form h p on a neighborhood of IC V for each p £ tp such that the next 
equality holds on p pq (ICp) H /C q . 

<P* Pq hp = V (7.33) 

A smooth differential k form h of U by definition assigns a smooth differential k 
form h p on Up for each p such that (7.33) is satisfied on U pq . 

Definition 7.69. A differential k form h of a Kuranishi structure U of Z C X 
assigns a differential fc-form h p on U p for each p £ Z such that <fi pq h p = h q . 

Definition 7.70. (1) Let / = {/ p } : (X,Z\U) —► M be a strongly smooth 

map and h a smooth differential k form on M s . Then f*h = {f p h} is a 
smooth differential k form on IA, which we call the pullback of h by f = {/ p } 
and denote by f*h. 

(2) A smooth differential 0 form is nothing but a strongly smooth function in 
the^sense of Definition 7.61. 

(3) If h l = {h*} are smooth differential ki forms on U for i = 1,2, then {h p Ah p } 
is a smooth differential fci + form on IA. We call it the wedge product and 
denote it by h 1 A h 2 . 

(4) In particular, we can define a product of a smooth differential form and a 
strongly smooth function. 

(5) The sum of smooth differential forms of the same degree is defined by taking 
the sum for each p £ fp. 

(6) If h = {h p } is a smooth differential k form on IA , then {dh p } is a smooth 
differential k + 1 form on IA, which we call the exterior derivative of h and 
denote by dh. 
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(7) The support Supp(/i) of h is the union of the supports of p £ tp, which 
is a subset of |/C|. 

(l)-(6) have obvious versions in the case of differential forms of a Kuranishi 
structures. (7) is modified as follows. 

(7)’ If h = {h p | p £ Z} is a smooth differential k form on a Kuranishi structure 
U of Z C X, its support Supp(/i) is the set of the points p £ Z such that 
h p is nonzero on any neighborhood of o p in U p . 

Note that Supp(/i) is a subset of Z in this case. 

Definition 7.71. Let U be a good coordinate system of Z C X and h = {h v } a 
differential form on it. We say that h has a compact support in Z if 

Supp (h) nX c Z. (7.34) 

Here the intersection in the left hand side is taken on \U\. 

7.7. Integration along the fiber (pushout) on a good coordinate system. 

To define the pushout (integration along the fiber) of a differential form using a 
CF-perturbation, we need a CF-perturbation version of Propositions 6.25, 6.30. To 
state them we introduce the notation of support set of a CF-perturbation. 

Definition 7.72. (1) Let U be a Kuranishi chart, © a CF-perturbation of U 

and {(Q3 r ,<S r ) | r £ 91} its representative. For each e > 0 we define the 
support set n((© c ) _1 (0)) of © as the set of all x £ U with the following 
property: 

There exist r £ 91 and y £ V x , £ £ W x such that 

My]) = x, s}(y,£) = 0, £ £ Supp(w x ). 

This definition is independent of the choice of representative because of 
Definition 7.3 (4). 

(2) Let U be a good coordinate system, 1C its support system and © = {© p } a 
CF-perturbation of (IA.1C). The support set n((© e ) -1 (0)) of & is defined 
by 

n((© e ) _1 (o)) = (J (/c p nn((ep- 1 (o))) 

pel3 

which is a subset of |/C|. 

The CF-perturbation version of Propositions 6.25 is as follows 

Lemma 7.73. LetlA a good coordinate system of Z C X, /C its support system and 
© = {©p | p £ *}}} a CF-perturbation of (U,1C). Let K~ < /C + < K! < 1C. Then 
there exist positive numbers 6 o and €q such that 

Bs(ic~ n z) n |J (X' p n n((©|)- 1 (o))) c /c+ 

peqi 

for S < So, 0 < e < eo- 

Proof. Using Lemma 7.45, the proof is the same as the proof of Proposition 6.25. □ 

The next lemma is the CF-perturbation version of Proposition 6.30. 
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Lemma 7.74. Let /C 1 , AH 2 , AH 3 be support systems of a good coordinate systemU of 
Z C A with 1C 1 < 1C 2 < 1C 3 and & a CF-perturbation of ( U , 1C 3 ). Then there exists 
a neighborhood ii (Z) of Z in |/C 2 | such that for 0 < e < eo 

a(Z) n |J(n((e|)- 1 (o)) n k\) = u(Z) n n K\). (7.35) 

p p 

Proof. The proof is the same as the proof of Proposition 6.30. □ 

The next lemma is the CF-perturbation version of Corollary 6.32. 

Lemma 7.75. In the situation of Lemma l.lf, (ljp(( s p) _1 (0)) C/Cj)) CVd(Z) is 
compact for a sufficiently small neighborhood il(Z) of Z in \1C 2 \. Moreover, we have 

lim ^(J(n((©|)“ 1 (o)n/cJ)^ nif(z) c a 

in Hausdorff topology. 

Proof. The proof is the same as Corollary 6.32. □ 

Now to define the pushout of a differential form we consider the following situ¬ 
ation. 

Situation 7.76. Let U = (fp, {U v }, {<& pq }) be a good coordinate system, 1C its 
support system, h = {h p } a differential form on U, f : ( X,Z\U ) — > M a strongly 
smooth map, and © a CF-perturbation of (U,IC). We assume that 

(1) / is strongly submersive with respect to ©. 

(2) h has a compact support in ZM 

Choice 7.77. In Situation 7.76 we make the following choices. 

(1) A triple of support systems K} ,K?,K? with Kf < K? < Kf < 1C. 

(2) A constant 5 > 0 such that: 

(a) K}(25) is compact. (Definition 7.62.) 

(b) There exists a strongly smooth partition of unity {x P } of (X, Z,U , K, 1 ,5). 
(Proposition 7.67.) 

(c) /C 1 (2 5) < K?. 

(d) <5 satisfies the conclusion of Lemma 7.73 for Kr = /C 1 , /C + = 1C 2 , 
1C' = 1C 3 . 

(e) We put 

<5o = inf{d(/Cp, K. 2 ) \ neither p < q nor q < p}, 
where we use the metric d of \1C\. Then S < 5q/2. 

(3) We take a strongly smooth partition of unity {x P } of (A, Z,U, K},8). 

(4) We take an open neighborhood if (A) of Z in |A| such that the conclusion 
of Lemma 7.74 holds. 

Definition 7.78. In Situation 7.76, we make Choice 7.77. We define a smooth 
differential form f\(h\ 6 e ) on the manifold M by (7.36). We call it the pushout or 
integration along the fiber of h by (/, © e ). 

/!(t;6 e ) = /pKxp^pi ® P lii(z)n/c£(2(5))- 
pe<p 


(7.36) 
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We note that the restriction of xp^p to /Cj(2<$) has compact support in Iut/Cp. 
Therefore the right hand side of (7.36) makes sense. 

The degree is given by 

deg fl(h; & e ) = deg h + dim M — di mU. (7.37) 

Definition 7.79. Let F a : (0,e a ) —>• S3 be a family of maps parameterized by 
a £ 3$. We say that F a is independent of the choice of a in the sense of 4k if the 
following holds. 

4k For ai, 02 £ 3$ there exists 0 < eo < min{e ai , e Q2 } such that F (ll (e) = F a2 (e) 
for all e < eo- 

Proposition 7.80. In Situation 7 .76 the pushout f\(h ; & e ) is independent of Choice 
7.77 in the sense of 4k. 

Remark 7.81. However f\{h\ & e ) depends on the choices of e and ©. 

Proof of Proposition 7 .80. We first show the independence of if (Z). Lemma 7.75 
implies that if tl'(Z) C ii(Z) is another open neighborhood of Z then, for sufficiently 
small e, the value of the right hand side of (7.36) does not change if we replace 
if (Z) by if '(Z). (We use Situation 7.76 (2) also here.) This implies independence 
of ll(Z). Moreover it implies that we can always replace U(Z) by a smaller open 
neighborhood of Z. 

We next show independence of 1C 2 , 1C 3 . Let /C 2/ , 1C 3 ' be alternative choices of 
1C 2 , 1C 3 . We take /Cp" = /Cp U /Cp', /Cp" = /Cp U /Cp'. Then K. 2 ", 1C 3 " are support 
systems. Note in Definition 7.78, the support system 1C 2 , 1C 3 appears only when 
we apply Lemma 7.74 to obtain il(Z) and Lemma 7.73 to obtain 5. Since we can 
always replace iX(Z) by a smaller neighborhood of Z (as far as e > 0 is sufficiently 
small) and since we do not need to change <5 in Lemma 7.73 when we replace 1C 2 , 
1C 3 by 1C 2 '' D 1C 2 , K?" D K?, it follows that we obtain the same number in (7.36) 
if we replace K? or 1C 2 ' by 1C 2 ", as far as e > 0 is sufficiently small. This implies 
independence of 1C 2 , 1C 3 . 

It remains to prove the independence of 1C 1 and of {x P }, S. We will prove the 
independence for this case below. 

Let /Cj,x P ,S and 1C J',Xp, S' be two such choices. We take 1C= K, Ju/Cp'. Then 
1C 1 " < 1C 2 < K 3 . We can also take 5" > 0 and a strongly smooth partition of 
unity {x'p} of ( X, Z,U, 1C 1 ", 8"). So it suffices to prove that the pushout defined by 
{JCl},{ Xp },8 coincides with one defined by {/Cj"}, {Xp}> 8" and that the pushout 
defined by {/Cp'}, {Xp}, 8' coincides with one defined by {/Cp"}, {Xp}, 8". In other 
words, we may assume 1C J C /Cp'. We will prove the independence in this case. 

We observe that 

Mi + h 2 -&) = f\(hv, &) + f\(h 2 ;&) (7.38) 

as far as we use the same strongly smooth partition of unity in all these three terms. 
(This is a consequence of Lemma 7.33 (2).) We take po £ and put 

h 0 = X ' Po h. (7.39) 

In view of (7.38) we find that to prove Proposition 7.80 it suffices to show the next 
formula. 

/po ! ((Mp 0 ; ®p 0 lu(z)nx:i , 0 (25')) = /p-((xp^o)p; ©plu(z)nK{( 2 5))- (7.40) 

p 
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By taking e > 0 small, we may assume ^ Xp = 1 on the intersection of iX(Z) and 
the support set II((©j( o ) _1 (0)). (This is a consequence of Lemma 7.75, Definition 
7.64 (3) and Situation 7.76 (2).) Therefore, to prove (7.40) it suffices to prove the 
next formula for each p. 

/ P o ! ((Xp^o)p 0 ;®polii(x)nK:i' 0 ( 2 V)) = /pK(xp^o)p; ®plu(A)n/cj(2<5)) (7-41) 

whose proof is now in order. 

In case po = p, (7.41) follows from 

Supp(xp/i 0jPo ) = Supp(xp 0 Vpo) ® ^p 0 ( 2< 5) n /Cp' 0 (2S'). 

If neither p < p 0 nor po < p, then both sides of (7.41) are zero because 

Supp(x P V P0 ) C % 0 (K}',5') n n p (tC\S) = 0. (7.42) 

Note the second equality of (7.42) is a consequence of Choice 7.77 (2)(e). 

We will discuss the other two cases below. 

(Case 1): p > p 0 - 

By definition n po (K}' ,5') C Bg’(IC p ' o ). Therefore by (7.39) the support of h 0 is 
in B$'()C p ' 0 ). By taking e > 0 small, Lemma 7.73 implies 

Supp^o) nn((^)- 1 (0)) C K% 0 nB s ,{K% 0 ) C ACj' 0 (2J'). 

Therefore 

Supp(x P ^ 0 ) n n((6^)” 1 (o)) n ax(z) c /c;' 0 (2<5')n£j(2<5) nii(z). ( 7 . 43 ) 

Then (7.41) follows from Definition 7.47 (2)(3). 

(Case 2): po > p. 

By definition fi p (/C 1 ,5) C Therefore the support of x P ho is in Bs(IC p ). 

Therefore by taking e > 0 small, Lemma 7.73 implies 

Supp (Xpho) n n((©^)- 1 (0)) C n B s [K\ a ) C /Cj(2<S). 

It implies (7.43). Then (7.41) follows from Definition 7.47 (2) (3). 

The proof of Proposition 7.80 is complete. □ 

Remark 7.82. The pushforward (7.36) is independent of the choice of the support 
system K, appearing in Situation 7.76, as far as © and h are defined on it. In fact 
K. does not appear in the definition. 

Lemma 7.83. Let h , hi, hi be differential forms on ( X , Z;IL) and ci, Ci £ R. 

(1) f\(cihi + C\hi\ &) = cif\{h\]&y£ c 2 f\{hi-,&). 

(2) If pen* (M), then ff.(h A /*(p); © e ) = P-(h', & e ) A p. 

Proof. Formula (1) follows from Lemma 7.33 (1). Formula (2) is immediate from 
definition. □ 

We now define the smooth correspondence. 

Construction 7.84. Suppose we are in Situation 7.1. We construct objects as in 
Situation 7.76 as follows. 

We put Z = X. We take a good coordinate system U compatible with U such 
that f s and f t are pullbacks of f s : (X\U) —> M s and f t : {X\U) —> M t , respectively. 
Moreover we may take ft so that it is weakly submersive. (Proposition 6.49 (2).) 
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We take a CF-perturbation © of ( X;U) such that f t is strongly submersive with 
respect to U. (Theorem 7.49 (2).) 

Let 1C be a support system of U. We consider the differential form /*h on (X, IF). 

We denote the correspondence by 

x = ((x ; uyJ s jt). 

Definition 7.85. Using Construction 7.84, we define 

Corr (*,s -)W = (7.44) 

We call the linear map 

Corr. -j : D*(M S ) ->• n*-^"*- dim “(M t ) 

the smooth correspondence map associated to X = ((X;U); f s , f t ). 

Remark 7.86. (1) Proposition 7.80 implies that the right hand side of (7.44) 

is independent of various choices appearing in Definition 7.78 if e > 0 is 
sufficiently small. However, it does depend on © and e > 0. So we keep the 
symbol e in the notation © e of the left hand side of (7.44). 

(2) There seems to be no way to define a smooth correspondence in the way 
that it becomes independent of the choices in the chain level. This is related 
to an important point of the story, that is, the construction of various struc¬ 
tures from system of moduli spaces are well-defined only up to homotopy 
equivalence and only as a whole. (We however note that the method of [Jol] 
seems to be a way to minimize this dependence.) This is the fundamental 
issue which appears in any approach. For example, it should remain to exist 
in the infinite dimensional approach to construct virtual fundamental chain, 
such as those by Li-Tian [LiTi2], Liu-Tian [LiuTi], Siebert [Sie], Chen-Tian 
[CT], Chen-Li-Wang [CLW1] or Hofer-Wyscoski-Zehnder [HWZ], 

(3) Dependence of the good coordinate system U and the other choices made 
in Construction 7.84 will be discussed in Section 9. 

In Proposition 7.80, we have proved independence of the pushout of various 
choices for sufficiently small e > 0. On the other hand, how e must be small 
depends on our good coordinate system and CF-perturbation on it. In certain 
situations appearing in applications, we need to estimate this required smallness of 
e uniformly from below when our CF-perturbations vary in a certain family. The 
next proposition can be used for such a purpose. 

Definition 7.87. Let F Gta : (0, e Q ) —> 3F be a family of maps parameterized by 
a £ and cr £ stf. We say that F a}ll is uniformly independent of the choice of a in 
the sense of 4t» if the following holds. 

4k For ai,a 2 £ & there exists 0 < eo < min{e ai ,e Q2 } independent of a such 
that F„^ ax (e) = F a , a2 (e) for 0 < e < eo and any a £ sF. 

Proposition 7.88. We assume {© CT | er £ $/} is a uniform family of CF-perturbations 
parameterized by cr £ stf in the sense of Definition 7.58. Then we can make Choice 
7.77 in a way independent of a. 

Moreover the pushout /!(/i;@£.) of Proposition 7.80 is uniformly independent of 
Choice 7.77 in the sense of lit. 
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Proof. From the proof of Proposition 7.80, the proof of Proposition 7.88 follows 
from the next lemma. □ 


Lemma 7.89. Let {©„ | a £ &/} be a uniform family of CF-perturbations. Then 
the following holds. 

(1) In Lemma 1.13 the constants c>o and e 0 can be taken in dependent of a. 

(2) In Lemma l.H the set ii(Z) and the constant eo can be taken independent 
of a. 

(3) In Lemma 1.15 the set ii(Z) and the constant eo can be taken independent 
of a. Moreover 


lim sup 

n—>oo 


dn 


x,|J(n((6^)- 1 (0)n^nii(Z)) 


a E 


= 0 . 


(7.45) 


t \ p / ) 

Proof. Using Lemma 7.59, the proof of Lemma 7.89 is the same as that of Propo¬ 
sition 6.34. □ 


8. Stokes’ formula 

8.1. Boundary and corner II. In this section, we state and prove Stokes’ for¬ 
mula. We first discuss the notion of boundary or corner of an orbifold and of a 
Kuranishi structure in more detail. (The discussion below is a detailed version of 
[F0004, the last paragraph of page 762]. See also [Jol, page 11]. [Jo3] gives a 
systematic account on this issue. 

Let U be an orbifold with boundary and corner. We defined its corner structure 

O O 

stratification Sk(U) and Sk{U) in Definition 4.13. Note Sk(U) is an orbifold of 
dimension dim U — k without boundary. However we also note that we can not find 

O O 

a structure of orbifold with corner on Sk(U) such that 5o(5fc(f/)) = Sk(U). 

Example 8.1. Let U = ®->o- Then Si(U) is homeomorphic to R and 52(17) is one 
point identified with 0 £ R = Si(U). 

To obtain an orbifold with corner from Si(U) we need to modify it at its bound¬ 
aries and corners. Let us first consider the case of manifolds. 

Lemma 8.2. Suppose U is a manifold with corner. Then there exists a mani¬ 
fold with corner, denoted by dU, and a map 7r : dU —> S\(U ) with the following 
properties. 

(1) For each k, n induces a map 

Sk{dU) —*■ S k+ i(U). (8.1) 

(2) The map (8.1) is a (k + l)-fold covering map. 

(3) 7 t is a smooth map dU —> U. 

Remark 8.3. The smoothness claimed in Lemma 8.2 (3) is defined as follows. Let 
U be any smooth manifold with corner. We can find a smooth manifold without 
boundary or corner 17 + of the same dimension as U and an embedding U —> U + , 
such that for each point p £ 17 there exists a coordinate of U + at p by which U 
is identified with an open subset of [0, l) dlm[/ by a diffeomorphism from U + onto 
an open subset of R dlm u . Then a map F : U\ —> U 2 between two manifolds with 
corners is said to be smooth if F extends to F + that is a smooth map from a 
neighborhood of U\ in [/(*" to U^. 
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Proof. We fix a Riemannian metric on U so that each e-ball B e (p) is convex. Let 

O O 

p £ Sk(U). We consider a £ 7 T 0 (B e (p) n Si(U)). The set of all such pairs (p,a) 
with k > 1 is our dU. The map (p, a) — > p is the map n. 

By identifying U locally with [0,oo) ra , it is easy to construct the structure of 
manifold with corner on dU and prove that they have the required properties. □ 

Definition 8.4. Let U be an orbifold. We call dU a normalized boundary of U 
and 7T : dU —> S\(U) the normalization map. 

Lemma 8.5. (1) Let U and U' be as in Lemma 8.2 and F : U —>■ U' a diffeo- 

morphism. Then F uniquely induces a diffeomorphism 

F d : dU —► dU' 

such that 7r o F d = F o tt. 

(2) Suppose a finite group T acts on U, where U is as in Lemma 8.2. Suppose 

O 

also that each connected component of Sk(U)/T is an effective orbifold for 
each k. Then T acts on dU so that tt is T equivariant and each connected 

O 

component of S k (dU)/T is an effective orbifold for each k. 

(3) Let U be as in Lemma 8.2 and U' its open subset. Then there exits an open 
embedding dU' —> dU which commutes with tt. 

Proof. (1) is immediate from the construction. Then the uniqueness implies (2) 
and (3). □ 

Now we consider the case of an orbifold U. We cover U by orbifold charts 
{(Vi, Tj, We apply Lemma 8.2 to V% and obtain dVi. Then Ti action on Vi 
induces one on dVi by Lemma 8.5 (2). We thus obtain orbifolds dVi/Vi- Using 
Lemma 8.5 (1) and (3) we can glue dVi/Ti for various i and obtain dU. We obtain 

O O 

also a map 7r : dU — > S\(U). It induces a map S k (dU) —>• S k +i(U). 

Remark 8.6. (1) We note that the map S k (dU) —> S k +i{U ) is a (k + l)-fold 

orbifold covering of orbifolds in the sense we will define in Part 2. 

O O 

(2) In particular, So{dU) —> Si(U) is a diffeomorphism of orbifolds. 

O O 

(3) We also note that Sk(dU) —> Sk+i{U) is not necessarily a k + 1 to 1 map 
set-theoretically. The following is a counter example. Let 

U = (M?>q x M )/^2 

where the action is (a, b, c) >-> (6, a, —c). Then dU = R>o x R, Si(dU) = R, 
S 2 (U) = R/Z 2 and the map n is canonical projection R —> R/Z 2 on Si(dU). 
So it is generically 2 to 1 but is 1 to 1 at 0. 

Next we consider the case of Kuranislii structure. We recall the following nota¬ 
tion from Definition 4.15. 

Sk(X,Z;U ) = {p G Z | o p g S k (U p )}, S k (X,Z-U) = {p e Z \ o p € S k (U p )}, 
where U is a Kuranishi structure of Z C X and 

S k (x,z-U) = {p e Z I 3p3x G Sk{Up), st Sp(x) = 0,if p (x) = p), 

S k (X,Z-U) = {p £ Z | 3p3x G S k (Up),s t s p (x) = 0,^ p (x) = p), 
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where U is a good coordinate system of Z Cl. 

Remark 8.7. We can rewrite the set S k (X, Z;U) as 

Sk{X,Z\U) = {p € X \ VpVx e Up,s p (x) = 0,tl> p (x) =p => x G Sk(U p )}. 

O ^ 

A similar remark applies to S k (X, Z;U). 

O ^ 

Lemma-Definition 8.8. (1) Any compact subset of the space S k (X, Z\U) (resp. 

O ^ 

Sk{X, Z\U)) has Kuranishi structure without boundary (resp. good coordi¬ 
nate system without boundary) and of dimension dim (X,Z;U) — k (resp. 
dim(X, Z;ll) — k). 

(2) There exist a relative K-space with corner d(X, Z\U) (resp. d(X 1 Z;U)) 
whose underlying topological spaces are ( dX , dZ) and a continuous map 
between their underlying topological spaces ir : dZ S±(X, Z;U) (resp. 

7 r : dZ Si(X, Z;U)) such that the following holds. We call d(X, Z;U), 
d(X,Z]U) the normalized boundary of(X,Z;U), (X,Z;U), respectively. 

(a) If 7r(p) = p, p £ dZ, p G Z, then the Kuranishi neighborhood of p is 
obtained by restricting U p to dU p , which is as in Definition 8.). 

(b) The coordinates of d(X, Z\U) are obtained by restricting Up to dUp. 

(c) The coordinate change of d(X, Z\U) (resp. d(X, Z\IA)) is obtained by 
restricting one of dU p (resp. dU v ). 

(d) The restriction of ir induces a map 

s 0 {d{x,z-M))^ s/x,z-u) 

that is an isomorphism of Kuranishi structures. 

(e) The restriction of tt induces a map 

S 0 (d{X,Z-,U))^k(X,Z-,U) 

that is an isomorphism of good coordinate systems. 

(f) In the case of Kuranishi structure and Z / X, we need to replace U 
by its open substructure. 

(3) Various kinds of embeddings among Kuranishi structures and/or good co¬ 
ordinate systems induce embeddings of their normalized boundaries. 

Proof. We first prove (2). Let U = (U,£,s,ip) be a Kuranishi chart. We restrict 
£ and s to dU and obtain dU,£ d ,s d . We will define underlying topological spaces 
dX , dZ, parametrization if® and the coordinate change. 

Let $21 = {U 21 , @ 21 ) ■ U\ —>• U 2 be a coordinate change of Kuranishi charts. 

We note that we required the following condition for an embedding of orbifolds 
T 21 '■ U\ —> U 2 . 

<P2i(S k (j[h)) C S k (U 2 ), SkiU/ = T/i(Sk(U 2 )). (8.2) 

We can generalize Lemma 8.5 (3) to the case when Ui,U 2 are orbifolds. Moreover by 
the condition (8.2) we can generalize Lemma 8.5 (1) to the embedding of orbifolds 
with corners. Thus <p 2 \ induces y>fi : <9t/i —» dU 2 . In the same way (p 2 i : £\ —> £ 2 
induces : £\ —t £ 2 ■ 


92 


KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, KAORU ONO 


Thus the data consisting of the coordinate change of the Kuranishi charts given 
as in (2) (a),(b) are defined by (2) (c), except the underlying topological space dX , 
dZ and parametrization ip. 

Below we will construct dX, dZ and ip. 

We first consider the case of good coordinate system and X = Z. Let U = 
(tp, {Up}, {<f> pq }). We consider dU p and Pp q , defined as above. We glue the spaces 
dUp by ip p q and obtain a topological space \dU\. The zero sets of the Kuranishi maps 
Sp on dUp are glued to define a subspace of \dU\, which we define to be dX. dX is 
Hausdorff and metrizable. 26 We define ipp : (s p ) _1 (0) —>• dX by mapping a point of 
(sp) _1 (0) to its equivalence class. Then U® = (dU p ,£Sp,ipp) is a Kuranishi chart 
of dX. We put dUp q = U vq n dU q . Then <hp q = ( dU vq , <£ 2 i!<? 2 i) is a coordinate 
change Up —> U?. Thus we obtain a good coordinate system d(X,Z;U) in case 
Z = X. 

Next we consider the case of good coordinate system but X ^ Z. We glue the 
zero sets of Kuranishi map on dUp in the same way as above to obtain a topological 
space dX. (See Remark 8.9.) We define the subset dZ c dX by 

dZ = (J {a; G dUp \ s p (x) = 0 ,ipp{ir{x)) G Z}. 
peqj 

Here we identify dU v with its image in \dU\ and the union is taken in \dU\. The 
rest of the proof is the same as the case of X = Z. 

Finally we consider the case of Kuranishi structure. We take a good coordinate 
system U compatible to U and use the case of good coordinate system to define dX 
and dZ. 

It now remains to define the parameterization ipp : (sp) -1 (0) —> dX. Let U p 
be a Kuranishi neighborhood of p which is a part of the data of U. In case the 
embedding U -A U is strict, (Sp) -1 (0) C Up for some p G <p. Therefore we obtain 
ipp by restricting the parametrization map ipp of the good coordinate system dU. 

In the case Z ^ X we replace U by its open substructure Uq such that there 
exists a strict embedding Uq —> U. 

Suppose Z = X. We define ipp : (Sp) -1 (0) —» dX (without taking open sub¬ 
structure) as follows. Let x G (Sp) -1 (0) C s“ 1 (0) and q = tp p (x) G X. We have 
o q G U q such that tp P q(o q ) = x. (8.2) implies o q G dU q . Moreover o q G dUo tq . 
(Here Uo iQ is the Kuranishi neighborhood of the open substructure Uq.) Therefore 
o q may be regarded as an element of dUp for some p G *p. We define ip p (x) to be 
the equivalence class of o q G dUp, which is an clement of dX. 

Therefore the proof of the statement (2) is complete. 

The statement (1) can be proved in the same way and the statement (3) is 
obvious from definition. □ 

Remark 8.9. Here is a technical remark about the way to define underlying topo¬ 
logical space dX in Lemma-Definition 8.8. 


2 ®To find a topology which s metrizable, we consider a support system K. and use the fact that 
dX = (J K-p PI (s®) 1 (0) and [F00018, Proposition 5.1]. 



KURANISHI STRUCTURE AND VIRTUAL FUNDAMENTAL CHAIN 


93 


(1) Let U be a Kuranishi structure of Z C X. Then the parametrization 
i/jp : s~ 1 (0) — > X has X as a target space. So U is not a Kuranishi structure 
of Z itself. 

(2) The data consisting of U contain enough information to determine which 
points of Z lie in the boundary. However the data do not contain such 
information for the points of X \ Z which are far away from Z. 

The space dX that we defined in the proof of Lemma-Definition 8.8 
consists of points which correspond to the ‘boundary points’ of X that is 
sufficiently close to Z. 

Since the image of ip p , p € Z lies in a neighborhood of Z , we need only 
a neighborhood of Z in X to define Kuranishi structure of Z C X. This is 
the reason why it suffices to define dX in a neighborhood of Z. 

(3) On the other hand, as a consequence of (2), the topological space dX is 
not canonically determined from [X,Z\IA). For example, the following 
phenomenon happens. Let U be a Kuranishi structure of Z 2 C X and Z\ C 
Z 2 . We restrict U to Z\ to obtain U\z 1 - We consider d(X,Z\\U\zf) and 
d(X, Z 2 ;IA). Let (d\X, dZ\) and (d 2 X, dZ 2 ) be their underlying topological 
spaces. Then d\X may not be the same as d 2 X. 

There is no such an issue in the absolute case Z = X. In the applications the case 
Z ^ X appears only together with a means of defining dX given. 

We note that all the arguments of Section 7 work for Kuranishi structure or good 
coordinate system with boundaries or corners. 

The next lemma describes the way how to restrict CF-perturbations and etc. to 
the normalized boundary. 

Lemma 8.10. LetlA be a good coordinate system of Z C X, /C,/C 2 ,/C 3 a triple of 
support systems oflA with K, 1 < K? < JC 3 , and © e a CF-perturbation of (U , /C 3 ). 

(1) {dU p n 1C p} is a support system of d(X, Z;U), which we denote by ICg. 
ICg, JCg, K,q are support systems with ICg < ICg < ICg. Here dU p fl K. p = 
Tr-^/Cj) cdU p . 

(2) (a) For each p there exists ©p that is a CF-perturbation of ICg p C dU p . 

O 

(b) The restriction of ©p to So(dU p ) is identified with the restriction of 

O 

©p to Si(U p ) by the diffeomorphism in Lemma 8.8 (2)(e). 

(c) The collection {©p} is a CF-perturbation of (d(X, Z\lA),K.g), which 
we denote by & 9 . 

(d) If © varies in a uniform family (in the sense of Definition 7. 58 ) then 
& d varies in a uniform family. 

(3) (a) A strongly continuous map f : ( X,IA ) —> M induces a strongly contin¬ 

uous map fg : d(X , Z;IA) M. 

(b) The restriction of fg to So(d(X,lA)) coincides with the restriction of 
/ to Si {XM). 

(c) If f is strongly smooth (resp. weakly submersive), so is fg. 

(4) (a) If & is transversal to 0, so is & d . 
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(b) If f is strongly submersive with respect to © then fg is strongly sub- 
mersive with respect to & a . 

(c) Let g : N —x M be a smooth map between smooth manifolds. If f is 
strongly smooth and weakly transversal to g then so is fg. 

(5) (a) A differential form h on (X, Z]IA) induces a differential form on d(X, Z;U), 

which we write hg. 

- O ^ 

(b) The restriction of hg to So(d(X, Z;U)) coincides with the restriction 
ofh to SffX,Z'U). 

(c) In particular, a strongly continuous function on (X,Z,U) induces one 
on d(X, Z]U), such that (b) above applies. 

(6) If {x p} a strongly smooth partition of unity of (X, Z,U , /C , 5) then {(Xp)d} 
is a strongly smooth partition of unity of {dX, dZ, dU,K? d , 5). Here (x P )a 
is one induced from {xp} ns in (5) (c) above. 

Proof. In the case when U is an orbifold with corners, various transversality or 

O 

submersivity are defined by requiring the conditions not only to Sq{U) (the interior 

O 

point) but also to all Sk(U). Once we observe this point all the statements are 
obvious from the definition. □ 

8.2. Stokes’ formula for a good coordinate system. Now we are ready to 
state and prove Stokes’ formula. 

Theorem 8.11. (Stokes’ formula, [F0007, Lemma 12.13]) Assume that we are in 
the situation of Lemma 8.10 (1), (2), (3) (a)(b)(c), (4) (a)(b), (5) (a)(b). Then, 
for each sufficiently small e > 0, we have 


d (f\(h; &<)) = f\(dh; 6 e ) + fg\(hg ; S|). 


(8.3) 


Proof. Let {xp} be a strongly smooth partition of unity of {X,Z,U,K 2 ,5). Let 
(Xp)a and ICq be defined by Lemma 8.10. We put ho = xphp- It suffices to show 

d (/pK^o; ®p)lii(z)n/cj(2<5)) 

= fpKdh 0 ; 6plu(z)n/cj(2<5)) + fp K^o! 6p' e |u(z)nKh (2«))> 


(8.4) 


where 6 d ’ e = {©p’ e | p € Let © p = {(QJ r ,<S?) | t € 91} and {xt} a partition of 
unity subordinate to {U v }. We put h\ = Xtho and f x = f v \u t - To prove (8.4), it 
suffices to prove: 

d (/ r !(/ii; <5|)|i[( Z )ni7 t ) 

= ftAdhi-,St)\^ z)nU J + /f <Sf’ e | it (x)nai/ r ), 
where 6g = {(9Q3 r ,>Sf’ e )}. (8.5) follows from the next lemma. 


(8.5) 


Lemma 8.12. Let fl be an open neighborhood of 0 in [0, l) m xR" _m and f : Ll —>■ M 
a smooth map. Let h be a smooth differential k form on tt with compact support 
and p a differential (n — k — l)-form on M. Then we have 


Jn 


h A f*dp = 


h A f*p + / dh A p. 
Jn 


nna([o,i) m xR , *- m ) 
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Lemma 8.12 is an immediate consequence of the usual Stokes’ formula. Thus 
the proof of Theorem 8.11 is complete. □ 


Using Stokes’ formula we can immediately prove the following basic properties 
of smooth correspondence. 


Corollary 8.13. In Situation 7.1 we apply Construction 7.84■ Let Corr p- -ej : 
n k (M s ) -A D e+k (M t ) be the map obtained by Definition 7.85. (Here I = dim Mt — 
dim (X,IA).) We define the boundary by 

a(x,B) = (d(x,B)j,\ llixSy T t \ eixS) ). 

& induces a CF-perturbation & d ’ e of it as in Lemma 8.10 (4). d(X,lA) and & d < e 
define a map Corr ^ ' ^ k (M s ) -A Ll e+k+1 (M t ). Then for any sufficiently 

small e > 0, we have 


d ° Cor W),6?) ^ Corr ( ( x,3j,^) ° d = CoT \o(x,u)^y ^ 


In particular, Corr^.^-e^ is a chain map if Li is a Kuranishi structure without 
boundary. 


Proof. This is immediate from Theorem 8.11. □ 

Lemma 8.14. We assume & a is a uniform family in the sense of Definition 7.58. 
Then the positive number e in Theorem 8.11 and Corollary 8.13 can be taken inde¬ 
pendent of a. 


The proof is the same as that of Lemma 7.88. 


8.3. Well-defined-ness of virtual fundamental cycle. We use Corollary 8.13 
to prove well-defined-ness of virtual cohomology class, and well-defined-ness of the 
smooth correspondence in the cohomology level, when Kuranishi structure has no 
boundary. 

Proposition 8.15. Consider Situation 7.1 and assume that our Kuranishi struc¬ 
ture on X has no boundary. Then the map Corr -ej : D k (M 3 ) -a f l i+k (M t ) 
defined in Definition 7.85 is a chain map. 

Moreover, provided e is sufficiently small, the map Corr -ej is independent of 

the choices of our good coordinate system IA and CF-perturbation & and of e > 0, 
up to chain homotopy. 

Proof. The first half is repetition of Corollary 8.13. We will prove the independence 
of the definition up to chain homotopy below. Let IA, U' be two choices of good 
coordinate system and ©, & CF-perturbations of ( X;IA ), [X\IA') respectively. 
(During the proof of Proposition 8.15, we do not need to discuss the choice of 
support system, since the correspondence map is independent of it.) 

We put direct product Kuranishi structure on X x [0,1]. During the proof of 
Proposition 8.15, we do not need to make a specific choice of support system because 
Proposition 7.80 (see also Remark 7.86) shows the map Corr is independent 

thereof. We identify X = X x {0}. Then the good coordinate system U induces 
U x [0,1/3) on X x [0,1/3) such that d(X x [0,1/3 ),IA x [0,1/3)) is isomorphic to 
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(X;U). Similarly we have a good coordinate system U' x (2/3,1] on X x (2/3,1] such 
that d(X x (2/3,1]; U' x (2/3,1]) is isomorphic to (X\U') with opposite orientation. 
Here the notion of isomorphism of good coordinate system is defined in Definition 
3.24. Then, by Proposition 7.52, there exists a good coordinate system U' x [0,1] 
such that 

d(X x [0,1 }\U' x [0,1]) = (X-U)U-(X,U'). (8.7) 

We next consider two choices of CF-perturbations, which we denote by © and 
©'. We assume that ft is strongly submersive with respect to both of them. We 
define © x [0,1/3) and ©' x (2/3,1] as follows. 

We consider Situation 7.2. Let %3 X = {V x ,T x ,E x ,(j) x , (j) x ) be an orbifold chart of 
(£/,£) and S x = (W x ,uj x ,S x ) a CF-perturbation on it. (Definition 7.3.) Suppose 
( f t ) x is strongly submersive with respect to S x . We take SO x x [0,1/3) = ( V x x 
[0,1/3), Ta,, E x x [0,1/3), /> x xid, cj) x xid) that is an orbifold chart of (1/ x [0,1/3), £ x 
[0,1/3)). In an obvious way S x induces a CF-perturbation of it, with respect to 
which ( ft) x o7T is strongly submersive. Here 7r : X x [0,1/3) —> X is the projection. 
We denote it by S x x [0,1/3). (See Definition 10.2 for detail.) 

We perform this construction of multiplying [0,1/3) for each chart (once for each 
orbifold chart and once for each Kuranishi chart) then it is fairly obvious that they 
are compatible with various coordinate changes. Thus we obtain © x [0,1/3) that 
is a CF-perturbation of X x [0,1/3). We obtain ©' x (2/3,1] in the same way. 

Now we use Proposition 7.57 with Z\ = X x {0,1}, Z 2 = X x [0,1]. Then we 

obtain a CF-perturbation ©I 0 ’ 1 ] of X x [0,1] such that its restriction to X x {0} 
and X x {1} are © and ©', respectively. 

Now we use Corollary 8.13 and (8.7) to show: 


d o Corr 


(atxio.ipei 0 ' 1 ]' 


+ Corr 


(ixlo.il.ei 0 ' 1 ]') 


o d 


' Corr (*,e^) - Corr ( at,ev 


( 8 . 8 ) 


The independence of sufficiently small e > 0 follows from the following facts: For 
each c > 0 the family e ©“ is also a CF-perturbation. 

The proof of Proposition 8.15 is complete. □ 


Therefore in the situation of Proposition 8.15, the correspondence map Corr -ej 
on differential forms descends to a map on cohomology which is independent of the 
choices of U and © c . We write the cohomology class as [Cori'£(/i)] G H(M t ) for 
any closed differential form h on M s by removing 6 e from the notation. 

In Proposition 8.15 we fixed our Kuranishi structure U on X. In fact, we can 
prove the same conclusion under milder assumption. 

Proposition 8.16. Let X,; = ((Xi,U l ), /*, //) be smooth correspondence from M s 
to M t such that dXt = 0. Here i = 1,2 and M s , M t are independent of i. We 
assume that there exists a smooth correspondence 2) = f Sl ft) from M s to 

M t with boundary (but without corner) such that 

921 = Xi U -X 2 . 

Here — X 2 is the smooth correspondence X 2 with opposite orientation. Then we 
have 


[Corr(ft)] = [Corr X2 (/i)] G H(M t ) 


(8.9) 
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where h is a closed differential form on M s . 

Proof. We take a good coordinate system U of Y and a KG embedding (Y,U) —> 

(' Y,U ). (Theorem 3.30.) f t is pulled back from f t : (Y,U) —> M t . f s is also pulled 
back from f s (Proposition 6.49 (2).) We also obtain a CF perturbation © of U 
with respect to which / is strongly submersive (Theorem 7.49 (2)). They restrict 
to {XiM), &i and ■ (Y,U) -»• M t , ff. 

We remark that fl is strongly transversal to ©,. (This is the consequence of the 
definition of strong transversality. Namely we required the transversality on each 
of the strata of corner structure stratification (Definition 4.18).) 

By Proposition 8.15 we can use ( Xi,Ui ), &i, ft, fl to define smooth correspon¬ 
dence CorrXi (in the cohomology level.) 

The proposition now follows from Corollary 8.13 and (8.7) applied to (Y,U), ©, 
ft, ft- Namely we can calculate in the same way as (8.8). □ 

Remark 8.17. The proofs of Propositions 8.15, 8.16 (Formulae (8.8), (8.9)) are a 
prototype of the proofs of various similar equalities which appear in our construction 
of structures and proof of its independence. We will apply a similar method in a 
slightly complicated situation in Part 2 systematically. 

9. From good coordinate system to Kuranishi structure and back 

with CF-perturbations 

As we explained at the end of Section 4, it is more canonical to define the notion 
of fiber product of spaces with Kuranishi structure than to define that of fiber 
product of spaces with good coordinate system. On the other hand, in Section 7, 
we gave the definition of CF-perturbation and of the pushout of differential forms 
by using good coordinate system. In this section, we describe the way how we go 
from a good coordinate system to a Kuranishi structure and back together with 
CF-perturbations on them, and prove Theorem 9.14 that we can define the pushout 
by using Kuranishi structure itself in the way that the outcome is independent of 
auxiliary choice of good coordinate system. 

9.1. CF-perturbation and embedding of Kuranish structure. 

Definition 9.1. Let U be a Kuranishi structure on Z C X. A CF-perturbation © 
ofU assigns & p for each p 6 Z with the following properties. 

(1) © p is a CF-perturbation of U p . 

(2) If q £ lni(ip p ) fl Z, then © p can be pulled back by <& pq . Namely 

©p G y u ^( U p ). (9.1) 

(3) If q £ Im(i)p) fl Z, then © p , <3 q are compatible with $ P9 . Namely 

$; 9 (©p) = © 9 | Upq € JZ u «( U pq ). (9.2) 

Definition 9.2. Suppose we are in the situation of Definition 9.1. Let / : ( X,Z\U) — > 
M be a strongly smooth map. Here M is a smooth manifold. 

(1) We say © is strictly transversal to 0 if each © p is transversal to 0. We say 
© is transversal to 0 if its restriction to an open substructure is strictly so. 
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(2) We say / is strictly strongly submersive with respect to © if each of f p is 
strongly submersive with respect to <3 p . We say / is strongly submersive 
with respect to © if its restriction to an open substructure is strictly so. 

(3) We say / is strictly strongly transversal to g : N —>■ M with respect to © if 
each of f p is strongly transversal to g : N —>• M with respect to © p . We say 
/ is strongly transversal to g : N -A M with respect to © if its restriction 
to an open substructure is strictly so. 

We next define compatibility of CF-perturbations with various embeddings of 
Kuranishi structures and/or good coordinate systems and prove versions of several 
lemmata in Section 6 corresponding to the current context of CF-perturbations. 

Definition 9.3. Let U and U+ be Kuranishi structures of Z C X, U and U + good 
coordinate systems of Z C X. Let K, and /C + be support systems of U and U + , 
respectively. Let ©, © + , ©, © + be CF-perturbations of U, U + , (U,IC) : (U + ,IC + ) : 
respectively. 

(1) Let <1 >: It U + be a strict KK-embedding. We say ©, ©+ are compatible 

with <f> if the following holds for each p. 

(a) © p G (U p ). Here we use the embedding to define the sub¬ 
sheaf . 

(b) $;(©+) = © p G y Up (U p ). _ 

(2) Let <f> : U —> U + be a KK-embedding. We say ©, ©+ are compatible with 
<f> if there exist an open substructure Uo, a CF-perturbation ©o of Uq and 
a strict KK-embedding d>o : ifo —► U + such that ©o, © + are compatible 
with $o and ©o, © are compatible with the open embedding Uq —>• U. 

(3) Let d> = ({<f> p },i) : U -¥ U + be a GG-embedding. We say that /C,/C + is 
compatible with d* if ip p (JCp) C for each p G fp. 

(4) In the situation of (3), we say ©, ©+ are compatible with •!> if the following 
holds for each p Gip. 

(a) <5^p) G (K. j(p)). Here we use the embedding <Fp : U p —> 

to define the subsheaf . 

(b) $;(6+j) = 6 p G^(Kp). 

(5) Let $ : U —> U be a strict KG-embedding. We say ©, © are compatible 
with if the following holds for each p and p G i/p(/Cp D s^ 1 (0)) fl Z. 

(a) ©p G (ICp). Here we use the embedding 4> P p : U p —> U v to 

define the subsheaf , < Z u p' >u v . 

(b) 4>;(©p ) = & p j^(u p ). 

(6) In case <I> : U —> U is a KG-embedding, we can define compatibility of ©, 
© with d> in the same way as Item (2) (using Items (1) and (5)). 

(7) Let = ({Gp(p)}, {4>pp}) : U —>• U be a GK-embedding. We say ©, © 
are compatible with if the following holds for each p and p G i/; p (/C p n 
Sp- 1 (0 ))nz. 

(a) ©p G S^ Uv>Up (U p ). Here we use the embedding <Fpp : ^p |c/ p ( P ) ~^ U p to 
define the subsheaf Up I >U p . 
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(b) ^; p e p = 6 p \ Uf(p) ey^(u p ( P )). 

With these definitions of compatibility, we now prove the compatibilities relevant 
to various embeddings. 

Lemma 9.4. Let <J> = ({$,,}, i) : U —> U + be a GG-embedding. 

(1) If 1C is a support system ofU , then there exist a support system JC + ofU + 
such that 1C, 1C + are compatible with <h. 

(2) If ICi (i = 1,... ,m) are support systems of U with ICi < /Q+i then there 
exist support systems KCf (i = 1 ,... ,m) ofU + such that ICi, ICf are com¬ 
patible with <f> and JC+ < /CV . 

Proof. (1) Let 1C = (/C p ). Let /Co, p+ be a closure of a sufficiently small neighborhood 
of |J pe<p ipp(JCp) for p + S fp+. It is easy to see that /Cq = (/Co,p+) is a support 

'(P) = P + 

system of U + . Any 1C + > ICq has required properties. The proof of (2) is similar 
by using upward induction on i. □ 

Remark 9.5. It seems possible to prove the following. For each /C + there exists 
K. such that 1C, IC + are compatible with 4>. Its proof seems to be more complicated 
than that of Lemma 9.4. We do not try to prove it here since we do not use it. 

Lemma 9.6. Let <f> : U —> U + be a weakly open GG-embedding and 1C, IC + support 
systems of U, Li + , respectively, which are compatible with 4>. Then for any CF- 
perturbation ©+ of (U + ,IC + ), there exists a unique CF-perturbation © of fU,IC) 
such that ©+ and © are compatible with <I>. 

Proof. For any p S we restrict ©J( P ) to U p to obtain © p . We thus obtain © . Since 
normal bundles are trivial in the case of weakly open embedding, the compatibility 
is automatic. □ 

Lemma 9.7. Various transversality or submersivity of the target of an open KK- 
embedding imply those of the source. The same holds for a weakly open GG- 
embedding. 

Proof. This is an easy consequence of the definition. □ 

Lemma 9.8. The notion of compatibility of CF-perturbations to embeddings is 
preserved by the composition of embeddings of various kinds. 

The proof is obvious. 

The next lemma is a CF-perturbation version of Proposition 6.44. 

Lemma 9.9. In the situation of Proposition 6.ff, let ICq, 1C be support systems of 
Uq, U, respectively, which are compatible with the open embedding Uq -^U. Let © 
be a CF-perturbation of (U, 1C), which restricts to a CF-perturbation ©o of (Uo,ICq). 
Then the following holds. 

(1) There exists a CF-perturbation & of U such that ©o and © are compatible 
with the GK-embedding Uq —*■ Z4. 

(2) In the situation of Proposition 6.44 (%)> If f strongly submersive with 
respect to ©, then f is strongly submersive with respect to ©. The transver¬ 
sality to AT —^ Y is also preserved. 
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Proof. The proof of Lemma 9.9 is the same as that of Proposition 6.44. In fact, the 
Kuranishi chart of U is a restriction of a Kuranishi chart of Uq. Since £fo,p C /C p 
(see Proposition 6.44 (1)), we can restrict © to the Kuranishi charts of U. □ 

We next state CF-perturbation versions of Propositions 6.49 and 6.50. (In Lem¬ 
mas 9.10 and 9.11 we do not specify support system for the CF-perturbations of 
good coordinate system. We take one but do not mention them.) 

Lemma 9.10. LetlA be a Kuranishi structure on Z C X. Then we can take a good 
coordinate system U and the KG-embedding $ : Go —» G in Theorem 3.30 so that 
the following holds in addition. 

(1) If h is a differential form ofG, then there exists a differential form h on 
U such that 4>*(/i) = h\- q-. If h has a compact support in Z, then h has a 

^ ^ O 

compact support in \U\ and Supp(/i) fl Z C Z. 

(2) If & a CF-perturbation of Li, then there exists a CF-perturbation © of U 
such that &\g- and © are compatible with the KG-embedding <I>. 

(3) In the situation of (2) the following holds. 

(a) If © is transversal to 0 then so is &. 

(b) If f is strongly submersive with respect to &, then f is strongly sub- 
mersive with respect to ©. 

(c) If f is strongly transversal to g : M —^ Y with respect to © then f is 
strongly transversal to g with respect to 6. 

Lemma 9.11. Suppose we are in the situation of Propositions 5.21 (resp. Propo¬ 
sition 5.22) and 6.49. Then we can take the GK-embedding 4*+ : Li —> G + in 

Proposition 5.21 (resp. the GK-embeddings $a : Li —> Lit in Proposition 5.22 
(a = 1,2^ so that the following holds. 

(1) If ©+ is a CF-perturbation of G + such that ©+, © are strongly compat¬ 
ible with the embedding Li —> U + , then we may choose © such that ©, 
©+ are compatible with the embedding $+. (resp. If (a = 1,2) is a 
CF-perturbation of Lit such that &t, © are strongly compatible with the 
embedding Li —> U + , then we may choose © such that ©, ©a are both 
compatible with the embedding .) 

(2) If & is transversal to 0, so is 6. 

(3) In the situation of Proposition 6.50 suppose Y is a manifold M. Then if 
f is strongly submersive with respect to ©, then f is strongly submersive 
with respect to ©. 

(4) In the situation of Proposition 6.50 suppose M is a manifold. Then if f 
is strongly transversal to g : N —>• M with respect to ©, then f is strongly 
transversal to g : N —>• M with respect to ©. 

The proofs of Lemmata 9.10 and 9.11 are given in Subsection 11.3. 

9.2. Integration along the fiber (pushout) for Kuranishi structure. 
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Situation 9.12. Let U be a Kuranishi structure on X and © a CF-perturbation 
of (X,Z;U). Let / : ( X,Z;U ) —> M be a strongly smooth map that is strongly 
submersive with respect to ©. Let ft, be a differential form on U. By Lemma 9.10, 
we obtain U , $, ©, /, hM 

Definition 9.13. In Situation 9.12, we define the pushout , or the integration along 
the fiber /!(ft; © e ) by 

f\(h;&) = fl(h-&). (9.3) 

Here the right hand side is defined in Definition 7.78. Hereafter we mostly use the 
terminology ‘pushout’ in this document. 

Theorem 9.14. The right hand side of (9.3) is independent of choices ofU , <f>, ©, 
f, ft in the sense of ft of Definition 7.79, but depends only onU, ©, /, ft and e. 

The proof uses Proposition 9.16. To state it we consider the following situation. 

Situation 9.15. Let U, U + be good coordinate systems of Z C X, 4> : U —s- U + 
a GG-embedding, and X, X + the respective support systems of U , U + compatible 
with <f>. Let ©, ©+ be CF-perturbations of (U,fC), (U + ,X + ), respectively. Let 
ft+ be a differential form on if+ which has a compact support in Z and /+ : 
(X,Z;U + ) —* M a strongly smooth map. We put ft = <f>*ft+ and / = /+ o <f> : 
(. X,Z,U) M. 

We assume that / is strongly submersive with respect to © and /+ is strongly 
submersive with respect to ©+. ■ 


Proposition 9.16. In Situation 9.15 we have 

f'.(h;&) =/+!(ft+;©^) (9.4) 


for each sufficiently small e > 0. 

Proof of Proposition 9.16 => Theorem 9.1 f. We use Definition-Lemma 5.18 also in 
this proof. 


U x 




u+ 


(9.5) 



U 2 -- Ui -- U(fi 

Let Ui, ©j, fi, hi, i = 1,2 be two choices. By Lemma 9.11 we have Ufi, &f, 

fi~, hf, i = 1,2 and GK-embeddings : Ui —> U(f to which various objects are 
compatible. 

By Lemma 9.11 we obtain ft/ 3 , 4> 3 , © 3 , / 3 , ft 3 and GK-embeddings : ftf 3 — > 
Uf to which various objects are compatible. 

By Lemma 9.10, we obtain Uf , tp)* - , ©j 1- , ff, ft) 1 " and KG-embeddings if*) 1 " : 
ut Ui to which various objects are compatible. 
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Now we claim 

A!(^;6f)=/ 1 + !(ft+;6+ £ ). (9.6) 

In fact by Definition-Lemma 5.18 there exists a weakly open substructure ZA,i of 

U\ and a GG-embedding Wo,i —5- U p . By Lemma 9.6 we can restrict ©i to ©o,i, as 
well as other objects. Strong submersivity is preserved by Lemma 9.7. Therefore 
by Proposition 9.16 we find 

A! (A; 6f) = /op! (Vl ®Ti) = ? (? 6?) ■ 

Here h 0 ,i is the pull back of h\ to Wq,i- 

We have thus proved (9.6). Using the same argument three more times, we 
obtain 

A! (A; ©j) =/+!(h+; 6+ e ) = &! (/£;©§) 

= ?! (/?;©?) =A!(^;6|)- 

We have thus proved the required independence of 6, /, h. □ 

9.3. Proof of Definition-Lemma 5.18. 

Proof of Definition-Lemma 5.18. Recalling the notation for GK-embedding in Def¬ 
inition 5.9, we put 

$ = {(t/ p (p),d> w )} -u^u 

and a KG-embedding $+ : U —> U + . We take a support system K. of U and /C + of 
U + , respectively. For p G ‘P, q G fp + we define 

z M = (ic p nz)n(ic+ nz). (9.7) 

Here and hereafter the set theoretical symbols such as equality and the intersection 
in (9.7) etc., are regarded as those among the subsets of \U + \. 

We will use Lemma 9.17 to obtain the partial ordered set CPo which is a part of 
weakly open substructure U° of U. (In this subsection we write U° in place of Uq.) 

Lemma 9.17. There exist a finite subset H pq of Z pq for each p G *P, q G $ P + 
and a subset t/( p p ) of U p for each p and p G A pq such that they have the following 
properties. 

(1) p G t/( p p ). C/( p p ) is an open subset of U p . 

(2) J7 (p , p) C U „(p). 

(3) If p G A pq , p' G Hp V , p < p' and 

',p')) n U( Pi p) A 0, 

then q < q'. 

(4) For each po G *p, qo G *P + we have 

U (^(p,p) ^ — -^poqo- 

p,q:po<P.qo<q> 

p€.A p q 

(5) If (p, q) A (p'. q') then H pq n H pV = 0. 


We recall: 
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Definition 9.18. Let (*P, <) be a partially ordered set. A subset 3 C tp is said to 
be an ideal if p £ 3, p' > p implies p' £ 3. 

Proof. We define a partial order on tp x fp + such that (p, q) < (p', q') if and only 
if ‘p < p' 1 A ‘q < q'\ (Note if p < p' and q > q', neither (p,q) < (p',q') nor 
(p^q) > (p', q') hold.) Let 3cipx *p + be an ideal. We will prove the following by 
induction on #3. 

Sublemma 9.19. For each (p. q) £ 3 there exist a finite subset A pq of Z pq and a 
subset U(p tP ) of U p for each p £ A pq such that they satisfy (1)(2)(5) of Lemma 9.17 
and the following conditions (3)’ and (4)’- 

(3) ’ (a) If (p, q), (p', q') £ 3, then Lemma 9.17 (3) holds. 

(b) If (p, q) £ 3, p £ A pq and (p', q') £ <P x tp + satisfies 

U(p,p) n Zpi q i ^ 0, 

then (p,q) > (p',q')- 

(4) ’ For each (po,qo) £ 3 we have 

U (^(p,p) U Z) D Z Poqo . 

P.q:p 0 <P> £ l 0 <‘ 1 ' 

p£Ap q 

Note that we do not assume (p', q') £ 3 in Sublemma 9.19 (3)’ (b). 

Proof. The case 3 = 0 is trivial. Suppose Sublemma 9.19 is proved for all 3' with 
#3' < #3. We will prove the case of 3. 

Let (pi, qi) be a minimal element of 3. Then 3_ = 3 \ {(pi, qi )} is an ideal of 
x *p + . By induction hypothesis, we obtain A pq for (p, q) £ 3_ and [/( PiP ) for each 
V £ Ap q , (p,q) £ 3_. By induction hypothesis, Sublemma 9.19 (4)’, the set 

O = (^(p,p) ^ ^piqi) 

(P.q)e3:(pi ,qi)<(p,q) 

P^Ap q 

is an open neighborhood of 

L = ( (^J Z pq J fl Z p 1 q, 

\(P,q)e3:(pi.qi)<(p,q) / 

in Z piqi . 

Subsublemma 9.20. If x £ Z Piqi \ O and x £ Z pq , then (p, q) < (pi, qi). 

Note that we do not assume (p, q) £ 3. 

Proof. Since 

x £ Kp n JC Pl n K+ n /C+ n z, 

Definition 3.14 (5) implies that ‘p < pi or p > pi’ holds and ‘q < qi or q > qi’ 
holds also. 

Suppose p > pi. Then we claim (p,q) > (pi.qi) can not occur. In fact, if 
(p, q) > (pi, qi), then (p,q) £ 3_ because 3 is an ideal. This contradicts to i £ 
Zpiqi \ O. (We use the induction hypothesis Sublemma 9.19 (4)’ here.) Therefore 
q < qi must hold. Then x £ /C p fl /C+ fl Z and (p, qi) > (pi, qi). This contradicts 
x (fi O. We can find a contradiction from q > qi in a similar way. Therefore we 
obtain (p,q) < (pi,qi). □ 
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Subsublemma 9.21. For each x G Z Piqi \ O, there exists its neighborhood W x in 
U Pl with the following properties. 

(1) x G W x and W x is open in U Pl . 

(2) W x cU Pl (x). 

(3) IfW x nZ pq ^ 0 then (p,q) < (pi,qi). 

(4) If p > pi, p G A pq , (p, q) G and W x n <p PPl (U( P|P) ) ^ 0, then q > qi- 

Proof. Since Z pq is a closed set, Subsublemma 9.20 implies that (3) holds for a 
sufficiently small neighborhood W x of x. 

We next prove that (4) holds for a sufficiently small neighborhood W x of x. 
Suppose p > pi, p G A p(1 , (p, q) G 3_ and x G t/( PjP ). Then x G U( PiP ) D Z Piqi . 
We apply the induction hypothesis Sublemma 9.19 (3)’ (b) to 3- and find (p, q) > 
(pi,qi). In particular, q > qi. Then we can take a sufficiently small neighborhood 
W x so that 

P A pi j p G Apq, (p, q) G 3_, W x n <p p p (t^(p,p)) ~f~ 0 q > qi- 

Since W x is open, the condition W x r\ip PPl (U ( p , 9 )) ^ 0 is equivalent to the condition 
W x D ip PPl (U( p , q )) 7 ^ 0- Thus we have proved (4). □ 

We take an open neighborhood W x of x such that W x C W x . We take a finite 
subset A Piqi C Z Piqi \ O such that 

Z Piqi \Oc U W x °. (9.8) 

X&Apiqi 

Lemma 9.17 (5) is obvious from definition. 

For x G Ap iqi , we put 

U { p llX) = W° x . (9.9) 

Subsublemma 9.22. There exists an open neighborhood U'^ p p ^ of p for (p, q) G 3- 
and p G A pq such that the following holds. 

(1) E/(Vp) c u iP:P) . 

(2) Sublemma 9.19 (1)(2)(4)’ hold for U[ p p y 

(3) Ifp G A pq , (p, q) G 3-, pi > p, x G A Piqi) then 

Tp 1 pi^(pi, x )) F U^p iP ) = 0. 

Proof. We take 

U [ P , P) = U(p, P ) \ (J U^~). (9.10) 

xeA Piqi 

Here we regard t/( PiP ) and U( PltX ) as subsets of \U + \. (1) (3) are immediate. We 
will prove (2). By Subsublemma 9.21 (3) and (9.9), we have 

Zp q nH^=0, (9.11) 

for each (p, q) G 3_, x G A Piqi . Therefore p G A pq , (p, q) G 3- imply p £ U^ PliX y 
Hence p G U'^ p j C f7( PjP ). This implies that Sublemma 9.19 (1)(2) hold for U'^ p y 
Sublemma 9.19 (4)’ is a consequence of (9.11) and (9.10). □ 
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Hereafter we write U( PiP ) in place of U'^ p y 

We will prove that they have the properties claimed in Sublemma 9.19. Sub¬ 
lemma 9.19 (1),(2) follow from Subsublemma 9.21 (1),(2) and the induction hy¬ 
pothesis. Sublemma 9.19 (4)’ follows from (9.8) and induction hypothesis (which 
is claimed as Subsublemma 9.22 (2)). 

Proof of Sublemma 9.19 (3)’ (a). Suppose (p, q), (p', q') £ 3, p £ A pq , p' £ A p i q >, 
p < p' and n Z7( PiP ) ± 0. We will prove q < q'. 

The case (p, q), (p', q') £ 3_ follows from the induction hypothesis. 

Suppose (p 7 , q') = (pi, qi)- Then VVp^fpi.p'))) ^ ^(p, p) ^ 0- Subsublemma 9.22 
(3) implies that (p,q) ^ 3_. Therefore (p,q) = (pi,qi). Hence q < q' as required. 

We next assume (pi, qi) = (p,q). Then Subsublemma 9.21 (4) implies qi < q' 
as required. □ 

Proof of Sublemma 9.19 (3) ’ (b). Suppose (p, q) £ 3, p £ A pq and U( p . p )r\Z P ' q > ^ 0. 
We will prove (p, q) > (p 7 , q'). 

The case (p,q) £ 3_ follows from the induction hypothesis. Suppose (p, q) = 
(pi, qi) . Then f7( pljP ) fl Z p > q i ^ 0. Note [/( PliX ) C W x C W x . Therefore Subsub¬ 
lemma 9.21 (3) implies (p (pi,qi), as required. □ 

Therefore the proof of Sublemma 9.19 is now complete. □ 

Lemma 9.17 is the case 3 = <p x <p + of Sublemma 9.19. □ 


Now we put 

% = IJ -4pqx{(p,q)}. 

(P,q)e<pxqj+ 

We choose any linear order on A pq and define a partial order on ‘Po by the following: 

(p,q) < (p 7 ,q 7 )) 


(x, (p, q)) < (x', (p', q')) if and only if 
We define 


or (p,q) = (p',q')> x < x'. 


U (x,( P ,q)) ~ U (v,x), W (x,(p,q)) - U v\ • 

We define coordinate changes among them by restricting those of U. We thus obtain 
a good coordinate system U°. (Note we use Lemma 9.17 (3) to check Definition 

3 - 14 ( 5)0 _ 

We will define a weakly open embedding U° —► U. We first define a map *Po —> 
*P by sending (x, (p,q)) p. This is order preserving. We also have an open 
embedding of Kuranishi charts U® x ^ = U p \ v o ( —}U p . They obviously 

commute with coordinate change. 

We next define the embedding U° —> U + that will be the composition of U° —> 
IA —^ IA and U — » U + . We define a map *Po — >• fp + by sending (x, (p, q)) q. This is 
an order preserving map. We next define a map U® x ( p q )) —> U q as the composition 
of 

W (°x,(p,q)) Up\u p (x) ~+U x ~* U+ . 

Here the first map U® x — > W P |c/ p (x) is an open embedding that exists by Lemma 

9.17 (2). The second map U p \u v (x) —> U x is a part of the GK-embedding U —>U. 
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The third map U x —> U+ is a part of the KG-embedding U —>• U + . The proof of 
Definition-Lemma 5.18 is now complete. □ 


9.4. Proof of Proposition 9.16. 


Proof of Proposition 9.16. Let (/C^,/C^~) (resp. (tCi,^)) be a support pair of U + 
(resp. U). We may choose them so that ip p (t Cp) C Let < JC^ and 

1C 2 < /C 3 . 

We will choose S +: S and il(Z), later. Let {xi+} (resp. {xp}) be a strongly 

smooth partition of unity of ( X , Z,U + , 6+, <5 + ) (resp. ( X , Z, 11, ©, <5)). By inspect¬ 
ing the proof of Proposition 7.67, we can take xp so that it is not only a strongly 
smooth function on \KL 2 \ but also one on |/C^|. 

We take pj £ tp + and set ho = x + +^ 0 +- To prove Proposition 9.16 it suffices to 
show 

/ p +! (ho] 6^+ \ix(z)r\K + f(2S + ) J = /pK(xp^o)p; €>plix(Z)nK^(2g))- (9-12) 

V 0 p o / P e<p 

By taking e > 0 sufficiently small, we may assume Jf, Xp = 1 onil(Z)nlI((6 + +) _1 (0)) 

(This is a consequence of Lemma 7.73 and Definition 7.64 (3). Note the differen¬ 
tial form (xp^-o)po is defined since the function xp is strongly smooth on |/C^~|.) 
Therefore to prove (9.12) it suffices to show 


/p+- ^(xp^o) p +; ® p +lix(z)nK+|( 25 + ) J —/p-((xp^o)p; 6 p|u(z)n/cj( 25 )) ( 9 . 13 ) 

for each p. We will prove it below. There are three cases. 

(Case 1) Neither i(p) < pd nor i(p) > p^ - : In this case we have 

1C 1 + n c K}+ n K\+ = 0. 

p+ P p+ HP) 

Therefore in the same way as the proof of (7.42), we can choose 6, <5+ small so that 

Qi+(/C 1+ , <4)nfiJ(K\<5)=0. 

Then both sides of (9.13) are zero. 

(Case 2) i(p) < pj: We consider the embedding 

u u+ $p lT U+ 

Up > u.^ > U p 0 . 

In the same way as the proof of (7.43) we can choose <5, <5+, it (Z) small so that 


Su P p(xp^o)nn((6+ e )- 1 (0))nii(Z) c /c 1 +(2S+) n/ci(2<S) nu(Z). (9.14) 

Po v 

Then (9.13) follows. 

(Case 3) i(p) > p,}: In the same way as the proof of Proposition 7.80 Case 2, we 
can choose 6, 6+, il (Z) small so that (9.14) holds. (9.13) is its consequence. 

Thus the proof of Proposition 9.16 is complete. □ 
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9.5. CF-perturbations of correspondences. 

Definition 9.23. We consider Situation 7.1. Let © be a CF-perturbation of IA 
such that ft is strongly submersive with respect to ©. 

We call such © a CF-perturbation of Kuranishi correspondence X. We then define 

Corr ( x,^) : n *( M «) ->• V k+ \M t ) (9.15) 

by _ _ _ 

Corr ( 3 e.s ^(h) = (9.16) 

This is well-defined by Definition-Lemma 9.13. We call the linear map Corr, —■, 

J 1 (.T,e e ) 

a smooth correspondence map of Kuranishi structure and t the degree of smooth 

correspondence X and write it deg X. 

The next lemma says that in Situation 7.1 we can always thicken our Kuranishi 
structure so that the assumptions of Definition 9.23 is satisfied. 

Lemma 9.24. For each smooth correspondence (X,IA, / s , ft) as in Situation 7.1 
there exist U + , ©+, ft, ft w tth the following properties. 

(1) (X,IA + , ft , ft) ts a Kuranishi correspondence and ©+ a CF-perturbation 
of Kuranishi correspondence. 

(2) U + is a thickening ofU. 

(3) Let <f> : U —> IA + be the KK-embedding. Then ft and ft induce f s and ft. 
by <f>. 

Proof. This is an immediate consequence of Lemmata 9.9 and 9.10. □ 

9.6. Stokes’ formula for Kuranishi structure. We have Stokes’ formula in 
Theorem 8.11, which is the formula for good coordinate system. In this subsection 
we translate it to one for Kuranishi structure. 

Situation 9.25. Let U be a Kuranishi structure of2Cl,6 its CF-perturbation, 
/ : ( X , Z;IA) —> M a strongly submersive map with respect to ©, and h a differential 
form on (X,Z-,IA). 

Let d(X, Z,U, ©) = (dX,dZ,lAg,&g), where {dX,dZ\Ug) is the normalized 
boundary of (X,Z-,U) on which © induces a CF-perturbation ©9 by Lemma 8.10 
(2). Since / induces a map fg : ( dX,dZ\Ug ) —M, which is strongly submersive 
with respect to &g if / is strongly submersive with respect to © (Lemma 8.10 (4)). 
Let hg be the restriction of h to (dX, dZ; Ug)M 

Proposition 9.26. (Stokes’ formula for Kuranishi structure.) In Situation 9.25 
we have the next formula for each sufficiently small e > 0: 

d (f'.fc&)) = fKdh ; S' 6 ) + Mho-, 6%). (9.17) 

Proof. By Lemmata 9.9 and 9.10, there exist a good coordinate system U and an 
KG-embedding U -+IA. Moreover there exists a CF-perturbation ©of U such that 
©, © are compatible with the KG-embedding IA —> IA. Furthermore there exist 
a strongly smooth map / : ( X,Z;IA ) —> M and a differential form h , which are 
pulled back to / and h, by the KG-embedding IA —>• IA. Then U, ©, / and h, 
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induce Ug, © 9 , fg and hg on the boundary, respectively, which are compatible with 
corresponding objects on {dX,dZ\Ug). Thus Proposition 9.26 follows by applying 


Theorem 8.11 to U, 0, /, h , and Ug , &g, fg , hg. 


□ 


The next corollary is an immediate consequence of Proposition 9.26. 


Corollary 9.27. In the situation of Definition 9.23 we have the next formula for 
each sufficiently small e > 0 : 


d o Corr 




= Cor W)° fi - 


Corr 


a(£,6')‘ 


9.7. Uniformity of CF-perturbations on Kuranishi structure. In this sub¬ 
section, we collect various facts which we use to show the existence of uniform 
bound of the constants e that appear in Theorem 9.14 etc.. 


Definition 9.28. Let U be a Kuranishi structure onZCI and be a a £ sA 
parameterized family of CF-perturbations. We say that © CT is a uniform family 
if the convergence in Definition 7.3 is uniform. More precisely, we require the 
following. 

For each 0 there exists eo > 0 such that if 0 < e < eo, p £ Z then 


\s{y) - s p (y)\ < 0 , \(Ds)(y) - (Ds p )(y)\ < 0 , (9.18) 


hold for any s which is any member of ©0’ p at any point y E U p and cr £ . 


Lemma 9.29. (1) In the situation of Lemma 9.9 if © varies in a uniform 

family then © varies in a uniform family. 

(2) In the situation of Lemma 9.10 (2), if & varies in a uniform family then 
© varies in a uniform family. 

(3) In the situation of Lemma 9.11, if& + , © vary in a uniform family (resp. 

©a (a = 1,2) , & vary in a uniform family) then © varies in a uniform 
family. 


The proof will be given at the end of Subsection 11.3. 

Proposition 9.30. In the situation of Theorem 9.1f suppose 6 a varies in a uni¬ 
form family. (We require that U, 4* are independent of the parameter a.) Then 
the pushout f\(h]&„) is uniformly independent of the choices in the sense of J(t in 
Definition 1.81. We may choose the constant e in Proposition 9.26 independent of 
cr also. 


Proof. Using Lemma 9.29 the proof goes in the same way as the proof of Proposition 
7.88. ' □ 

Remark 9.31. We can choose eo independent of / and h. 


10. Composition formula of smooth correspondences 

The purpose of this section is to provide thorough technical detail of the proof 
of [F0007, Lemma 12.15] = Theorem 10.20, where fiber product of Kuranishi 
structures is used as a way to define composition of smooth correspondences. For 
this purpose we work out the plan described in Subsection 6.4 in the de Rham 
model. 
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10.1. Direct product and CF-perturbation. Firstly, we begin with defining 
direct product of CF-perturbations. 


Situation 10.1. For each i = 1,2, Ui = (Ui, £i, Si,ipi) is a Kuranishi chart of X , 
Xi £ Ui, 931),. = (V x . ,T X .,E X ., .) is an orbifold chart of ([/*,£,) as in Definition 

7.3. Let <S*. = (W® 4 , u x .,s Xi ) be a CF-perturbation 77., on 031,, ■ 


Definition 10.2. In Situation 10.1, we define the direct product of S Xl and 5 
by 

<5^ x S 2 X2 = (W^ x W 2 2 ’ w *i x x s 2e 2 ), 

where 

(4i * s 2 x e 2 )(yi,y 2 ,£i,b) = (sl\(yi,ti),sl\(y 2 ,&)) 
for yi evi set wi. 


Lemma 10.3. (1) S Xi x 5 2 2 zs a CF-perturbation ofU\ x 7^2 ■ 

(2) If S x . are equivalent to S x . for i = 1,2, then x <S 2 2 zs equivalent to 
Sl[xSl' 2 . 

(3) Let <f> 1 : 93^, -a 03^.. &e an embedding of orbifold chart. Then 


rsi, x (<f> 2 r^ 2 


zs equivalent to 

(^xf^x^). 


This is a direct consequence of definitions. 


Lemma-Definition 10.4. Suppose we are in Situation 10.1. 

(1) Let & = {(03*.,<S*.) | Xi £ fHi} fee representatives of CF-perturbations ofW 
for i = 1,2. T/zen 

{« x 53? 2 ,5 r \ x S 2 2 ) | (n.ta) £ <Hi x 9L 2 } 

zs a representative of a CF-perturbation of U 1 x U 2 . We call it the direct 
product and write 6 1 x 6 2 . 

(2) If & is equivalent to , then 6 1 x © 2 is equivalent to S 1 ' x © 2 '. 

(3) Therefore we can define direct product of CF-perturbations. 

(4) Direct product defines a sheaf morphism 

t x\y Ul x 71 - 2 J^ 2 —> 5? UlXU2 , (10.1) 

where 7q : U\ x f/ 2 -A Ui are projections. 

Proof. This is an immediate consequence of Lemma 10.3. □ 


Lemma 10.5. Let <f>® : U l -A U l+ be embeddings of Kuranishi charts and &, © 4+ 
CF-perturbations ofU 1 , U' l+ , for i = 1,2, respectively. 

(1) If © i+ can be pulled back by for i = 1, 2, then © 1+ x © 2+ can be pulled 
back by 4 * 1 x <f> 2 . 

(2) If & + , & are compatible with for i = 1,2, then © 1+ x © 2+ and S 1 x © 2 
are compatible with 4 ? 1 x 4> 2 . 
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(3) The next diagram commutes: 

($ 1 )*7rf.5*’ MW+ x ($ 2 )*tt 5^ w2i>w2+ ^°' 1 - ) > ($! x <f> 2 )*^(Wi xU 2 )>(U 1+ xU 2 +) 

I (*^ 1 )*x(<I> 2 )* |($ 1 x$ 2 )'" 

-n\y ul x Trty u2 -» yu'xu 2 

( 10 . 1 ) 

This is a direct consequence of the definitions. 

Lemma-Definition 10.6. Let U l = ({Up.}, {$p ig4 }) be Kuranishi structures of 
Z t C X, for i = 1,2, andU 1 xU 2 the direct product Kuranishi structure on Z\XZ 2 C 
X\ x X 2 . Let & = {& z Pi } be CF-perturbations ofU p .. Then { 6 ^ x & P2 } defines a 
CF-perturbation of U 1 x U 2 . We call it the direct product of CF perturbations and 
denote it by G 1 x 6 2 . 

Proof. This is an immediate consequence of Lemma 10.5. □ 

We have thus defined the direct product of CF-perturbations. 

Remark 10.7. We have defined the notion of direct product of CF-perturbations 
of Kuranishi structures, but not one of good coordinate systems. The reason is 
explained at the end of Section 4. 

10.2. Fiber product and CF-perturbation. We next discuss the case of fiber 
product. 

Definition 10.8. Let U = (U, £, s, if) be a Kuranishi chart of X. For x £ U let Tb 
be an orbifold chart of (U,£) and S x = (W x ,ui x , {s|}) a CF-perturbation of U on 
Qb- Let /:[/-> M be a smooth map to a manifold M and g : N ^ M a smooth 
map from a manifold N. Suppose / is strongly transversal to g with respect to S x 
in the sense of Definition 7.8 (3). Then we take the fiber product Xf x g N, fiber 
product Kuranishi chart (QJ x )f x g N and (S x )f x g N = (W x ,u x ,{( 5%) / x g N}). 
Here 

(( 4 )/ x 9 N ) ■■ ((V x ) f x g N) x W x — >■ E x 

is defined by 

(( 4 )/ x g N )((y, z), 0 = s e x (y, 0- 

We call (S x )f x g N the fiber product CF-perturbation. It is a CF-perturbation of 
UfXgN. 

Lemma 10.9. (1) If S x is equivalent to S' x and f is strongly transversal to g 

with respect to S x , f is strongly transversal to g with respect to S' x . Moreover 
(S x )f x g N is equivalent to (S' x )f x g N. 

(2) Let $ : 03^,, —> Tb be an embedding of orbifold charts. If f o <f> is strongly 
transversal to g with respect to $* 63 ,, / is strongly transversal to g with 
respect to G x . Moreover 

<F *((S x ) f x g N) 

is equivalent to 

(<r(«4))/ x g N. 

This is a direct consequence of the definitions. 
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Lemma-Definition 10.10. Let U = ( U,£,s,ip) be a Kuranishi chart of X, and 
© = {(93 r , S t ) | r € 91} a representative of a CF-perturbation ofU. Let f : U -A M 
be a smooth map to a manifold M and g : N -A M a smooth map from a manifold 
N. 

(1) If f is strongly transversal to g with respect to © in the sense of Definition- 
Lemma 7 .25 (3), then 

& f x g N = {((5J t)f x g N, ( St) f x g N) | r € 91} 
is a CF-perturbation of Up x g N. 

(2) If & is equivalent to &, then ©/ x g N is equivalent to &/ x g N. 

(3) Therefore we can define a fiber product of CF-perturbations with a map 
g : N -A M when f is strongly transversal to g. 

Proof. This is an immediate consequence of Lemma 10.9. □ 

Lemma 10.11. Let <f> : Li —> U + be an embedding of Kuranishi charts and ©, © + 
CF-perturbations of U, ti + , respectively. Suppose ©, © + are compatible with <f>. 
Let f + : IA + -A M be a strongly smooth map to a manifold M, f = f + cup : IA -A M, 
and g : N —» M a smooth map from a manifold N. We assume /, f + are strongly 
transversal to g with respect to &, © + , respectively. 

Then © + f+ x g N, © / x g N are compatible to <f> x id : U / x g N —> U + f+ x g N. 

This is a direct consequence of the definitions. 

Lemma-Definition 10.12. Let U = ({W p }, {<f>p g }) be a Kuranishi structure of 
Z C X and © = {© p } a CF-perturbation ofU. Suppose that a strongly smooth 
map f : (X,U) -A M is strongly transversal to a smooth map g : N —» M with 
respect to © in the sense of Definition 7.f8 (3). 

Then {(© P )/ x g N} is a CF-perturbation. We call it a fiber product CF- 
perturbations and write (© P )/ x g N. 

Lemma-Definition 10.12 is a consequence of Lemma 10.11. 

Definition 10.13. Let U l = ({W p; }, {$ p . g .}) be Kuranishi structures of Zi C Xj 
and U 1 x U 2 the direct product Kuranishi structure on Z\ x Z^ C X\ x X 2 . Let 
© ? = {©};} be CF-perturbations of U l p . and S 1 x © 2 their direct product. Let 
/* : (Xi,U l ) A M be strongly smooth maps to a manifold M. 

(1) We say that f 1 is strongly transversal to f 2 with respect to &, © 2 , if and 
only if 

(/i,/ 2 ) : (*1 x X^LT xU 2 )^MxM 
is strongly transversal to the diagonal A m = {(x,x) \ x £ M}, with respect 
to the direct product S 1 x © 2 in the sense of Definition 7.48 (3). 

(2) In the situation of (1), we define the fiber product of CF-perturbations by 

( 01 )/1 X p (® 2 ) = ( S1 X ® 2 ) (pjS) X MxM A m- 

Here the right hand side is defined by Lemma-Definition 10.12. 

Lemma 10.14. (1) Suppose we are in the situation of Definition 10.13. If f 1 

is strongly submersive with respect to S 1 , then f 1 is strongly transversal to 
any f 2 with respect to S 1 and © 2 , provided © 2 is transversal to 0 . 
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(2) In the situation of Definition 10.13, we assume f 1 is strongly submersive 
with respect to S 1 . Let f 3 : (X 2 ,ll 2 ) —t N be another strongly smooth map 
such that f 3 is strongly submersive with respect to © 2 . 

Then 

f : (Xi xl 2 ,yi x U 2 ) —X N 

is strongly submersive with respect to (S 1 )^- x-^ (© 2 ). Here f 3 is the map 
induced from f 3 . 

(3) The fiber product of uniform family of CF-perturbations is uniform. 

Proof. It suffices to prove the corresponding statement on a single orbifold chart. 
Namely for each * = 1, 2 we consider 23*. an orbifold chart of a Kuranishi neighbor¬ 
hood of U l , a CF-perturbation <S*. of it, and maps /*. : I/*. —X M, f 3 2 : U 2 2 —> N. 
We will prove this case below. 

Proof of (1) : By assumption 

is a submersion. Therefore it is transversal to 


as required. 

Proof of (2) : Let (y*,&) G (S* s e ) _ 1 (0). Here y t G Vf, & G Wf where 03*. = 

(Vl , rj. 4 , Ei , r Xi , fa ), Si = (Wf, w*., s\\). 

Suppose f} (yi) = ff(y 2 ) = z and f? (y 2 ) = w. We consider 


(d v Ji®d y2 fl)®d y2 fl : T( vl ,£ l) (5^)- 1 (0)ffiT (w , fo) (5^)- 1 (o) 

-A T 7 M © T,M © T„,N. 


Let 0 G T W N. Then there exists P 2 G T( ya £ 2 -)(S X2 ) 1 (0) such that 

(dyjl)( 02 ) = 0. (10.2) 

Then there exists Di G T^ yi> ^ (5^ 1 e ) _ 1 (0) such that 

(d y Ji)(di) = (d y Jl)(»2). (10.3) 


(10.3) implies that 

(tTi,tf 2 ) G r ((yi) , (y 2 )) (( l S r 1 l e )- 1 (0 ) /1 x f 2 (5? 1 e )" 1 (0)) 
and ( 10 . 2 ) implies that 

( d ((wi),(w»))/ 3 )( tr i» ®a) = D - 

Here / 3 : ( l S^ 1 e ) _ 1 (0) p x p (5 2 1 e ) _ 1 (0) —» N is a local representative of f 3 . We have 
thus proved the required submersivity. 

The proof of (3) is obvious from the definition. □ 
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10.3. Composition of smooth correspondences. In this subsection we define 
composition of smooth correspondences and its perturbation. Let us consider the 
following situation. 

Situation 10.15. Let {X 21 M 21 ), (X 32 M 32 ) be K-spaces and Mi (i = 1,2,3) 
smooth manifolds. Let 

fi,ji • ^Xji,lAji) 1 M]. fjiji ■ ^ ^3 

be strongly smooth maps for ( i,j ) = (1, 2) or (2, 3). We assume / 2 , 2 i and f 3i32 are 
weakly submersive. These facts imply that 

£z+li — ((-^)+li , ^ 1 +lz), fi,i-\-li , ,/*z+l,i+li) 

is a smooth correspondence from Mi to M i+ i for i = 1,2. (Lemma 10.14 (2).) Let 
&i+u be a CF- perturbation of (Xi + u,Ui+u) for each i = 1,2. We assume that 
fi+i,i+u is strongly submersive with respect to &i+u for each i = 1, 2M 

Definition 10.16. In Situation 10.15, we put 

-^31 = -^21 XMa -^32 = {(*21,^32) G X21 X X 3 2 I /2,21(2^21) = / 2 , 32 (* 32 )}- ( 10 - 4 ) 

We put the fiber product Kuranishi structure 

hkl=hhl*M 2 lk 2 (10.5) 

on X 3 \ and define 

/l,31 : (^31, ^3l) — > Ml, / 3,31 : (X 3 i,U 3 i) —*■ M 3 (10.6) 

as the compositions 

(^31,^3l) —t (^21,^2l) —> Ml, (X 3 i,U 3 i) —> (X 3 2,^32) ~> M 3 , 

where the first arrows are obvious projections. We write 

3^21 Xjj, £32 = {{X 3 i,U 3 i), /l,31i /3,3l) 

and call it the composition of smooth correspondences £21 and £ 32 - We also denote 
it by £32 o £ 21 . 



(10.7) 


Remark 10.17. Note that we did not define the ‘maps’ £31 —> £21, £31 —> £32 in 
Diagram (10.7). This is because we never defined the notion of morphism between 
K-spaces in this document. However, the maps £31 — >- M 1 and £31 — > M 3 are 
defined by composing the map / 2 i, P or f 3 2 ,q and the projection on each chart. 

Lemma 10.18. (1) The fiber product (10.5) is well-defined. 

(2) The map (X 3 i,U 3 i) —> M 3 is weakly submersive. 
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Proof. (1) By assumption, / 2 , 2 i is weakly submersive. This implies well-defined- 
ness of (10.5). 

(2) Let (p,q) G X 3 i, i.e., p G X 2 i, q G X 32 /2,2i(p) = /2.32(g)- We put x = 
/2,2i(p) = /3;32(g) and y G /3.32(g). By assumption 

d 0p (f2,2i) P ■ To p U p T x M 2 , d 0g (f 3j32 ) q : T 0q U q —> T y M 3 

are surjective. Let v 3 G T y M 3 . There exists v 3 G T 0q U q such that ( d 0q (f 3 , 32 )q)(v3) = 
V3. There exists V2 £ TopUp such thut (c^Op(,/2,2i )p)(v 2) = (d 0q (f 2 , 32 )q){v 3 ). Then 
(v 2 ,v 3 ) G T 0 ( P , v) U(p, q ) and (d D(p 5) (f 3 , 3 i)( P , q ))(v 2 , v 3 ) = v 3 as required. □ 


Definition 10.19. ( 1 ) Let X = {{X,U), f s , ft) be a smooth correspondence 

and © a CF-perturbation of (X,U). We say that (X,U, 6 , f si f t ) is a 
perturbed smooth correspondence if ft is strongly submersive with respect 
to ©. ^ ^ ^ ^ 

( 2 ) A perturbed smooth correspondence X = (X,©) = (X,U,&, f s , ft) from 
M s to M t induces a linear map Q*(M S ) —» Q* +deeX (M t ) by (9.15). We 
write it as Corr^. 

(3) In Situation 10.15, let &i+u be a CF-perturbation of (Xi + u,Ui + u) for 

each i 1,2. Suppose Xt~\-n , ©i+h? /i,i+iii /i+i.z-t-n) Is a 

perturbed smooth correspondence for each i = 1,2. Then by Lemma 10.14 


(X 21 / 2 21 x f 2 32 X 32 ,U 2 ij^-Xj~-~,U 32l 


(& 2l)" f ~ X- - (©32), /1, 31 , ? 3 , 3 l) 

J2,21 /2,32 


( 10 . 8 ) 


is a perturbed smooth correspondence from Mi to M 3 . We call (10.8) the 
composition of X 21 and X 32 and write £32 o X 2 i- Here 

/i,3i : (X 21 / 2 , 21 x /2 32 X32, U 21 - -x-t—-,^32) ->• Mi, 

_ _ /2 ’ 21 /2 ’ 32 _ (10.9) 


/3.31 : (-A 21 / 2 , 21 X/ 2 32 A 32 , 32 ) -t M 3 


are maps as in ( 10 . 6 ). 


10.4. Composition formula. The main result of this section is the following. 

Theorem 10.20. (Composition formula, [F0007, Lemma 12.15]) Suppose that 

X i+U = {Xi+uMi+i i, S»+n, /i,»+ii, /i+i,i+ii) ore perturbed smooth correspondences 
for i = 1,2. TTien 

Corr|. * = Corr|. o Corrl (10.10) 

•*32°-*-21 -*32 -*21 v 7 

/or eac/i sufficiently small e > 0. 

Remark 10.21. Note that Corr"- depends on the positive number e. 

Proof Let hi and h 3 be differential forms on Mi and M 3 , respectively. It suffices 
to show the next formula. 


Con 


>m 3 


X 32 oX 2 P 


(hi)Ah 3 = f Corr| 2 (Corr| 2 i (/ii)) A /13. (10.11) 

J m 3 32 21 


We use the following notation. 
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Definition 10.22. In Situation 9.12, we consider the case when M is a point and 
put: 


/ 


(x,z,u,e c ) 


h = f\{h-&). 


We call it the integration of h over ( X , Z, U, © e ). It is a real number depending on 
( X , Z,U, ©), e and h. We also define 


/ h = f\(h-&). 

J(x,u, S') 

Here IA is a Kuranishi chart of X, h is a differential form of compact support on 
U, © e is a CF-perturbation of U on the support of h and / : U —>• a point is a 
trivial map, such that / is strongly submersive with respect to © e . (Note the strong 
submersivity in the case when the map is trivial is nothing but transversality of the 
CF-perturbation to 0.) We call it the integration of h over (U,& e ). 

In the notation above we omit Z if Z = X. 


Using this notation the right hand side of (10.11) is 

[ ._. .__ (/2,32)*(Corr^ 2i (/li)) A (/3,32)*/l3 

J(x 3 2,u 3 2,ei 2 ) 


_(/2,32)*(/l,2l!(/l,2l)*(/ll);6| 1 ))A(/ 3 ,32)^3. 

i(x 32 ,u 3 2,ei 2 ) 

On the other hand the left hand side of (10.11) is 


L 


(/l,3l)*(^l) A (/ 3 ,3i)*(/l 3 ). 

'(A31.W31.SIO 

Therefore (10.11) follows from the next proposition. 


( 10 . 12 ) 


(10.13) 


Proposition 10.23. For i = 1,2, let Ui be Kuranishi structures of Zi C X i; &i 
their CF-perturbations, hi smooth differential forms on (Xi,Ui) which have compact 
support in Zi, and fi : (Xi, Z^Uf) —> M strongly smooth maps. Supposed that f\ 
is strongly submersive with respect to ©1 and ©2 is transversal to 0 and denote by 
(. X , Z, U , ©) the fiber product 


(J K 1 ,Z 1 ,U 1 ,6 1 )y : Xy ; (X 2 ,Z 2 ,U 2 ,&2) 


over M. Then 


h\ A h 2 = 


l(x,z,u,e c ) 


(A2.Z2.W2,©!) 


(/ 2 )*(/ 1 !(/i 1 ;©i)) a/i 2 . 


(10.14) 


Remark 10.24. We may regard Formula (10.14) as a version of Fubini formula. 
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Proof of Proposition 10.23. For i = 1,2 let lA t be good coordinate systems of Xi 
and Ui —> Ui KG-embeddings. We may assume that there exist CF-perturbations 
©i of (Xi, Zi\Ui) such that ©j, ©, ; are compatible with the KG-embeddings and 
hi, fi are pull back of differential forms on lAi and of strongly smooth maps on Ui, 
which we also denote by hi, fi, respectively. (Theorem 3.30, Proposition 6.49 (2), 
Theorem 7.49.) 

Let {%(,.} be strongly smooth partitions of unity of (Xi,Uf). The functions xL 
can be regarded as strongly smooth maps (X, . Z ,; U ,) —>• R. Therefore they induce 
strongly smooth maps (X,, Z,: U ,) —>• R, which we also denote by x‘ ■ Then they 
induce strongly smooth functions on the fiber product (X, Z;U). 

To prove (10.14) it suffices to prove the next formula for each pi, p 2 and e. 


/_xJ^iAx^/12 

J(x,z,u,e e ) 

= f /2,p 2 (/l,Pi-(Xp 1 ^l,pij®l,p 1 ))AXp 2 ^2,p 2 - 

We will use the following result. 


(10.15) 


Proposition 10.25. Let Zry and Z( 2 ) be compact subsets of X such that Z(-\) C 
Z{ 2 ). Let U be a Kuranishi structure of Zpz\ C X and h a differential form on U. 
Let /( 2 ) : (X,Z( 2 )\U') -A M be a strongly smooth map and ©( 2 ) a CF-perturbation 
ofU. Denote by 6^ the restriction of&( 2 ) toU\z (1) (Definition 7.1 7). Suppose 

(1) /( 2 ) is strongly submersive with respect to ©( 2 )- 

(2) h has compact support in Z(iy 

We denote by h\z (1) the differential form on U\z (1) induced by h via the condition 
(2). Then 

7 ^!(K;©g)=7^!(h| Z(1) ;6g). (10.16) 

where /( 1 ) is the restriction of f^) to (X, Z(iy,U\z w ). 

Proof. By using differential forms p on M it suffices to consider the case deg h = 
dim U and prove the next formula (see Lemma 7.83 (2)) 


/ _ h= [ _ h. (10.17) 

J(x,z w fu, 6« P) ) J(x,z m fi | Z(1) ,S^) 

We take good coordinate systems of C X such that: 

(1) is compatible with U\z {1) and U( 2 ) is compatible with U. 

(2) U( 2 ) strictly extends W(!). 

(3) There are CF-perturbations ©(*), differential forms h(j\ on (X,Z^y,U^) 
which are compatible each other and are compatible with corresponding 
objects on Upy and on U\z (1) ■ 

(4) &i are transversal to 0. 

Existence of such objects is a consequence of Theorem 3.30, Propositions 7.52 and 
7.57. 


KURANISHI STRUCTURE AND VIRTUAL FUNDAMENTAL CHAIN 


117 


LetW (i) = (%),{W (i ),p}, {%),(,(,})■ By Definition 7.50 (l)(a), s P ( i ) = {p € <P( 2 ) | 
Im(^>( 2 ) iP ) (~l i) 7 ^ 0} and W(i), p is an open subchart of W( 2 ) iP for p € fP(i) C fP( 2 )- 
We choose support systems K.^ and a neighborhood of in \U( 2 )\ with 

the following properties. 

(a) if P e «p fl) c «p (2) then nii ( 1 ) (z (1) ) = k< 2) n ih(Z W ). 

(b) If P e q}(2) \ *P(i) then lti(%)) n 4 2) = 0. 

We take support pairs , K. 2 ’^) of such that K. 2 ’^ < /CM. By (a), we 

may assume that there exists a neighborhood ii 2 (Z^) of Z^ in |W( 2 )| such that 

(c) If p G q3 (1) C €P( 2 ) then V p ’ (1) n U 2 (Z (1) ) = V p ’ (2) nil 2 (Z (1) ) for j = 1,2. 

We can take <5(j) and partition of unities {xp^} of (X, Z^),U^), S^) and a 

neighborhood il 3 (Z^) of in |W( 2 )| for * = 1 , 2 , such that: 

(d) If p G qj ( i) C q2 {2 ) then = Xp 2) on iI 3 (Z (1) ). 

By definition we have 


/ — 

J(x,z w v m ,ey 


pe^P(i)' 


'/Cj’ W (25 w )nit(Z (i) ) 


X { p l) hp 


(10.18) 


for sufficiently small neighborhoods il {Z^) of Z^ in \U^)\. By (a)(b)(c)(d) above 
and using the fact that h has a compact support in Z^, (10.18) implies (10.17). 
In fact, if p G fP( 2 ) \ fP(i) then (b) implies that 


1 ,( 2 ), 


Xp 2) ^p = 0 


and if p G *P(i) then (c)(d) imply 


f 

Jk\ 


,(i) 


Xp tip 


hn — 


n cj’ (1) ( 2 <s (1) )n u(z (1) ) ( 2 <s ( 2) )nu(z (2) ) 

Thus the proof of Proposition 10.25 is complete. 


Xp 2) V 


□ 


We continue the proof of Proposition 10.23. We consider the fiber product Ku- 
ranishi chart 7/y Pl / l pi x f a U 2 . V2 and the fiber product CF-perturbation ©i, Pl / x x 
6 2 ,p 2 of it. 

We apply Lemma 10.25 to h = X Pl ^i A Xp 2 ^ 2 , ^( 2 ) = Z and 

Z(l) = (V’ljpi (f^l,pi I") s l, Pl (0))) /1 x / 2 (V , 2,p2 (^2,p 2 FI s 2,p 2 (h)))- 

Note there exists a good coordinate system consisting of a single Kuranishi chart 
Wi, P i / x x/ 7 / 2 ,p 2 of Z^ 1 ) C X\ Xm X 2 . Therefore the left hand side of (10.15) 
is equal to 

I X\hi A X P2 ^2- 

h, pi X /2,P2 W2 ,P2> S l, t J 1 /l.pi X /2,p 2 S 2,p 2 ) 

Thus to prove (10.15) it suffices to prove the next lemma. 
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Lemma 10.26. Let Ui be Kuranishi charts of Xi, fi : U, —> M smooth maps, hi 
differential forms on Ui and &i CF-perturbations of lAi, for i = 1,2. We assume 
that fi is strongly submersive with respect to ©i and ©2 is transversal to 0. Then 


'(Wi fl x f 2 u 2 ,e\ fl x f2 S|) 


hi A h 2 — 


'(W 2 ,6|) 


/ 2 *(/ 1 !(/i 1 ;© £ 1 ))A/ 12 . 


(10.19) 


Proof of Lemma 10.26. Let ©, = ({tXJ^ }, {«S^ }) and {x \.} be a smooth partition 
of unities of orbifolds Ui subordinate to its open cover {£/*.}. Then I r i G 

91i, X2 € 9 I 2 } is a partition of unity subordinate to the covering {U\ f 1 x f 2 U 2 \ Xi £ 
Wi,t 2 G 9 ^ 2 }- Therefore, to prove (10.19), it suffices to prove 


/ X^hi/\ Xt 2 h 2 

/ R 1 1 / 1 x/2«, 1 2 » 5 h/ 1 x/ 2 S? 2 ) 

xii X? 2 fi (fl '(hi; s^)) A h 2 . 
(10.20) is an immediate consequence of the next lemma. 


( 10 . 20 ) 


Lemma 10.27. For i = 1,2 let iV) 6e smooth manifolds and fi : Ni —>• M smooth 
maps and hi smooth differential forms on Ni of compact support. Suppose that f\ 
is a submersion. Then we have 


hiAh 2 = fi(fi'(hi)) A h 2 . 


fl X f2 N2 


I n 2 


( 10 . 21 ) 


Proof. By using a partition of unity, it suffices to prove the lemma in the following 
special case: Ni = M° x M, f± : R a x M —> M is the projection to the second 
factor, N 2 = M x R 6 , f 2 : M x R h — y M is the projection to the first factor, and 
M, N-\, N 2 are open subsets of Euclidean spaces. We prove this case below. 

In this case Ni ^ xf 2 N 2 = R a x M x R b . Let (aq,... ,x m ) be a coordinate 
of M, ( 2 / 1 ,..., y a ) a coordinate of R a and ( z ±,..., Zb) a coordinate of R fc . Then 
(j/i,..., y a , x \,..., x m ) is a coordinate of IVi, (xi,..., x m , Zi ,..., Zfe) is a coordinate 
of IV 2 , and ( 2 / 1 , • • •, 2 /a, an,..., x m , Zi,..., Zb) is a coordinate of W Xf 2 N 2 . 

We may write 


hi = ^2gu(yi ,... ,2/a, xi,... ,x m )dyi A • • • A dy a A dan 
1 

h 2 = ^2 92 ,j(xi, • • ■, z m , 21,..., 2 b )dxj AdziA-- - Adz b 

J 

for certain smooth functions Qij, g 2 ,j- We write them as gij(y, x), g 2t j(x, z) for 
simplicity. Here I, J C (1,..., m} and dxj = dajjj A • • ■ A dxi| 7 | for I = {q,..., i|/|} 
and dxj is defined in a similar way. We may assume / U J = {1,..., m}. Then the 
left hand side of ( 10 . 21 ) is given by 


E 


gij(y, x)g 2i j(x, z)dydxidxjdz. 


I J JNx fl Xf 2 N 2 


( 10 . 22 ) 


On the other hand, the right hand side of (10.21) is given by 


E 


I J J N 2 \ J y£ R“ 


gi,i(y, f 2 (x, z))dy ) g 2 ,j(x, z)dx!dxjdz. 


(10.23) 


Therefore Lemma 10.27 is an immediate consequence of Fubini’s theorem. □ 
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This completes the proof of Lemma 10.26. □ 

This also completes the proof of Proposition 10.23. □ 

Therefore the proof of Theorem 10.20 is now complete. □ 

We finally remark the following. 

Lemma 10.28. When CF-perturbations IE 32 , £21 vary in a uniform family , we 
can choose e in Theorem 10.20 in the way independent of the CF-perturbations in 
that family. 

The proof goes in the same way as the proof of Proposition 7.88. So we omit it. 

11. Construction of good coordinate system 

In this section we prove Theorem 3.30 together with various addenda and vari¬ 
ants. 

11.1. Construction of good coordinate systems: the absolute case. This 
subsection will be occupied by the proof of Theorem 3.30. 

Proof of Theorem 3.30. 2l Let U be a Kuranishi structure of Z C X. We use the 
dimension stratification Z\U) as in Definition 5.1, for the inductive construc¬ 

tion of a good coordinate system compatible to the given Kuranishi structure in 
the sense of Definition 3.14. The main part of the proof is the proof of Proposition 
11.3 below. We first describe the situation under which Proposition 11.3 is stated. 

Situation 11.1. Let 3 £ Z> 0 , Zq a compact subset of 

S d (X.Z:U)\ (J Sv{X,Z-U), 

o'>o 

and Z\ a compact subset of iSp(W, Z;U). We assume that Z\ contains an open 
neighborhood of 

(J S V [X,Z-U) 

0'>E) 

iii S 0 (X,Z;U). 

We also assume that we have a good coordinate system U = (*$, {U p }, {d> pq }) 
of Z+ C X 1 where Z+ is a compact neighborhood of Z\ in X, and a strict KG- 
embedding 

& = {$£„ I P G Im(i/’p) n Z+} : U\ z + -A U, 

where U\ z + is the restriction of U, which is defined in Definition 7.50 (3). 

Let U Po = (t/p 0 , Ep 0 , s Po , tfp 0 ) be a Kuranishi neighborhood of Zq such that 
dim[/ Po = 3. Here Zq is a compact neighborhood of Z 0 in X. We regard U Po as a 
good coordinate system U Vo that consists of a single Kuranishi chart and suppose 
that we are given a strict KG-embedding 

= {^o P I p e MV’po) n Z+}: u\ zt -A uZ. 

2 ^The proof below is basically the same proof as written in[F00013, Section 7]. (The proof 
in [F00013, Section 7] is a detailed version of one given in [FOn, page 957-958].) However we 
polish the presentation and reorganize the proof slightly so that it becomes shorter and easier to 
read. 
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We put 


Z+ — U Zq. 


( 11 . 1 ) 


Remark 11.2. We remark Z + C Sp(X, Z;U). However in general Zq , Zp are not 
subsets of S$(X, Z;U). 

Proposition 11.3. In Situation 11.1, there exists a good coordinate systemU + = 
(tp + , {Up }, {pq}) of Z+ C X with the following properties. Here Zff is a compact 
neighborhood of Z + in X. 

(1) = tp U {po}. The partial order on tp + is the same as one on fp among 
the elements ofi P and p > po for any p £ ip. 

(2) If p £ tp then Up is an open subchart Up\ n + where Up is an open subset 
of Up. We have 

U 0 P + («) _1 (°)) ( 1L2 ) 

peqj 

(3) Up Q is a restriction ofU Po to an open subset Up 0 ofUp 0 . We have 

V' P + o (« o )- 1 (0 ))D^o. 

(4) The coordinate change is the restriction of $ pq to U q D^q (C/p"), if 

p-qe'P- _ _ 

(5) There exists an open substructure U° ofU, a strict KG-embedding <f>+ = 
{4>pp | p £ Im(V’p") H Z(f{ : U° —> U + with the following properties. 

(a) If p £ *P andp £ Im.('ip£)r\Z+, then we have the commutative diagram: 

U° p U+ 

l l < 1L3 > 

(J ) 1 

Up ——A Up 

where the vertical arrows are embeddings as open subcharts. (The com¬ 
mutativity of diagram means that the maps coincide when both sides 
are defined.) 

(b) If p £ Im(^p 0 ) n Zf, then we have the commutative diagram: 

K ^4 u+ 

i 1 < 1L4 > 

Up Up 0 

where the vertical arrows are embeddings as open subcharts. (The com¬ 
mutativity of diagram means that the maps coincide when both sides 
are defined.) 

Remark 11.4. Note the good coordinate system U + has one more Kuranishi chart 
than U. Moreover U + is a good coordinate system of a neighborhood of Z + which 
contains Z\. U is a good coordinate system of a neighborhood of Z\. This is the 
reason why we use the symbol + in U + . 
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On the other hand, each Kuranishi chart of U + is either an open subchart of U 
or of U Po . In other words each Kuranishi chart of U + is smaller than that of U or 

of m. 

Proof. We take a support system K. of U. Note by definition we have: 

(J^(/Cp OSp^O)) D Z+. 

P 

We take a compact subset /C Po of U Po such that 

V’po(^'Pc) ^ s p 0 (®)) z o- 

Since if 1 : U\ z + —>• U and <f>° : U\ z + —> U Po are strict KG-embeddings, they have 
the following properties. 

Property 11.5. (1) If q £ 4’ P (JC P 0 s p 1 (0)), then pq ) is defined 

and is an embedding :U q —>U P . Note the domain of <p p is U q . We put 

K = u; q = u q . 

(2) If q £ ip Po {JC Po n 5^(0)), then = (<pg og > ¥>p 0 g) is defined and is an 
embedding $p og : U q —> U Po . Note the domain of tp p is U q . We put 

n° = U° =U 
u q u p 0 q u i- 

For each p we use compactness to find a finite number of points ..., q£ 
ifpo(fcpo n Spo^ 0 )) n Z\U) D 4’p(ICp n Sp 1 (0)) such that 

N(p) 

u (\> 1(0 ) n D ^ o(/Cpo n )) ns 8 (x,Z;W) n^,(/c p n ^(o)). 

2=1 

We take relatively compact open subsets U 2 P of U*p such that 
N( P) 

(J 4> q p(s-p(o)r\U%p) d 'tpp 0 (K.p 0 r\Spi(o))nSp(x,Z;U)r\'ii>p{K;pr\Sp 1 (o)). (11.5) 

»=1 

We consider the following diagram: 



Here U 2 P is the restriction of U n v to U 2 P . 

q* Qi qV 

Note is locally invertible since ^ P is an orbifold embedding between 

orbifolds of the same dimension. So we can find an embedding (from an appropriate 
open subchart) written in dotted arrow in the diagram. Those maps for various 
g p however may not coincide on the overlapped part. We use the next lemma to 
shrink the domains so that those maps are glued to define a coordinate change from 
an open subchart of U po to an open subchart of U p , which we need to find to prove 
Proposition 11.3. 
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Note that Property 11.5 also holds when we replace q by r. 

Lemma 11.6. (Compare [F 00013 , Lemma 7 . 8 ]) For each r £ i/> Po (/Cp 0 ns^ o 1 ( 0 ))n 
S 0 (X,Z-,U) nu P ipp(JC p (~l Sp 1 ( 0 )) there exists an open neighborhood, Uj? of o r in 
U r = Up r with the following properties. 

(1) Ifr £ V’p( s p 1 (0) n/Cp) andipl r (U?)nipi qP (U* P ) then 

Ur C U q P r n (11.6) 

( 2 ) U FporiU?) n ip° gq p (U 2 P ) ± 0, then 

Proof. We observe the following 3 points. 

(a) ( 1 )( 2 ) above require a finite number of conditions for each U^. 

(b) If a choice of U^ satisfies one of those (finitely many) conditions, then any 
smaller Uf satisfies the same condition. 

(c) For any one of those (finitely many) conditions, there exists Uf which sat¬ 
isfies that condition. 

In fact, (c) is proved in the case of Lemma 11.6 (1), for example, as follows. Suppose 
r £ ^p 0 (/Cp 0 D 8^(0)) D Sp{X, Z\U) n (Jp ifp{)Cp ns^'(O)). Let U 2 P be the closure 
of U 2 P in U qP . This is a compact set. 

Suppose o r £ U q P r C <P~r r (U q (). Since o r £ U q P r , we have (p q p r (o r ) £ U 2 P . 
Therefore we can find Uf such that <^([7))) fl ip^ qP (U 2 P ) = 0. Thus Lemma 11.6 
( 1 ) is satisfied in this case. 

Suppose o r £ U p r fl (U\). Since U 2 P C U\, we can find U.f satisfying 

( 11 . 6 ). 

The lemma follows immediately from (a)(b)(c). □ 


For each p £ tp we choose J(p) points 

r i> • • • ’ r j(p) e *l>p o (s£(0) n iCp 0 ) n if pis- 1 { o) n /c p ) n Sp(x, z-u) 

such that 
J( P) 

(J Vv^ns-^o)) d V' P o(sp“ 1 (0)n/Cp o )n^p( S p- 1 (0)n/Cp)n < s a (x,Z;W). (11.7) 
j=i 3 3 3 

We define 


We put 


IV(p) J(p) 

= u u ( 

*=1 3=1 


p (u 3 P ) n ip° P 

^Porj 1 r p > ^Po9, 


(CJ») 


c U 


po- 


u °;r> = (»>;„.;(Ciln^jft/J))) c t/V 


U% p = 


)“'( 


ip- p(t/p)n<p u 1 
^Po r P U r/ ^Po? 


(U 2 qf ))) 


C U 2 


( 11 . 8 ) 


Lemma 11.7. 

Ms^io) n £7pp 0 ) d ifpiUp n« p _1 (o))n if Po iXp 0 n ^(o)) n s *( x ’ z $)■ 
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Proof. This is a consequence of (11.5) and (11.7). 

Lemma 11.8. There exists an embedding d>|(p 0 — >- U p such that: 


□ 


(11.9) 



Proof. Recalling the definition of f7 ppo in (11.8), we define a map <Ppp 0 : t/ ppo —>• U p 
by 

T>tvo ( x ) = T\ q p{yi) ( 11 . 10 ) 

for x = v{yi) G T° Voq v (Uqf) fl E/ ppo . We will prove that (11.10) is well-defined 
below. 

Suppose x = <p° oq p(yi) = ^ Po? p ; (Vi 1 )- (Here G U* P , y v G U^.) There exist r* 
and Zj G U 3 P such that x = p° v (zj). (This is a consequence of (11.8).) 

T j P° V j 

By Lemma 11.6 (2), Zj G U q v r p C\U q P r P and tp q v r p (zj) G [T^p. We have 
<P° 9o $ (^9?rj ( z i)) = V°p 0 P ( z i) = x = <Pp oq * (l/i)- 

Here the first equality is a consequence of the fact that d>° is a strict KG-embedding. 
Since tp° P is injective, we have yi = ip p r p(zj). In the same way we have 

PoQi "i 1 j 

Vi' =p q p r p(zj). Therefore 

(yi) = v\ q * (‘Pq’r* ( Z j)) = p\r] ( Z t)' 

This is a consequence of the fact that d* 1 is a strict KG-embedding. 

We also have 

^(W') = = Pj r p(*i)- 

Thus P ( yi) = <p* qP ' (y^) as required. 

Thus we have defined a set theoretical map Pp Po : U pPo —> U p . 

We note that it is locally written as p 1 P o (tn° „) _1 . Furthermore <z>° p is an 

embedding between orbifolds of the same dimension. Therefore ip® qP is locally a 
diffeomorphism. Hence <P|Jp 0 is locally a composition of embedding and diffeomor- 

phism and so is an embedding (of orbifolds). We can define the bundle map <£>pp 0 
in the same way. 

We note that the condition for ((pjjp 0 , p PPo ) to be an embedding of Kuranishi 
charts can be checked locally. Namely it suffices to check it at a neighborhood of 

each point. On the other hand, d>^ p is locally an isomorphism and (<^jj" Po , ^j}" Po ) is 
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locally o ($° 9 p ) 1 . Hence Oy?pp 0 , <^pp 0 ) is an embedding of Kuranishi charts, as 
required. Then (11.9) is immediate from definition. □ 

We take a support system K~ of ( X , Z+ \U) such that (/C”, /C) is a support pair 
of (A, Z+ ]U). In particular, we have 

(J ipp (Int K- n ap HO)) D Z+ ( 11 . 11 ) 

peq3 

We also take a compact subset /C Po of U Po such that 

/C” C Int /C Po , Z+ C V’poOtF,^ 0 ) 0 Int ^Po)' 

Put Up = Int ICp and U po = Int IC Po . 

Lemma 11.9. There exist open subsets U p C U p , U po C U po with the following 
properties: 

(1) We put C/" 0 = Ul Po n C/" n (<p+ Po )- l (UZ). Then 

M u p n v l m n V’poKo n ^(o)) = ^p 0 (u'; Po n ^(o)). 

(2) u P V'p(^'n s - 1 (o))DZ+. 

( 3 ) i’p o (u; , o ns Po \0))DZ+. 

This lemma implies that <I>pp Q |f 7 '' P(| is a coordinate change from U Po \u' p ' o to U P \u' p ' 
in the strong sense. In particular, Definition 3.5 (3) is satisfied. 

Proof. We take compact subsets Z p C X such that 

(i) ^ n z+ c ^p 0 (U£ P0 n sp-^o)). 

(h) if p (u p ns^(o)) d Zp. 

(hi) (JZpDZ+. 

Existence of such Z p is a consequence of Lemma 11.7. 

We next take open subsets W p , Wp 0 C X such that 

(a) Wp n Wp 0 c ^p 0 (cip 1 Po n Sp^o)). 

(b) ^([/;n^(o))DW p 3Zp. 

(c) ^p 0 {U’ Po n sp*(o)) d w Po d z+. 

Existence of such Wp, W Po is a consequence of (i)(ii)(iii) above. 

We then take open subsets U p C U p , U p ' o C U po such that 

(A) Wp d iA P (c^n S p x (0)) d if p (c/" n ^(o)) d z p . 

(b) Wp 0 d V’po^'o n sp-^o)) d ^p 0 (f/" o n ^(o)) d z+. 

(C) [/" C C/p, C /" 0 C U' o are compact. 

Existence of such U p , U p ' o is a consequence of (b)(c). 

Lemma 11.9 (3) is nothing but the last inclusion of (B). Lemma 11.9 (2) follows 
from (iii) (A). 

We finally prove Lemma 11.9 (1). 

Sublemma 11.10. 

M u p n s-'m n 4 > Po (u” o n ^(o)) c n ^(o)). 

Proof. This is a consequence of (a)(A)(B). □ 

Note C/"p 0 = U ppo n U po n (<^!p 0 ) _ 1 (C/") by definition. 
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Sublemma 11.11. 

M u p n '(0)) n ^ Po (c/'' o n ^(o)) c ^ Po (t/" 0 n ^(o)). 

Proof. Let ifp(x) = ifp Q (y) be in the left hand side. Since ipp 0 is injective, Sublemma 
11.10 implies y G U p 1 po n C/" 0 n s^O). Since ipp{<Ppp 0 {y)) = ipp{x), the injectivity 
of ipp implies <Ppp 0 {y) G Up . Therefore y G H ppo as required. □ 

The opposite inclusion 

MUp n apHo)) n i/> Po (t/" n ^(o)) d ^ Po (t/" 0 n ^(o)) 

is obvious. We have thus proved Lemma 11.9 (1). The proof of Lemma 11.9 is 
complete. □ 


Thus Up, Up 0 together with the restriction of $p" Po |( 7 " satisfy the con¬ 
ditions of Definition 3.14 except (7) and (8). Then we use Shrinking Lemma 
[F00018, Theorem 2.7] to shrink Up, U” u and ?7 pPo so that Dehnition 3.14 (7) 
and (8) also hold. 

We now change the notations Up , C7 po to Up, U Po so that they denote the Ku- 
ranishi neighborhoods of the good coordinate system we have obtained above. 


To complete the proof of Proposition 11.3 it remains to prove Proposition 11.3 
(5). For this purpose, we will shrink Up, U Po further as follows. 

We first take open subsets f/ p ^ C U p and Up'J C f7 Po with the following proper¬ 
ties: 

(1) U Pe *V’ P (^ (1 ) n Sp 1 (o))DZ 1 . 

(2) [jp^MU^ns-\0)) C Intz+ 

( 3 ) ^(U^nsp^mDZo. 

(4) ipp 0 (U$ n Sp^O)) C lntZ £. 

By Lemma 3.26 we have a good coordinate system of Zf + C X whose Kuranishi 
charts are Up\ TT (i) and W Po L,(i). (Here Zt + is a compact neighborhood of Z + . The 

U P U P 0 

compact neighborhood Z+ we will obtain is a subset of Z^ + .) We denote this good 
coordinate system by UU). 

By the assumptions put in Situation 11.1 the following holds after replacing U 
by its open substructure if necessary. 

(A) Ifp G ^ Po (t / P o ) ns^ o 1 (0))nZ+ + , then there exists an embedding of Kuranishi 
charts < f> p ] jp : U p -t Up'J■ Here $ p ^ p is an open restriction of <Pp op 

(B) If p G ippfUp 1 ' 1 (~l S|7 1 (0)) FI Z~_ p + and p G < JL then there exists an embedding 
of Kuranishi charts $ pp : U p -^U p . Here $ pp is an open restriction of $p p 

(C) If p G Im(^ p ) fl Z+ + , q G Im(^> q ) fl Z+ + , q G Im(^ p ) and q < p then the 
following diagram commutes. 




w ( 


q 'u pq n<p-f(ug>) 


U n 


* W q (1) | r/ w 


hd) 


f,d) 


U n 


( 11 . 12 ) 
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Note we use Proposition 11.3 (2)(4), when we take Up'J, t/p 1 ' to show the properties 
(A)(B) above. 

We also note that, to define a KG-embedding U —y U + , we will use 'hpp , 'hp 11 or 
their open restrictions. Therefore the only remaining nontrivial part of the proof 
of Proposition 11.3 (5) is the commutativity of the next diagram 

u° g n v ;f q (u PPo ) ^ u po\u PPo 

3>p '' l ^ 9 n Wo 1 9 ' c/ fo)| (11.13) 


which we need to prove under the assumption p £ Im(^ p ) G Zff, q £ lm(rpp 0 ) D 
q £ Im(ip p ). Here U° is an open substructure of U and U p is its Kuranishi chart, 
•hpp (resp. <J > Pog ) is an open restriction of $pp (resp. $p gg ). Up (resp. Up 0 ) is an 
open subchart of Up 1 ^ (resp. Up] 1 ) and $pp 0 is an open restriction of $pp g . 

We will use the next lemma to show the commutativity of Diagram (11.13). We 
take a support system {JCp | p £ tp} U {/C,^} of the good coordinate system on Z + 

O O 

that we have already obtained. Note that Kp 0 C /C Po , Kip C /C p . 

Lemma 11.12. There exist open subsets U p C Up, Up 0 C U Vo with the following 
properties. 

(1) ^ P 0 (/Cp + 0 n Spg (o) n Up 0 ) uu P M^p n^(o) n u+) d z+. 

(2) If p £ ifp 0 (JCp 0 fl Sp^O) n Up 0 ) r\ipp(ICp n S^ 1 ( 0 ) n Up), then there exist q? 
(i = 1,..., N(p)) such that 

Recall C Sp(X,Z]U). (See (11.1).) We also note that we do not assume 
p £ S 0 (X, Z\U) in Item (2) above. 


Proof. We choose a decreasing sequence of relatively compact open subsets U p a J C 
U, Up 1 ^ C Up, (a — 1,2,...) such that 

rr[ a +1] f- rr[ a ] 7‘r[ a +l] /— rr[ a ] 

U P Up , Up Q Up Q 

and 

oo oo 

n= i’poi 2 o)n/cp+, n u i a] =^ p '(^i) n ( n - 14 ) 

a —1 a —1 

Then, for each a, the choice Up 0 = Up$ and Up = U^ satisfies (1) above. 

On the other hand, we can use (11.5) to prove that (2) is satisfied for sufficiently 
large a as follows. Suppose that (2) is not satisfied for a n oo. Then we have 


p n £ ipp 0 (lCp 0 n s -1 (o) n ul a 0 n] ) n ^ (K+ n ^(o) n u [ ; n] ) (11.15) 


and 


JV(p) 


Pn£ IJ ^K? (0)nC/ J } - (11 ' 16) 

2=1 

Note that we may assume p is independent of n by taking a subsequence if necessary, 
since p £ tp and *p is a finite set. 
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Since the right hand side of (11.15) is contained in if Po {lCp Q f~l s 1 (0) fl t/p“b) H 

ipp(JCp PI s^" 1 (0) n t/p Ql ^) which is compact and independent of n, we may take a 
subsequence and may assume that p n converges. Then (11.14) and (11.15) imply 

lim Pn e z 0 n ^p 0 (/C+ ns” 1 ^)) nz 1 n V» P (/c+ ns^o)). 

n—> OO ru ru r r 

This contradicts to (11.16) since the right hand side of (11.16) is a neighborhood 
Of z 0 n ip Po (!C+ n s^(0)) n^n if v (/c+ n s^o)). □ 

We consider Up = U v | f/ +, U po = U\ u + . Put 

S P^ = S pl[/+> S Po =S Polf7+ o 

and denote by ifp and ift 0 the restrictions of the parametrization i/j p and ip Po to 
(s^) _1 (0) and (Sp" o ) _1 (0), respectively. 

Next we note the following lemmata. 

Lemma 11.13. There exists an open neighborhood If® of o p in U p for each p with 
the following properties. 

(1) Ifp G ip q p {s~p{0) n U 2 qP ), then 

Up c u q v p n ip~p p (u q p). (11.17) 

(2) Ifp G Im (ip q p) and q G i/ j p (U° fl s“ x (0)), then q G Im(^p). 

Proof. We remark that, for each p, there exists only a finite number of satisfying 
the assumptions of (1) or (2). The lemma immediately follows from this remark. □ 

Lemma 11.14. For each p, q with q G ip P (U p fl s“ 1 (0)) there exists an open neigh¬ 
borhood U pq of o q in U pq fl U q with the following properties. 

(1) TrM) C U$. 

(2) Ifp G Im(V> 9 t>) then <fi pq {U° q ) C U q P p . 

Proof. Since ip pq (o q ) G U p for q G ip P (U p fl s“ 1 (0)), (1) holds for a sufficiently 
small neighborhood U pq of o q . Lemma 11.13(2) implies (2) for a sufficiently small 
neighborhood U pq of o q . □ 

The pair U p \jj°, ^pq\u° q define an open substructure of U by Lemma 11.14 (1). 
Now we will prove the commutativity of Diagram (11.13). We take Z+ so that 
it is contained in the left hand side of Lemma 11.12 (1). Suppose p G Im(V’p') HZ+, 
q G Im(^ 0 ) fl Z+, q G if p (U° n s" 1 ^)). Let 

V £ U pq fl Tp 0 q(Upp 0 ). 

There exists i such that p G V’ g p(s” P 1 (0) fl U qP ) by Lemma 11.12 (2). Then q G 
^(#(0) n U qf) by Lemma 11.13 (2). 

Now we have 

(¥>pp 0 ° P° Poq )(y) = Vwo&loq* (VaT«(»))) 

= T 1 p qP(V>qPq(y)) 

= V 1 pq p(<P q *p(<Ppq{y))) 

= vlp&pqiy))- 
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Here the equality in the first line follows from (11.17) (with p replaced by q) and the 
fact that 4>° is a KG-embedding. The equality of the second line is the definition 
of <^pp 0 , that is, (11.10). The equality of the third line is the consequence of the 
compatibility of coordinate change of Kuranishi structure and Lemma 11.14 (2). 
The equality of the fourth line is the consequence of the fact that d* 1 is a strict 
KG-embedding. 

We have proved the commutativity of Diagram (11.13) for the maps between 
base orbifolds. The proof of the commutativity of the maps between bundles is the 
same. The proof of Proposition 11.3 is now complete. □ 

We use Proposition 11.3 to prove Theorem 3.30 as follows. 

We will construct a good coordinate system of a closed subset <S 0 (X, Z\U) of Z 
by a downward induction on t>. 

Let 7/ 0+ i = (f)l, {Up}, {t&pq}) be a good coordinate system of a compact neigh¬ 
borhood of £> 0+ i(X, Z;U). We will construct one of <S 0 (X, Z;U). 

We put 

<P(0) = {p G <P | dim U p >0}. 

We take a support system K, v of 7/ 0+ i and put 

B = S 0 (X, Z;U) \ (J 4(s- 1 (0)nlnt/Cp). 

pe«p(o) 

Then B is a compact subset of <S 0 (X, Z;U) \ (Jo'>d ^'(X, Z\U). We take a finite 
number of points p \,..., pn £ B such that 

N 

U Axtep/W ) 3 B - 

i— 1 

We take compact subsets K Pi C U Pi such that 

N 

U i(^(0)n4)3B. 

2=1 

We put Zi = iMs-^O)) and 

Z{ 0)= U V' P (sp" 1 ( 0 )n/c p )nz. 

pe«p(o) 

Now using Proposition 11.3 we can construct a good coordinate system on a 
compact neighborhood of 

n 

Z( 0) u U z ?; 

i=1 

by an induction over n. We thus obtain a good coordinate system on Sp(X, Z;U). 

Now the downward induction over 0 is complete and we obtain a good coordinate 
system on <So(X, Z;U) = Z. The proof of Theorem 3.30 is complete. □ 

Remark 11.15. (1) The heart of the proof of Theorem 3.30 is Lemma 11.8. 

There (and in several other places) we crucially use the fact that equality 
between embeddings of orbifolds is a local property. (It implies that the 
equality between embeddings of Kuranishi charts is also a local property). 
Thanks to this fact, we can check various equalities by looking finer and finer 


KURANISHI STRUCTURE AND VIRTUAL FUNDAMENTAL CHAIN 


129 


charts. For this main idea of the proof to work, we assumed our orbifold 
to be effective and the maps between them to be embeddings. Without 
this restriction the argument will become more cumbersome and lengthy. 
(We however believe that one can prove somewhat similar results without 
assuming effectivity of orbifold. Joyce may have done it in [Jo2].) 

(2) The proof of Theorem 3.30 in [F00013] is basically the same as one we 
gave above. However the argument of the proof of Lemma 11.8 appeared 
twice in [F00013] once during the proof of [F00013, Lemma 7.5] and 
once during the proof of [F00013, Lemma 7.24], We reorganize the proof 
so that we need to use it only once. Also the argument used to prove the 
main theorem of [F00018] appeared twice in [F00013]. Besides these 
simplifications, we defined the notion of embedding of Kuranishi charts 
and use it systematically in this document. For example the statement 
of [F00013, Lemma 7.24] is nothing but the existence of an appropriate 
embedding of Kuranishi charts. 

These changes make the presentation of the proof simpler and make the 
proof shorter, in this document, although its mathematical contents are the 
same as those in [F00013]. 

We also prove compatibility of the good coordinate system to the Ku¬ 
ranishi structure (that is the existence of the embedding of the latter to the 
former) explicitly. (Namely we proved Proposition 11.3 (5), explicitly.) In 
[F00013], the proof of this part was said similar and was omitted. The 
proof we gave in this article is indeed similar to the other part of the proof. 
We repeated the argument here for completeness’ sake. 

In Subsections 11.2-11.4, we will prove several variants of Theorem 3.30. 

11.2. Construction of good coordinate systems: the relative case 1. This 
section will be occupied by the proofs of Propositions 5.21 and 5.22. 

Proof of Propositions 5.21 and 5.22. We will prove Proposition 5.22 in this subsec¬ 
tion in detail. Proposition 5.21 then follows by putting ld + = Id^ = ■ 

We will use the next proposition in addition to Proposition 11.3 in our inductive 
construction of good coordinate system. 

Proposition 11.16. Under Situation 11.1, we assume in addition that for each a = 
1, 2 there exists a Kuranishi structure Ida of Z C X with the following properties. 

(a) There exists a strict KK-embedding : Id —> Ida . 

(b) There exists a GK-embedding $3 : Id -A Ida \ z + such that the composition 
^ol) 1 '-ld\ z + Id -4 Ida \ z + is an open restriction of &a\z + ■ 

(c) There exists a GK-embedding : ldp 0 —>lda\ z + such that the composition 

:U\ Z + aW Po aM+ \ z + is an open restriction of^\ z +. 

Then there exists ld + such as in the conclusion of Proposition 11.3 that the following 
holds in addition. 

(1) There exists a GK-embedding : U + —> Ida . 


130 


KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, KAORU ONO 


(2) The composition 4>j) o 4>+ : U\ z + —>• U + —> Ua is an open restriction of 

n\z+- _ + _ 

(3) The restriction o/4?5| Zi to a strictly open substructure ofU + \z 1 coincides 

with $a\zi- ^ 

(4) The restriction of ^\z 0 to a strictly open substructure ofU + \z 0 coincides 
with $41 Zo . 

Proof. Let U + be the good coordinate system constructed in the proof of Proposi¬ 
tion 11.3. During the proof of Proposition 11.3 we took a support system K, of U 
and a compact subset /C Po of U Po . We put 1C + = /CU{/C Po } = {IC p | p £ fp + }. Then 
1C + is a support system of U + . We denote by U^. p (q^) and J7* ;p (<?£) the domains 
of T^ a . q v p and p , which are part of data carried by 4>j* and 4B. During this 
proof we choose so that the following properties are also satisfied: 

^(^9?) C ^po q*S U ll> C U a\p 0 (9i) for a = 1,2. (11.18) 

Here U^. p (q^) and U^. po (q^) are domains of T> 3 a . q v p and <£>*,, , which are parts of 

4>3 and 4B. Note that we required Property 11.5 to define Ug. We can certainly 
require 

<Ppq( U t) cU l p (q), T° Poq (U') C U*. pQ (q) for a = 1,2 

in addition, by replacing U by its open substructure if necessary. Then (11.18) is 
satisfied. 

We will further shrink Up to U p ' so that it satisfies the conclusion of Proposition 
11.16. (Here U p is a Kuranishi neighborhood which is a part of U + .) 

Let p £ i/j p (U p fl (s^) _1 (0)). We will construct a neighborhood U p (p) C U p of 
p and an embedding of Kuranishi charts 4>®. pp : U p |c/ 5 (p) =► ^a,v f° r a = 1, 2. Here 

Kr is the Kuranishi neighborhood which Ua assigns to p £ Z. 

(Case 1) p £ Cp. 

By assumption (b) there exists a neighborhood H^. p (p) C U p of o p (p) and an 
embedding 4>3. pp : U p \jj3^ p) -£ U+ p . We take 

U 5 p '(p) =u+nf] Ua- P {p) 

a— 1 

and $ a;pp : m u$'(p) ->■ u a,p to be the restriction of 4>3. pp . 

(Case 2) p = po. 

By assumption (c) there exists a neighborhood Uf. po (p) C U Po of o Po (p) and an 
embedding <^. pPo : U Po \uf Po ( P ) We take 

u 5 p 'M = U+ C f] K P 0 (p) 

a— 1 

and 4>5( ppo : U Po \ v ^ {p) -)• U+ p to be the restriction of $2 ;ppo . 

Most of the properties required for ({4>(j' j;p }, {{7 p '(p)}) to be a GK-embedding is 
a direct consequence of Assumptions (a), (b), (c). The nontrivial part to check is the 
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commutativity of Diagram (5.13) in the following case: Here we will further shrink 
Up, U+, U*'(p), Up' 0 (q) to Up-, U+-, U%(p), Up Q {q), respectively, by Lemmas 
11.17 and 11.18 below. After these shrinking, we will prove the commutativity of 
Diagram (11.19), where 

P 6 ^p + ((s+) _1 (0) n U+-), q e <((4) _1 (°) n <-) n ^(«) _1 (0) n u b v {p)). 


W Pol(u+ 0 n( v + 0 )-H^(p)))n(u p 5 0 ( g )n(^ P0 )-MU+ p ,)) 



u v\ U$(p) 


U a- q \u+ vq 


-> 


I $+ 

| a;pq 

Kp 


(11.19) 


Here $+ is the coordinate change of the Kuranishi structure Ut whose domain 
is £7+ , and <f>pp 0 is the coordinate change of the good coordinate system U + 
whose domain is Up Po . Thus Diagram (11.19) is nothing but Diagram (5.13) in the 
current context. During the proof below, we use the notations used in the proof of 
Proposition 11.3. 

Now we begin with describing the shrinkings. For each i, let U 2 p be a relatively 
compact open neighborhood of g? in U 2 P such that 

^i 


N(p) 




d i/jp 0 (JCp 0 n (s+J-^o)) nSp(x,z-,u) n#(/Cp n ( s +)- 1 (o)). 


( 11 . 20 ) 


Such a choice is possible because of (11.5). (Recall U 2 P is defined so that (11.5) 
holds.) 


Lemma 11.17. We can take relatively compact opens subsets Up C Up and 
Up~ C Up 0 with the following properties. 

(1) z, cUpWn^)" 1 ^)). 

( 2 ) z 0 c tfp 0 (u^- n (s^ 0 )- 1 (o)). 

(3) We put Ufp 0 = Upp 0 fl Uf 0 n (Vppo) - ^^ ). Then 


TJ+~ 

^PPo 


C 


JV(P) 

U V 


P (U %). 

Po<?“ v q\ ' 


Proof. We note that the good coordinate system W+ defines a Hausdorff space |W+ \ 
and f/ p + , [/ p +, Z 0 , Zx can be identified as subspaces of \U + \. Therefore the existence 
of such Up - C Up and Up~ C U^ 0 is an easy consequence of (11.20). □ 


By Lemma 11.17 (1)(2), we can apply Lemma 3.26 to U+ and Up , Up 0 and 
obtain a good coordinate system whose Kuranishi neighborhoods are Up , U£~. 

We denote this good coordinate system by U + ~. It still satisfies the conclusion of 
Proposition 11.3. 
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Lemma 11.18. We can take relatively compact neighborhoods Up(p) C Up'(j>) and 
Up o (q) C Up’ o {q) of Op(p) and o Po (g) in U p and U Po , respectively, so that if 

pe^ + ((s+)-‘( 0)nJ7+") 

q € tf 0 (u+- n (a+)- 1 (0)) rup+(u%( P ) n (s+)- x ( o)) 

then there exists i £ {1,..., IV(p)} such that: 

( 1 ) (<pl qP )-\U$(p))cU 2 q l. 

( 2 ) U Po 

(3) t/» C (^ ;pp )- 1 (C/+ 9 P p )nt/ a 3 ;p (gf). 

(4) J7 p 5 0 (g) C E/ a 4 ;Po (gf). 

(5) < gPo (tf P 5 0 (?)) c u+ q , q n (17+ Pg n (4)- 1 (^ )) . 


Proof. We first observe that Lemma 11.17 (3) and Definition 3.5 (3) imply 


Close (^((s+) _1 ( 0) n u+-)mp+(u+- n (s+)- 1 (o))) 

N( p) 

<= U <Ko,r(^f) n «o) -1 (°))- 

i=l 

Here Close denotes the closure. Since 


( 11 . 21 ) 


^Po ° <P° Poq p = Vty = ° 

on U 2 l ns _ p 1 (0), (11.21) implies 

^i Qi 

Close (v>+((s+)- 1 (o)n[/+-)n if+(u+- n( s +)- 1 (o))) 

JV(p) 

c U <(^ r (^) n «)- 1 ( 0 ))- 

i=l 


Moreover 


( 11 . 22 ) 


<(<C r (^) n «o) _1 ( 0 )) = (£$) n «)- 1 ( 0 )). ( 11 . 23 ) 

By ( 11 . 22 ) we can find compact subsets C q v of U q p such that 

^(«) _ 1 (o) n u+-)nfj+(u+- n (s+)" 1 (o)) 

N(P) (11.24) 

c U V' P + (< r (c g p)n( s +)- 1 (o)). 

i =1 


Sublemma 11.19. We may choose t/ p (p) to be a sufficiently small neighborhood 
of °p(p) so that the following holds. 

Let p £ , i/> p ~((s(j') _1 (0) n Up ). Then there exists i £ {1,... ,7V(p)} such that 
Lemma 11.18 (1) and (3) hold and 

«) _1 n (a+r^o))ni/>+([/ p 5 (p)n (a+rHo))) c ip° Pog p(U%). (11.25) 

Proof. Let p £ ijjp{{sp ) _1 (0) PI Up ). We may choose Up(jp) sufficiently small so 
that the following holds. 
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(*) If 

V^ P 5 C v) n «) _ 1 (o)) n'i/j+(< P 1 pq p(C q p)n (s+)-\ o)) ^ 0, 

then 

v e tl>p{<pl q p{Uql)r\ (s+)- 1 (0)). 

In fact we can prove the contraposition of (*) by using the compactness of C q t . 

Let q G ^ o (I7p+ _ n(s^)“ 1 (O))n'0^(C7p 5 (p)n(s^)“ 1 (O)). By (11.24), there exists 
i G {l,...,iV(p)} such that q G V’p ~{v\ q * ( C q\) n ( s ^) _1 ( 0 ))- For an y such *> (*) 
implies p G V’p t> {U q p) fl (sp ) _1 (0)). We can further shrink U p (j>), if necessary, 
so that Lemma 11.18 (1) is satisfied. 

Therefore (11.18) and U q p C U qV imply o p (p) G C/^.p(g?). We remark that p G 
V’p"(<^p g P (C^p n ( s p") _1 (0)) implies o p (p) G ?7® ;p p. Moreover 

^a; P p(op(p)) = o p (p) G C/+^ p . 

(In fact U+ q v. p is nonempty since p G ip q p (s” p 1 (0) fl U q p) follows from Lemma 11.18 
(1).) Hence o p (p) G (^a; P p)~ 1 (^p) n U l,p($)■ Therefore we can shrink f7 p 5 (p) so 

that Lemma 11.18 (3) is satisfied. 

To prove (11.25) it suffices to show 

Vp(t/p 5 (p) n (Sp+rpo)) c Og 0 ,p (t/J)). (11.26) 

The right hand side is ^(y’J t> (U q p) (~l (S|J") _1 (0)) by (11.23). Therefore (11.26) 
follows from Lemma 11.18(1). □ 

By (11.25) we find that o Po (q) G ip® * {U q p). Since f poq p an open mapping, we 
can choose U po (q) so that Lemma 11.18 (2) holds. 

We will next shrink U po (q) so that Lemma 11.18 (4)(5) are satisfied. Lemma 
11.18 (2) implies o Po (q) G tp° poq p {U 2 q l) C <P° Poq p{U q p). Therefore by (11.18) o Po (q) G 

U^. po (q^). Hence we can find a neighborhood U po (q) of o Po (q) such that Lemma 
11.18 (4) is satisfied. 

Note Lemma 11.18 (1)(2) implies 

q G %p (i U ql n S J(o)), p G %P (U q p n s~ P 1 (o)). (11.27) 

In fact, the hrst half is a consequence of Lemma 11.18 (2) and q G ipp 0 {U po (q) H 
(sp) _1 (0)). The second half follows from Lemma 11.18 (1) as we mentioned already. 

Using the existence of a strict KK-embedding : U —»• lit the second formula 
of (11.27) implies p G tp a;q p (U q P fls'^O)). Therefore the coordinate change <f q p 
is defined by Definition 3.8. 

The hrst formula of (11.27) and the existence of a strict KK-embedding : 
U —¥ Ua imply 

9e^ o; ,y(^ n«-Jy(0)). 

Since Lemma 11.18 (1) implies q G tjj p ((s£ ) _1 (0) fl U p (jp)) C '0 Q ; P (s“ 1 (0) fl C/+ p ), 
the coordinate change <p+. pg is dehned. 
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We may choose U p (jp) such that ^- pP {U p (p)) C U + P and so 

o q e u+ n n (U+ n (<p+ a )~ 1 (U+ )). 


Therefore we can find a neighborhood U po (q) of o Po (g) so that Lemma 11.18 (5) is 
satisfied. The proof of Lemma 11.18 is now complete. □ 


Now we are ready to prove the commutativity of Diagram (11.19). Our assump¬ 
tion is p g n (s P ) -1 (o)) and q g n (■ s ^ o ) _1 ( 0 )) n i>p( U p(p) n 

(s+)- 1 (0)). We choose i as in Lemma 11.18. Let 

y € (u + 0 n (^ P0 )- I (c/ P 5 (p))) n ( u 5 Po ( q ) n (^ qPo r\u+ pq )). 

Then, since y G U po (q), Lemma 11.18 (2) implies y = <P poq p (y) with y G U^p. 

Now we calculate 

(^ai,fp ° ° vl, qVo ){y) = ^ ; ^ g «gp 0 (2/)) 

= < 9 r P o^) 

— ^a;<Z P Po ^Po9 t P 

The first equality is the compatibility condition of the coordinate change of 
(Here we use Lemma 11.18 (5) to apply the compatibility condition.) The second 
equality is the consequence of the fact that <p* ;gPo is a part of the object consisting 
GK-embedding. (We use Lemma 11.18 (4)(5) to apply the compatibility condition.) 
The third line is the definition of y. The fourth equality follows from (11.18) and 
Assumption (c). 

On the other hand, we have 

° < PV ° PpPoXv) = <Pa-, q P p ( l P%pp( l Ptpo(y))) 

= < 9 fp(^Po(y)) 

= ¥, «;?fp^Wo(^o 

The first equality is obvious. The second equality follows from the fact that d> 3 is a 
GK-embedding and Lemma 11.18 (3). (Note <fipp 0 (y) £ U p (p) C U p (p).) The third 
equality is the definition of y. The fourth equality is the definition of </3 ppo , that is 
(11.9). The fifth equality follows from (11.18) and Assumption (b). 

Therefore we obtain 

(V’Jafp 0 vt,pq 0 ^a;gp 0 )(y) = fajtfp ° ^a; P P ° ¥>pp 0 )(!/)- 
Since ip + f is injective, we have proved the commutativity of the Diagram (11.19). 

a \Qi p 

The proof of Proposition 11.16 is complete. □ 


The rest of the proof of Proposition 5.22 is mostly the same as the proof of 
Theorem 3.30, using Proposition 11.16 in addition to Proposition 11.3. We use the 
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same notation as in the last part of the proof of Theorem 3.30. We construct a 
good coordinate system of a compact neighborhood of 

n 

zu\JZi 

i— 1 

together with its GK-embedding to Ua by induction. Suppose we have a good 
coordinate system of a compact neighborhood of Z U U ”^ 1 Z. L together with its 

embedding to Ua. To apply Propositions 11.3, 11.16, we need to find a good 

coordinate system on Z n together with the GK-embedding to Ua. We use the 
following lemma for this purpose. 

Lemma 11.20. LetU be a Kuranishi structure andUt its thickenings for a = 1,2. 
Then for eachp £ S P (X, Z; U) there exists a good coordinate system U Po of {p} C X 
with the following properties. 

(1) U Po consists of a single Kuranishi chart U Po such that dim U Po = 0 and U Po 
is a restriction to an open set of a Kuranishi chart of a point p ofU. 

(2) For each a = 1,2, there exists a GK-embedding U Po —> Ut\z a , where Zq is 
a compact neighborhood of p in Z. 

Proof. Let U p (resp. Uff p ) be the Kuranishi chart of p induced by the Kuranishi 

structure U (resp. Ua). Let O a - p be the neighborhood of p in X as in Definition 

5.3. (Here we use thickness of Ua ■) We put O p = Oi- p D O 2 - P - We take an open 
neighborhood U Po of o p in U P such that 

Tpp{U Po nSp^O)) C O p , (11.28) 

and set U Po = U p \u Po - It is obvious that U Po satisfies (1). Let us prove (2). The 
subset Zq is any compact neighborhood of p contained in O p . 

Let q G ip(U Po D ^(0)) PI Z 0 . We take W a - V {q) C U p as in Definition 5.3 and 
put U(q) = W\- P {q) n W 2 - P (q). Then by Definition 5.3 (2) (a) we have 

Va-piU(q)) C p+ pq {U+ p q). 

Since tp+. pq is injective, we have a set theoretical map p a -,qp 0 ■ U(q) —» U a t such 
that <Pa;pq ° Ta-qpo = Ta;p- Since <pt-, P q an d Ta-p are embeddings between orbifolds, 
the map ( p a -,qp 0 is an embedding of orbifolds. We can use Definition 5.3 (2) (b) in 
the same way to obtain an embedding of vector bundles ip a -qp 0 '■ Epo Ea- q such 
that it covers q> a -,qp 0 an d satisfies pt-pq ° Ta-qp 0 = Ta; P - We thus obtain ‘ha^po = 
(U(q), (pa-qpo) for each q G 4>{U Po fl •s^ 0 1 (0)). It is easy to see that ^a^po defines 
an embedding of a good coordinate system to a Kuranishi structure. The proof of 
Lemma 11.20 is complete. □ 

Remark 11.21. The proof of this lemma is the place where we use the assumption 
that Ua is a thickening of U. 

Since U Po is an open subchart of a Kuranishi chart of U there exists a KG- 

embedding U U Po . Moreover the composition U —» U Po —» Ua coincides with the 
given KK-embedding on a neighborhood of p. In other words Assumption (c) of 
Proposition 11.16 is satisfied. Therefore we apply Proposition 11.16 inductively to 
complete the proof of Proposition 5.22. □ 
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11.3. KG-embeddings and compatible perturbations. The present section 
will be occupied by the proofs of Propositions 6.49, 6.50 and Lemmata 9.10, 9.11, 


9.29. 


Proof of Proposition 6.f9 and Lemma 9.10. We use the same induction scheme as 
in the proof of Theorem 3.30. 


Lemma 11.22. We consider the situation of Proposition 11.3 and Situation 11.1. 


(1) Suppose there exists a system of multivalued perturbations s = {Sp} of 14, 
spg = {Sp 0 } ofl4 Po , and's = {s”} ofU. We assume that they are compatible 
with the KG-embeddings <1> 0 : I4\ z + -> l4 Po and $ 1 : I4\ z + —>14. 

Then there exists a system of multivalued perturbations s+ = {Sp + } of 
14 + with the following properties. 

(a) s+, s are compatible with the strict KG-embedding <h+ : 14q\ z + —>■ IA + , 


where 14 q is an open substructure ofU. 

(b) If p € ‘P, then Sp + is the restriction of s p to U p . 

(c) In case of po, Sp^ is the restriction of s po to l4 Po . 

(d) If s, s are transversal to 0, then so is s+. 

(2) Suppose there exists a CF-perturbation © = {©£} ofU, ©p 0 = {©} o } of 
U Pa , and © = {Sp} of U. We assume that they are compatible with the 
KG-embeddings <1> 0 : I4\ z + —> U Po and <b 1 : U\ z + —> 14. 

Then there exists a CF-perturbation S+ = {Sp + } oflA + with the follow¬ 
ing properties. 

(a) S, S+ are compatible with the strict KG-embedding <f>+ : 14q —» 14 + , 
where 14 q is an open substructure of 14. 

(b) If p € ‘P, then ©} + is the restriction of &p to I4 p . 

(c) In case of po, ©p^ is the restriction of © e tol4 Po . 

(d) If 6, © are transversal to 0, then so is ©+. 

(3) Suppose there exists a differential form (resp. strongly continuous map to 
a manifold M) h = {h p } (resp. f = {f v }) on 14, h Po (resp. f Po ) on l4 Po , 
and h = {h p } (resp. f = {f p }) of 14. We assume ( < h 0 )*(/ip o ) = h\ z + (resp. 

fp o o $° = f\ z +) and ($ 1 )*(h) = h\ z + (resp. f o = f\ z +). 

Then there exists a differential form (resp. strongly continuous map to 
M) h + = {/ip}} (resp.f + = {f^} ) of 14+ with the following properties. 

(a) (<b+)*(h+) = h\^~ (resp. /+ o $+ = f\^~) holds. Here 14 q is an open 


substructure of 14 and $+ : 14q ~^14 + is a strict KG-embedding. 

(b) If p S}3, then h ;} (resp. f p ) is a restriction of h p (resp.fp ) tol4 p . 

(c) In case of p o, h Po (resp. fp~ 0 ) is a restriction of h Po (resp. f Po ) tol4 Po . 

(4) Suppose we are in the situation of (1). Let f, f be as in (3). 

(a) If f, f are strongly submersive with respect to s and s', respectively, 
then /+ is strongly submersive with respect to s+. 
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(b) Let g : TV —>■ M be a smooth map such that f, f are strongly transver¬ 
sal to g with respect to s and s, respectively. Then /+ is strongly 
transversal to g with respect to s+. 

(5) Suppose we are in the situation of (2). Let f, f be as in (3). 

(a) If f, f are strongly submersive with respect to & and &, respectively, 
then /+ is strongly submersive with respect to 6+. 

(b) Let g : N —>• M be a smooth map such that f, f are strongly transver¬ 
sal to g with respect to © and ©, respectively. Then /+ is strongly 
transversal to g with respect to ©+. 

Proof. We will prove (1),(4). The proofs of (2),(3) and (5) are entirely similar. 

We note that (1) (b) and (c) uniquely determine {Sp + }. Its compatibility with 
the coordinate change <E>^ q for p,q £ follows from the assumption, that is, the 
compatibility of {Sp} with <bp q . Therefore to complete the proof, it suffices to check 
the following three points. 

(I) Sp + , SpJ 1 " are compatible with <Ppp 0 . 

(II) Statement (l)(a) holds. 

(Ill) Statements (l)(d) and (4) hold. 


Proof of (I). Let y £ Up Po . Since U pVo C U* po , (11.8) implies that there exist g? 
and y £ U^ P such that <Pp p(y) = V- We can take a representative (Sp 0j fc)fe=i,.../ 
of Sp 0 (resp. (s” ? ,)k=i,...,e of s” ? ) on a neighborhood U y of y (resp. U y of y) such 
that 

•potKlW) = V° Poq! (s n q P k (2)) (11.29) 

holds for any z £ U y . This is a consequence of the compatibility of {Sp o } and {Sp} 
with 4>°. 

We put y = Ppp 0 {y) £ Up . Then we have y = ip* p (y). (This is the definition of 
</?pp 0 .) We can take a representative (s p k )k=i,...,e of Sp such that 


,fc(^L?(5)) = ^ 0 ? (««?,*(*)) = (Wpo °T° 0 


(11.30) 


holds for any z £ U y . Here the first equality is a consequence of the compatibility 

of {Sp} and {s”} with (p 1 and the second equality is the definition of </3jj~ Po . 

We also have 

T 1 p q p{z)=<pt Vo (‘P° Poq p(z)) (11.31) 

by definition of <p PPo , which is (11.9). Then (11.29), (11.30), (11.31) imply 

Sp,fc(Vpp 0 (z)) = ^Po( s Po,fc( z )) 

for all z £ Tp oq p {U q v)- Since Tp oq p {U^p ) is a neighborhood of y, this implies (I). □ 


Proof of (II). Suppose p £ Im(^p") n Z(~, p £ fp. We need to prove ($ f j p )*(Sp + ) = 
s™, where <Pj}p : Uq^ p —¥ U p . This is a consequence of the fact that {Sp}, {s”} are 
compatible with the embedding ip 1 : U\ z + —>• U. We can prove the case of p = po 
in the same way. □ 
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Proof of (III). This is an immediate consequence of the fact that transversality to 0, 
strong submersivity, and transversality to a map, is preserved under the restriction 
to open subsets. □ 

The proof of Lemma 11.22 is complete. □ 

Using Lemma 11.22, we can prove Proposition 6.49 and Lemma 9.10, by inspect¬ 
ing the proof of Theorem 3.30. □ 

Proof of Proposition 6.50 and Lemmata 9.11, 9.29. We use the next lemma for the 
proof. 

Lemma 11.23. Suppose we are in the situation of Proposition 11.16. 

(1) We suppose that the assumptions of Lemma 11.22 (1) are satisfied, in ad¬ 
dition. Moreover we assume that there exists a multivalued perturbation 

= {s"+} ofUa such that: 

(i) Sj, s are compatible with the KK-embedding 4>2 : (j u([\ z +. 

(ii) Sa , s are compatible with the GK-embedding : U —> lift\ z + ■ 

(iii) Sq , are compatible with the GK-embedding ; U Po —> Uf. 

Then we can take the multivalued perturbation s+ = {Sp + } of U + as in 
Lemma 11.22 (1) such that sf, s+ are compatible with the GK-embedding 
$| :U+ ^U+. 

(2) A statement similar to (1) for the CF-perturbations holds. 

(3) A statements similar to (1) for the differential forms and for strongly con¬ 
tinuous maps hold. 

We omit the precise statement for (2) (3) above. We believe that it is not difficult 
to find it for the reader. 

Proof. We prove (1). The proofs of (2) (3) are entirely similar. Letp S ^p"((s^) _1 (0))n 
Z. It suffices to show that sj, s+ are compatible with the embedding 4>®. pp : 
Up\u+(p) u + v ■ I n case P 6 'P this is a consequence of Lemma 11.22 (l)(b) and 
(ii). In case p = po this is a consequence of Lemma 11.22 (l)(c) and (iii). □ 

Using Lemma 11.23, we can prove Proposition 6.50 and Lemma 9.11 by inspect¬ 
ing the proof of Proposition 5.22. 

Lemma 9.29 is immediate from construction. □ 

11.4. Extension of good coordinate systems: the relative case 2. The 

present section will be occupied by the proofs of Proposition 7.52 and Lemma 
7.53. 

Proof of Proposition 7.52. In the statement of Proposition 7.52 we used the sym¬ 
bols Z \, for compact subsets of X. In the proof below we use the symbols 
2 ) for the compact subsets Z\,Z 2 in Proposition 7.52 to distinguish them 
from Zq, Z\ that appear in Proposition 11.3. 

To prove Proposition 7.52 we use the same induction scheme as the proof of 
Theorem 3.30. We will modify the statement of Proposition 11.3 to Lemma 11.25 
below. We begin with modifying Situation 11.1. 
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In Proposition 7.52 we considered IA 1 . We write U W hereafter in this subsection 
in place of U 1 . (We also write li ( 2 ) hereafter in this subsection in place of U 2 .) Let 
UU) = (<p(Z(p)), {U^}, {d’p/q/})- (We denote elements of tp(Z(p)) by p', q', that 
is, by small German characters with prime.) 

Let (/C^, be a support pair of UU). We put 

^ = tf ) ((4' ) )' 1 (°) n/c ? ) )- 

Let ii(Zp') be a relatively compact open neighborhood of Z p ' in i/’p'4( s p'' 1 ) 1 (0) G 
Int/C|,V + ). In Proposition 7.52 a Kuranishi structure U 2 is given as a part of the 
assumption. During the proof, we will write IA in place of U 2 . 

Situation 11.24. Let 0 G Z>o, and let Zq be a compact subset of 

So(X,Z (2) -U)\ U S v (X,Z (2) :U)\ U > 

d'>d P'eqj(^ (1) ) 

and Zp a compact subset of 

<S 0 (X,Z (2) ;Z?)U (J U(Z P ,). 

P'eq3 (z (1) ) 

We assume that Zp contains an open neighborhood of Z(p) U (Jd'>b S D ' (X, Z^y.U) 
in S 0 (X, Z( 2 ); U). We put 

z+ = z 0 U Zp. 

Let U = (tp, {Up}, {4> pq }) be a good coordinate system on a compact neighbor¬ 
hood Zp" of Zp. We assume that tp is written as 

<P = <P(Z (1) )U<Po 

(disjoint union) and the inclusions <P(Z(p)) -A ip, <p 0 ~t preserve the partial 
order. Moreover we assume that, for p' G tp(Z(p)), the Kuranishi chart Up/ of U is 
an open subchart of the Kuranishi chart of LlU) and 

Up' n z ( p) = n z (1) . 28 

Furthermore we assume dim Up > 5 for p G fPo- 

Let 4* 1 = {dijp | p G Im(t/> p ) fl Zj 1 "} : U\ z + Al/bea strict KG-embedding such 
that, for p' G <P(Z(p)), the embedding is an open restriction of one that is a part 
of the given KG-embedding U\z {1) —> UU). Let Z g be a compact neighborhood 
of Zq in <Sb(X, Z( 2 )',IA) and Up 0 = (t/ Po , E Vo ,s Po , i/j P o ) a Kuranishi neighborhood 

of Zg such that dimt/ Po = D. We regard lA Po as a good coordinate system U Po 
that consists of a single Kuranishi chart and suppose that we are given a strict 
KG-embedding <5° = {$p o | p G Im(^) fl Z 0 } -IA\ Z + -A Up 0 . 

We put <P+ = <P U {po}, so *P+ D *P(Z ( p)). ■ 


28 Compare Definition 7.50 (l)(b). 
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Lemma 11.25. In Situation 11.24 there exists a good coordinate systemU+ of Z+ 
satisfying conclusions (l)-(5) of Proposition 11.3. Here Zt is a compact neighbor¬ 
hood of Z + in X. 

Moreover the following holds. 

(6) If p' G C *P + , then the Kuranishi chart Up, of U+ is an open 

subchart of the Kuranishi chart ofllU) and 

Up, n2 (1) = C/p, 1} nZ(iy 

Proof. We put 

= qp \ {p' € y(Z {1) ) | dim C/p/ < £)}. 

Then W> D = (<p> 0 , {U p \ p G fp> 0 }, {'bpcj | p, q G *P>E,,p > q}) is a good coordinate 
system of any compact subset of Z( 2 ) (~l Up'eq3> a I m (Vv)- 

We take ii'(Z p i) which is an open neighborhood of Z p t and is relatively compact 
in il(Zp'). We put 

Z[=Z,\ U il'(Z p ,). 

p'e t P(2(i)),dimI7 p /<0 

We observe that we are then in Situation 11.1, where U> p (resp. Z[) plays the 
role of U (resp. Z\) in Situation 11.1. We apply Proposition 11.3 to our situation 
and obtain U+’. Note that the union of the sets of Kuranishi charts of U+’ and 
{U^ | p' G *P(Z(!)),diml7p' < 5} has most of the properties we need to prove. 
The only point to take care of is that, for p' G ^(Z^) with dimC/p- < 0, neither 
the coordinate change $+ nor <J>T„ is defined. 

0 Pop p Po 

Let ip +/ be the partial ordered set appearing in 11+'. Then p 0 G fp +/ and 
Up 0 ’ is a Kuranishi chart that is an open subchart of U Po . To take care of the 
point mentioned above we shrink U p ^ to U Po so that these two coordinates will not 
intersect, as follows. 

Sublemma 11.26. There exists an open subset U Po of Upsuch that the following 
holds. 

(1) If p' G ^(Z^), dim Up' < c) then 

^p + o(sp- 1 (o)n[/p + o )nii'(^) = 0- 

(2) i/’po (sp- 1 (0) n u+J) n 5 0 (x, z (1) ; u) = f> Po (s- 1 (0) n u +) n s 0 (x, z (1) ; u). 

Proof. By definition, we have Z p > (~l5 0 (X, Z(iy. U) = 0 for p' G Vp(Z^), dim U p > < 5. 
Therefore we may choose ii(Z p i) so that 

il(Zp,)nS*{X,Z iiy ,fi)=<t) 

for suchp'. In fact, <S 0 (X, Z^yli) is aclosedset. Since il'(Zp') is relatively compact 
in it(Zp'), we have 

il'(Z P OnS o (X,Z (1) ;Z?) = 0. 

Sublemma 11.26 is an immediate consequence of this fact. □ 
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We now put Up 0 = Up^\ v + ■ For p' £ with dim Up' < 0, we take an open 

subset Up, C such that 

Then we put Up, = Up,'\ u +. For p £ *P + ' \ {p 0 } we put Up = Up'. We define 

F V p/ 

a partial order < on *p + = < Jf + ' U i$( 2 (p)) such that < coincides with the partial 
orders on < J1 + ' and on *#(2^). Moreover we define < so that for p' £ *P + ' with 
dim Up' < 0, neither p' < po nor p' > po- 

We can define coordinate change among them by restricting of the coordinate 
change of either U + ' or of U. Sublemma 11.26 (1) implies that these two cases 
exhaust the cases we need to define coordinate change. The proof of Lemma 11.25 
is complete. □ 

Using Lemma 11.25 we discuss in the same way as the last step of the proof of 
Theorem 3.30 to complete the proof of Proposition 7.52. □ 

Proof of Lemma 7.53. Using Lemma 11.25, we can prove it in the same way as in 
Subsection 11.3. □ 


12. Construction of CF-perturbations 

In this section, we give a thorough detail of the proof of existence of CF- 
perturbations with respect to which a given weakly submersive map becomes strongly 
submersive. We also prove its relative version. 

12.1. Construction of CF-perturbations on a single chart. We first study 
the case of a single Kuranishi chart. 

Situation 12.1. U = (U, E, s,if) is a Kuranishi chart of X and / : U —> M is a 
smooth map. ■ 

Situation 12.2. In Situation 12.1, we assume that g : N —> M is a smooth map 
between manifolds and that / is transversal to g. ■ 

The main result of Subsection 12.1 is Proposition 12.4 below. We recall the 
following well-known definition. 

Definition 12.3. A sheaf (of sets) & on a topological space V is said to be soft if 
the restriction map 

&(V) -)> J *{K) 

is surjective for any closed subset K of V. (We note K ) = lin^,^ opcn ^(W).) 

Proposition 12.4. Suppose we are in Situation 12.1. 

(1) The sheaf 52 in Proposition 7.21 is soft. 

(2) The sheaf in Lemma-Definition 7.25 is soft. 

(3) Suppose f is a submersion. Then, the sheaf 52f fa in Lemma-Definition 7.25 
is soft. 

(4) In Situation 12.2 the sheaf 52ffa g in Lemma-Definition 7.25 is soft. 

The rest of this subsection will be occupied by the proof of this proposition. 


142 


KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, KAORU ONO 


Proof. We first prove (1). We use partition of unity to glue sections of 5?. Note 
our sheaf 5? is a sheaf of sets. Nevertheless we can apply partition of unity, as we 
will discuss below. 


Situation 12.5. Let A be a subset of U and let {U x \ t £ 91} be a locally finite 
open cover of a subset A in U and {\' r } a smooth partition of unity subordinate to 
this covering. In other words, Xt '■ U —> [0,1] is a smooth function of U which has 
compact support in U x , and 

Y Xt(x) = 1 

tem 


for x £ A. 

We assume that an element 6 t £ <V(A) is given for each r £ 91. ■ 


Below we will define the sum 

e t £^{A). (12.1) 

r 

For x £ A, let = (V X ,T X ,E X ,^> X ,^> X ) be an orbifold chart of (U,£) at x. We 
may assume that, for each r with x £ U x , we are given a representative S x of 0 r on 
a neighborhood of x. It consists of = (V x , T r , E x , t/>„, ip x ) and {W x ,uj x ,{s e x | e}) 
where 9J r = (W, r t , E x , ip x , iff) is an orbifold chart of (U,£) at x and (W x , oj x , {s} I 
e}) is as in Definition 7.3. 

We put 

9\(x) = {t <E 91 | x £ Supp(x r )}. (12.2) 

By shrinking V x if necessary we may assume il> x (V x ) C U x for each r £ 91 (a;) and 
Xt = 0 on ip x (V x ) for each r ^ 9f(;r). 

Furthermore we may choose U x so that there exist 

h xx • hx ^ F t , 

Pxx '■ Vx —t V x , (12-3) 

Txx : V x x E x t E x 

as in Situation 6.3, for each r £ D\(x). (See Lemma 15.25.) 

Definition 12.6. We put 

W x = W t , u x = u t . 

tesft(x) rem(x) 

We define s% : V x x W x —> E x by the following formula: 

s%(y, (6)teSR(x)) = S x (y) + Y Xx(tpx(y))g x ,y(s e x (Vxx{y),(:x) - s x (ip xx {y)). (12.4) 

te<K(x) 

Here s x : V x —> E x and s c : V t —> E x are the local expressions of the Kuranishi map 
(Definition 15.34.) and g XtV : E x —>• E x is defined by <p X x(y,£) = 9x,y(0- 
We put S x = {W x ,oj x ,{s e x }). 

Lemma 12.7. (1) S x is a CF-perturbation ofU on 03a,. 

(2) The germ [«S’ a: ] £ S? x represented by S x depends only on {xt}, {*5 r }, x and 
is independent of the choices ofiO x , the coordinate changes (12.3), and the 
representatives o/{<S r }. 

(3) x i-A [<Sa;] £ SA X defines a (global) section of the sheaf dV. 
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Proof. Statement (1) is an immediate consequence of the construction. 

We prove Statement (2). We first prove independence of the coordinate changes 
(12.3). Let (h' xx ,ip' tx ,ip xx ) be an alternative choice. Then there exists y r £ T r 
such that h xx = "/xhxx^f 1 , p’ tx = It^Pxx, p' xx = JxPxx- The third equality implies 
g x = 7rffr,y by Lemma 15.27. Let s x be obtained from this alternative choice. 
Then we have 

s e J(.y,0 

= s x (y)+ Y X^x{y)){9^yT\s%(^' xx (y),i x ) - s x {$ tx {y))) 

t€93(a:) (12.5) 

= s x (y)+ Y Xv{ipx(y))gfl(s e x (ip xx {y),"ff 1 f x ) - s x {tp xx (y))). 
test(s) 

Here we use T r equivariance of s* and of s t . 

We define a T x action on W x by y ■ £ = h xx (y)t;. We write W x with this action 
by W x xx . The notation W x tx is defined in a similar way. Its product in Definition 
12.6 is denoted by W x and W x , respectively. 

Then £ r ha y” 1 ^ (resp. (£ r ) ha (y” 1 ^)) is a T^ equivariant linear map : W x xx —> 
W x tx (resp. W x -A W x ). Therefore (12.5) implies that the equivalence class [<S X ] 
is independent of the choices of the coordinate changes (12.3). 

Secondly we prove independence of the representative of S x . We consider one of 
ro £ y\{x) and take an alternative choice S xo of S t0 . It suffices to consider the case 
when other <S r ’s for r ^ ro are the same for both. We may also assume that 5( 0 is 
also a projection of St 0 ' Then it is immediate from definition that S x obtained by 
using S' x is a projection of S x which is obtained by using We have thus proved 
the independence of the representative of S x . 

Thirdly we prove independence of the orbifold chart 21^ = (V x ,T x ,E x ,cj) x ,(j) x ). 
Let 23',. = (Vf, Y' x . E x ,<p x ,<p x ) and suppose we obtain S x when we use V x . 

By shrinking V x if necessary we may assume that there exists a coordinate change 
(h x , (p x , (fi x ) from the chart 23J,, to 2?^. Let ( h xx , ip xx , £p xx ) be the coordinate change 
as in (12.3). Then by putting 

^tx = fo^X ° h X ■> Ptx ~ Pxx ° Pxi Pxx = P^X ° Pxi 

(h' xx ,ip xx ,<p' xx ) becomes a coordinate change from 23(, to 23 r as in (12.3). 

Then 

<( z /,0 

= s x (y) + Y Xt(i’ x {y)){g , x , y )~ 1 {sl{(p' x x{y),tx) -«t(^ x (y))) 

x&m(x) 

= s x (y) + 'y ' Xv{’ t Px( i Px{y)))9x,y(Sx( l P*x{ l Px(y)),'yx £r) — s x(}Pxx[}p x (y)))) 

xem(x) 

= K(<Px(y),t)- 

This implies the required independence of the coordinate 23^. The proof of State¬ 
ment (2) is complete. 

We now prove Statement (3). Let S x = (W x ,oj x , {s x }) as above. Suppose 
y £ s” 1 (0) l~l U x and y = (f> x {y). We denote Ty = {y £ T x | yy = y} and take 
a Tj invariant neighborhood V y of y. Then 2 3 y = {V y ,T y ,E x ,<j> x \v y ,<f> x \v y ) is an 
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orbifold chart of ( U,E ) at y. It is easy to see that S x \v y = (W x ,u x ,{s%\ v y xE x }) is 
a CF-perturbation on 53 y . 


Sublemma 12.8. <S X | v y is equivalent to S y in the sense of Definition 7.5. 

Proof. We consider 91 (y) = {r £ 91 | y £ Supp(y r )}. Since we chose U x C U t such 
that U x (~l Supp(x r ) = 0 for t ^ 9f(x), we have 91 (y) C 91(x). Therefore there exists 
an obvious projection 

n:W x = W t ^W y = W r . 

teJR(x) reSR(i/) 

It is easy to see that n\(ui x ) = co y . 

We may choose V y so small that for z £ V y and r £ 91(x)\91 (y) we have (z) = 0. 
Therefore by definition 


4 (<As(z ),0 = s e y{<Py{z),Tr{£)) 


for z £ V y . Thus S y is a projection of S x \v y - 


□ 


Statement (3) follows from Sublemma 12.8 and Lemma 7.23. 


□ 


Definition 12.9. We denote by 

r 

the element x [iS x ] £ 5P X of S^(A) obtained by Lemma 12.7. 

Remark 12.10. Suppose © £ A^(U) and {U t | r £ 91} is a locally finite cover of 
U. We can define an element of S^fU) by 

w 6 k 

r 

as above. (Here ©| u, G ^(Ux) is the restriction of ©.) However this section is in 
general different from the originally given © £ 5^{U). 

Proposition 12.4 (1) follows easily from Definition 12.9 and the results we proved 
above. (See also the end of this subsection where the proof of Proposition 12.4 
(2)(3)(4) are completed.) 

We next prove Proposition 12.4 (2)(3) (4). We begin with the next definition. 

Definition 12.11. Suppose we are in Situation 12.1. Let & x £ S? x be a germ of 
the sheaf 5? at x £ U. 

We say & x is strongly transversal if its representative (W x ,ui x , {s^.}) (which is 
defined on the orbifold chart = (V x ,T x ,E x ,(f> x ,(f> x ) (Definition 6.1(3))) has the 
following properties. 

(1) For all sufficiently small e > 0, the map 5% : V x x W x —>• E x is transversal 
to c £ K on a neighborhood of {k} x Supp(w x ) for any c £ E x . (Here 
o x £ V x is the point such that <p x (°x) = x.) 

(2) For £ £ Supp(w x ) and c = s^,(o x ,£) the projection 

T{o x ,iM)-\c)^T 0i V x 


is surjective. 
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We write («^rhrtio)x the set of all germs of the sheaf 5? at x G U that is strongly 
transversal. 

It is easy to see that there exists a subsheaf of 5? whose stalk at x is (J^rhrho)®- 
We denote this sheaf by ^rhrtio- 

Remark 12.12. It is easy to see that the above properties (1)(2) are indepen¬ 
dent of the choice of the representative (W x ,co x , {s x }) and of the orbifold chart 
(14, T x ,E x ,cj> x , (j> x ) but depend only on & x . 

Lemma 12.13. In Situation 12.1, the set (.54irtio)x is nonempty. 

Proof. Let = (V x ,T x ,E x ,<f> x ,<j> x ) be an orbifold chart of (U,£) at x. We put 
W x = E x and W x is a sufficiently small 14 invariant neighborhood of 0 in W x and 
oj x is a Ta, invariant differential form of compact support on W x of degree dim W x 
with J u) x = 1. We define 

s e (x, £) = s(x) + e£. (12-6) 

It is easy to see that (W x ,uj x , {s% | e}) is a CF-perturbation on £4. Moreover it is 
easy to show that the projection (s e ) -1 (c) —> V x is a submersion for any c. Lemma 
12.13 follows. □ 

Lemma 12.14. Suppose we are in Situation 12.1. 

(1) (J^rtuho)* C (J4)x- 

(2) If f is a submersion at x, then, (J4irto)x C (J^/rh)x- 

(3) In Situation 12.2, we have (^hrtio)x Q (^ > fihg)x- 

This is immediate from the definition. 

Corollary 12.15. Suppose we are in Situation 12.1. 

(1) The stalk (S%o)x is nonempty for any x G U. 

(2) Suppose f is a submersion at x. Then, the stalk (J^/itijx is nonempty. 

(3) In Situation 12.2, the stalk is nonempty. 

This is an immediate consequence of Lemmata 12.13 and 12.14. 

To prove Proposition 12.4 (2)(3)(4), we need one more result (Proposition 12.17 
below.) 

Situation 12.16. Suppose we are in Situation 12.5. We put 91 = {to} U 91' and 
assume that for t G 91' the section © r G is strongly transversal. ■ 

Proposition 12.17. In Situation 12.16, the following holds for i = 1,2,3,4. 

If &t 0 has Property ( i ) below and © r G ^rtntio(£4) f or r £ 91', then the sum 

& = J2 W 61 

rein 

has the same property (?). 

(1) e ro G J4rho(E4 0 ). 

(2) © t0 G =54io(£4 0 ). 

(3) e ro e^MUto). 

(4) We are in Situation 12.2 and © t0 G ^/rhg(t4 0 )- 

Proof. To prove Proposition 12.17 we rewrite the strong transversality as follows. 
Let S x = {\V X , oj x , {s|}) be a representative of a germ ,9* x which is defined on an 
orbifold chart QJ X = {V X ,T X , E x , 4> x , <j> x ) of (£/, £). 
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Lemma 12.18. S x is strongly transversal if and only if the derivative 

V^)4 : T^W X -A T C E X 

in W x direction is surjective for all £ in the support of u x . Here c = s x (o x ,£). 

Proof. We consider the following commutative diagram where all the horizontal 
and vertical lines are exact. 

0 0 

I I 

To x ,M)~Hc) -> T 0x V x 


0-A TsW x -A r (o . iO 04 X W x ) -A T 0x v x -A 0 

0 -A T C E X -5- T C E X -A 0 

I 

0 

The required strong transversality is nothing but the surjectivity of the second hor¬ 
izontal map : T , 0x ^(5j.)” 1 (c) —A T 0x V x and the map : T^W X -A T C E X is the 

second vertical map. The equivalence of the surjectivities of them is a consequence 
of simple diagram chase. □ 


The next lemma is a half of the proof of Proposition 12.17. 

Lemma 12.19. Suppose we are in Situation 12.16 and X?i( x ) 7^ 0 f or some ti £ 
9T. Then the germ ©^ of & at x is strongly transversal. 

Proof. A representative of & x is (W x ,cv x ,s e x ) where 

K(v> (£t)tesH(x)) = s x(y) + Xt(i’x(y))g7,l(K('ftx{y),^) - s x {<p xx (y)). (12.7) 

Here 91(:r) C and ti £ 9l(x). The derivative of s% in W Xl direction is 

Xr 1 ('0x(2/))ff t “!y( V ”"' 1 <l(^(y),Cr 1 ))- ( 12 - 8 ) 

By Lemma 12.18 the derivative is surjective (to T C E X ). Therefore (12.8) 

is surjective. Therefore by Lemma 12.18 ©^ is strongly transversal. □ 

Now we are ready to complete the proof of Proposition 12.17. By Lemma 12.19 
the germ & x has the property claimed in Proposition 12.17 unless Xt( x ) = 0 f° r 
r £ 9T. We may also assume that s e (x, (£t)te{t 0 }uSR(x)) = 0. We consider such a 
point x. A representative of & x is (W x , cc^sl)) where 

s e x (y,(&) te{t 0 }u!RO)) 

= s x (y) +Xro(^(j/))5t _ o y s to(^ox(y),Cr) - s x (ip xx (y)) ^ 

+ Xv(i>x(y))gf,l(s e t ((pxx{y),^) - s x (<f> xx (y)). 
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Here 94(a;) C 94'. We remark that Xr 0 ( a: ) = 1 and takes maximum there. (Note Xt 
is a smooth map to [0,1].) Therefore the first derivative at x of Xr 0 is zero. In a 
similar way we can show that the first derivatives at x of Xt are all zero. 

We also remark that s^ o (ie, £ t0 ) = 0. Therefore 


T { ^ 0 Mo) W 


X II ^ r (^,(«r) te{t0}UOT (x))(4) '(O)- 


( 12 . 10 ) 


(12.10) implies that if © ro has Property (?) at x then © = )T) C Xt®t has the same 
property (i) at x, where Xro( a: ) = 1- 

This fact together with Lemmata 12.15 and 12.19 imply Proposition 12.17 . □ 


We are now in the position to complete the proof of Proposition 12.4 (2)(3)(4). 
Let K C U be a closed subset and &k G S'(K). By definition there exists an open 
neighborhood U Xo of K such that &k is a restriction of 6 ro G 5?(JJ t0 ). We take an 
index set 94' and an open covering 

U = U xo U U U x (12.11) 

rest' 

with the following properties. 

(a) The covering (12.11) is locally finite. 

(b) y tntio(t^r) ^ 0 for t G 94'. 

(c) K n U x = 0 for r G 94'. 

Existence of such covering is a consequence of paracompactness of U and Lemma 
12.13. 

Let © r G .i^rtirtio {U x ) and Xt a partition of unity subordinate to the covering 
(12.11). We put 

e = ^ x t e r . 

r£{to}U9t' 

Property (c) implies that © restricts to ©*-• We have thus proved the softness of 
S'. 

To prove the softness of S%o, we may assume © ro G S^o(U Xo ). Then by Propo¬ 
sition 12.17, © G y'fho(U)- 

The proof of softness of S'/fa and of S'ffag is the same. The proof of Proposition 
12.4 is complete. □ 


Remark 12.20. The same argument also proves softness of S'^o- 

12.2. Embedding of Kuranishi charts and extension of CF-perturbations. 

In this subsection, we study the case of good coordinate system and in the next we 
prove Theorem 7.49, and its relative version Proposition 7.57. 

For that purpose we need to study other kinds of extension. Namely we will 
study extension of a CF-perturbation defined on an embedded orbifold to its neigh¬ 
borhood. (Then, by Proposition 12.4, we can extend a CF-perturbation defined on 
this neighborhood.) We consider the following Situation 12.21. 

Situation 12.21. Let Ui = (Ui, £), (i = 1,2) be Kuranishi charts of X , 

^21 = ((/?2i,V32i) : U\ U 2 an embedding of Kuranishi charts and K a closed 
subset of X such that K C i/ji(s(" 1 (0)) C i/'2(s^" 1 (0)). 

Hereafter in this subsection, we regard K also as a subset of U\ or U 2 via the 
parameterizations ipi, ip 2 respectively. 
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Let f 2 : U 2 —> M be a strongly smooth map and we put f 1 = f 2 o tp 2 1 - ■ 

We now consider the following commutative diagram. 

<^21 ^ w (£/i) 

*5i| *3ij (12.12) 

^ jf\K) 

Here j) stands for any of iti 0, / rti, / rfi g, or rfirtl 0. Recall $21 denotes the restriction 
map and ip 21 stands for pullback sheaf. (See Definition 7.43 (4).) 

Proposition 12.22. The following holds for jj = 1+1 0, / rti, / ftl g, or rhfti 0. 

Let e 1 e Sff'iTh), & 2 ’ K e y* 2i yf >u2 {K) such that 

x KUl (.6 1 ) = $* 21 (6 2 ’ K ). (12.13) 

Then for any compact subset Z C U\ containing K, there exists G 2 £ ip 2 (Z) 
such that 

i KZ (& 2 ) = & 2,K , $2i(e 2 ) = e 1 . (12.14) 

The proof occupies the rest of this subsection. 

Proof. For the proof, we will use the notion of bundle extension data. To give its 
definition, we first introduce the definition of a tubular neighborhood of an orbifold 
embedding. 

Definition 12.23. Let X —> Y be an embedding of orbifolds, Z C X a compact 
subset and U be an open neighborhood of K in Y. We say that 7r :[/—>■ X is 
dijfeomorphic to the projection of normal bundle if the following holds. 

Let pr : NxY —y X be the normal bundle. Then there exists a neighborhood 
U' of Z C X C NxY and a diffeomorphism of orbifolds h : U' —>■ U such that 
7r o h = pr. We also require that h(x) = x for r in a neighborhood of Z in X. 

Using this, we give the definition of a bundle extension datum. 

Definition 12.24. Let U' (i = 1, 2) be Kuranishi charts and $21 : U 1 -^U 2 be an 
embedding of Kuranishi charts. Let Z C U\ be a compact subset. 

A quadruple (^ 12 ,^ 21 ^ 12 ^ 1 ) is called a bundle extension data of (<f> 2 i,Z) if 

(1) 7Ti2 : D 12 —> Hi is a continuous map, where D 12 is a neighborhood of ip 2 i(Z) 
in U 2 and Hi is a neighborhood of Z in U\. 

(2) 7Ti2 is diffeomorphic to the projection of the normal bundle in a neighbor¬ 
hood of Z in the sense of Definition 12.23. 

(3) (p 2 i '■ 7Ti2^i —> £2 is an embedding of vector bundle. (See Definition 15.18.) 

(4) The map 

that is induced from <j5 2 i and <^21 coincides with the bundle map 

T21 : £1 —> £2 

which covers <p 2 i- 

Here 7 t* 2 £i and <p* 2 Si denote the pullback bundles. 
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Remark 12.25. Note here T 12 is a map between orbifolds but is not an embedding. 

50 it violates our thesis that we consider only an embedding as a morphism of 
orbifolds. This map however is identified with a restriction of the projection of 
vector bundle so is also a map discussed in Section 15. We use this fact to define 
the pullback 7Tj 2 £ of the vector bundle £. (See Definition-Lemma 15.29.) 

Lemma 12.26. Suppose we are in Situation 12.21. Then for any compact subset 
Z ofUi there exists a bundle extension datum ( 7112 ,(^ 21 ,^ 12 ,^ 1 )- 

Proof. Let fli be a relatively compact open neighborhood of Z. Let 71 : NuJJ 2 —> 
U\ be the normal bundle. Then by taking a Riemannian metric and exponential 
map, we can find an open neighborhood D 12 of the zero section of Nu 1 U 2 \q 1 and 
a diffeomorphism D 12 —> D 12 onto an open neighborhood Q 12 of <^ 21 (^ 1 )- (See 
for example [F00014, Lemma 6.5].) Therefore we find 7112 : £L \2 —> U\ as the 
composition of the diffeomorphism /12 : £l\ 2 = D 12 and the projection 7r : Nu 1 U 2 —> 
Ui. 

The diffeomorphism J 12 is homotopic to the composition of 7112 : fli 2 —> Sli 
and Lp '21 : Hi —> fli 2 . (Here </? 2 i is the embedding as the zero section of vector 
bundle.) Therefore £ 2 \n 12 is isomorphic to the pullback of £2 by /{j 1 0 T 21 0 7r i 2 - 
(See Proposition 15.35.) Note 1 12 o ip' 21 ° n 12 = <p 2 i 07112 . Thus (ffi 2 i 0 ^ 12)*£2 — £ 2 - 
(p 2 i : £\ —> £2 induces a bundle inclusion 7i* 2 £i —> (</? 2 i 0 ^ 12 )*£ 2 - Therefore by 
using isomorphism (<^21 0 tti 2 )*£ 2 — £2 we obtain the required embedding: f> 2 i : 
( 7r 12^l)bi2 —t (£2)|ni 2 - 

We can take the homotopy /12 ~ p’ 2 \ 0 7112 so that its composition with the 
inclusion 1^21 |f 2 i : f2i —>• £l \2 C U 2 is the trivial homotopy between (/? 2 i : f2i —> D 12 
and (p '21 0 71 o <£>21 = y> 2 i- We can use this fact to check Definition 12.24 (4). It is 
easy to check Definition 12.24 (1)(2)(3). □ 

Let ( 7112 ,^ 21 ,^ 12 ,^ 1 ) be a bundle extension datum as in Lemma 12.26 and 

5 1 £ ^(fli). We will define © 2 £ ^(Q^) which is compatible with 0 1 below. 

Let X 2 £ D 12 . We put x\ = 7112 ( 22 )- Since 7112 is diffeomorphic to a restriction 

of a projection of a vector bundle we can find orbifold charts (I^,Tj, (f>i) of Xi in Ui 
such that (Vj,Tj,0j), 7ii 2 have the following properties: (See Definition 15.17 (1).) 

Property 12.27. (1) Ti = T 2 . 

(2) V 2 is identified with an open neighborhood of Vj x {0} in Vj x F where F 
is a vector space, which is the fiber of the normal bundle Njj 1 U 2 - 

(3) Ti = T 2 acts on V\ and has a linear action on F. 

(4) The diagram 

vj — iv 2 ^^n 12 (12.15) 

7T12 

Pi — Hi —Hi 

commutes, where the first vertical arrow is the projection to the hrst factor. 

For each given representative {sf}) of 0 1 , we define s| : V 2 x W\ —>• E 2 

by 

S 2 ( 2 /, 0 = s 2 (y) + V 21 (sl(n(y),£) - si( 71 ( 3 /))). (12.16) 

Lemma 12.28. Define (W 2 , ui 2 , {s|}) = (Wj,07i, {s|})- Then it is a CF-perturbation 
ofU 2 - 
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Proof. The conditions (1),(2) and (4) of Definition 7.3 obviously hold by definition. 

The C 1 convergence, lim^o-sl = S 2 , is a consequence of that of limbos! = Si- 
If y £ V\ x {0} then S 2 (y) = si(y), the second term of the right hand side of (12.16) 
is sf (y,£) — si(y). Therefore the right hand side of (12.16) coincides with sf(y,£) 
on V-[ x {0}. Definition 7.3 (3) holds. □ 

Lemma 12.29. The equivalence class of (IT 2 , <a ! 2 , {sf}) is independent of the choice 
of the orbifold charts ( Vi,Ti,<f>i ) of Xi in Ui satisfying (1)(2)(3)(4) above. 

Proof. The proof is easy from definition and Lemma 15.25. □ 

We remark that the equivalence class of (W 2 , W 2 , {sf}) depends on the choice of 
bundle extension datum. 

Lemma 12.30. Suppose (Wi, uq, {sf}) is equivalent to (W[, wf, {sf}) in the sense 
of Definition 7.5. We take and fix a bundle extension datum ( 7112 ,(^ 21 ,^ 12 ,^ 1 )- 
We use it to define sf (resp. sf'} by formula (12.16) for (Wi,wi, {sf }) (resp. for 
(Wi',cuf,{sf'}); and obtain (Wi, wi, {sf}) (resp. (W[, , {sf'})}. 

Then (Wi, cci, {sf}) is equivalent to (W[, u >[, {sf'}). 

Proof. It suffices to show the lemma in the case when (Wi, wi, {sf}) is a projection 
of (W[, u>[, {sf'}). Let II : W( —*■ W\ be the projection such that n!(wf) = u>i and 
s i(?/, n (£)) = sf (y,£). Then (12.16) implies sf(?/,n(£)) = sf' (?/,£)■ This implies 
the lemma. □ 

We use these lemmata to prove Proposition 12.22 as follows. 

Take a bundle extension datum ( 7112 , (321, D 12 , fL) as in Lemma 12.26. 

We put O 1 = fii, and denote O 2 = D 12 which is an open neighborhood of K in 
U 2 where & 2,K is defined on. We take open sets 0\,0 2 C Ui (i = 1, 2) such that 

K c 0\ C Of C O l 2 C Of C O l 

and <P2i(.0*) = O). Put G = Of \ O], 

Then we take a smooth function y : U\ —>• [0,1] such that 

1 on a neighborhood of 0 \, 

0 on a neighborhood of U\ \ 0\. 

Now we are ready to define an extension 6 2 of 6 1 . Let 3 g O 1 . We will define 
(© 2 ), e J ^ 2 1 ( 3 ) in the following three cases separately. 

(Case 1): 3 £ 0\. 

In this case, we set ( 6 2 ) 3 to be a germ of & 2 ’ K . 

(Case 2): 3 £ O 1 \ Of. 

In this case, we use ( 7 ^ 2 , <^ 21 , H 12 , ^ 1 ) to extend S 1 to O 2 by Formula (12.16). 
We then obtain (6 2 ) 3 . 

(Case 3): 3 £ C. 

We take a representative of the germ of 6 1 at 3 , which we denote by (03), 5, 1 ). 
We put S . 1 = (W,w,{sf}) and Q3f = (Vf, £?i, Ti, fii, fii). Then, by shrinking O 2 if 
necessary, we may assume that the germ &f K £ (5^ u >u )< P21 ( i ) is represented by 
(QJjjiS 2 ^) such that 

(1) Tf 2 = (V 2 ,-E 2 ,r 2 ,</> 2 , 02 ), where (Vi, Vi, fa), 7 Ti 2 have Property 12.27. 



(12.17) 


(12.18) 
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( 2 ) S 2 ’ K = (W,u, {5| a -}) where W and w are the same as those appearing in 
S 1 . 

The map (p 2 \, which is a part of bundle extension data, rise to a map 

021,3 : ^2 x Ei —> E 2 


which is T 2 equivariant. 

Now we define ( 6 2 ) 3 £ -^ 21 ( 3 ) as (W, w, { s I}) where 

*2(y.O = My) + x([y])(s2, K (y,0 - «2(y)) 

+ (i-x([y)))02iAy^ e My),O)-si(n(y))). 1 ' j 

Here n : V 2 —> Vi is a restriction of the projection Vi x F —> V±, which represents 
the map 7 t 12 , which is a part of bundle extension data. We denote by [y] £ V 2 /T 2 
the equivalence class of y which we identify with an element of U 2 by an abuse of 
notation. 


Lemma 12.31. (1) (© 2 ) 3 defined above is independent of the choices made in 

the definition and depends only on ( 71 ,^ 21 ), X an d & 2 ' K , S 1 - 

(2) Moreover (© 2 ) 3 for various 3 defines a section of & 2 of . 

(3) © 2 is a section of <p2 l d7’ ul>u2 and < h 2 i(® 2 ) = ©0 

Proof. In Case 1, the well-defined-ness is obvious. In Case 2, the well-defined-ness 
follows from Lemmata 12.29 and 12.30. To prove the well-defined-ness in Case 3, it 
suffices to consider the case of projection, which follows immediately from (12.19). 
We have thus proved Statement (1). 

To prove Statement (2), it suffices to show the next two facts (a)(b). 

(a) If 3 £ 0\ flC then (© 2 )3 obtained by applying Case 1 is equivalent to (© 2 ) 3 
obtained by applying Case 3. 

(b) If 3 £ (U[ \ O 2 ) C C then (© 2 ) 3 obtained by applying Case 2 is equivalent 
to (© 2 ) 3 obtained by applying Case 3. 

To prove (a) we remark that x = 1 on a neighborhood of 3 . Therefore (12.19) 
becomes 


*2 (y, 0 = s 2 {y) + ($2 ,k(V’ 0 - s 2 (y)) = s 2 , K (y, 0, 


as required. 

To prove (b) we remark that x = 0 on a neighborhood of 3 . Therefore (12.19) 
becomes 


sf e (y, = S 2 {y) + 021,3 (?/> s i (n(y),€)) - Si(n(y))). 

The right hand side coincides with (12.16), as required. □ 

By the way how we defined (© 2 )3 in Case 1, it is easy to see that the restriction 
of © 2 |u" to U'f fl 0\ is equivalent to the restriction of & 2lK on U'f C 0\. This 
implies the first formula of (12.14) 
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The second formula of (12.14) follows from the way how we defined (© 2 ) a in 
Cases 2 and 3. In fact if y = <p 2 i(x) then (12.19) becomes 

s\{y,€) = s 2 (y) + x{[x]){s2 <K (<P2i{x),Q - s 2 (y)) 

+ (1 - X(M))021,3 (V32l(x), Sj (£,£)) - Si(x)) 

= si(x) +x(M)(si(x,0 - Si(x)) (12.20) 

+ (1 - X(N))(021,3 (s £ i(x, 0) - Si(x)) 

= s e 1 (x,C). 

To complete the proof of Proposition 12.22, it remains to prove that if S 1 £ 
& 2,K £ {<p* 21 ^ 1>u2 )(K) then © 2 £ ((p&Sff^XZ). This is actually 
an immediate consequence of the fact that the condition for a section of SP U to be 
a section of is an open condition. □ 

12.3. Construction of CF-perturbations on good coordinate system. In 

this subsection we complete the proof of Theorem 7.49. 

Proof of Theorem 7.49. We first discuss the absolute case. We will construct a CF- 
perturbation on the Kuranishi charts Up by the upward induction on p £ fp with 
respect to the partial order of fp. (We remark that during the construction of good 
coordinate system we used downward induction on the partial order of fp. So our 
construction here goes the opposite direction from that of Section 11.) 

We say a subset 3 C tp a filter if p, q £ fp, p > q, p £ 3 imply q £ 3- In this 
article we regard 0 as a filter. (This may be different from the usual convention.) Let 
3 C *P be a filter. The main ingredient of the proof of Theorem 7.49 is Proposition 
12.33 below, which we prove by an upward induction on #3- To state Proposition 
12.33 we need several notations. For an arbitrary subset 3 Q tp we put 

£(3,£) - (J M^WniCp). (12.21) 

pey 

This is a compact subset of X. We next define a good coordinate system on a 
neighborhood of 3(3, AC). We take AC + so that (1C, AC + ) is a support pair of U and 
put 

2J(3) = (J Msp 1 (0)nIntK+). (12.22) 

We consider the set of Kuranishi charts {U p \ lntK + \ p £ 3}- Together with the 

restrictions of the coordinate changes of U it defines a good coordinate system 
of 2)(3) on 5(3, AC). We denote this good coordinate system by U(3,K. + ). Note 
{/C p | p £ 3} is a support system of 77(3, JC + ). We denote it by AC(3). 

Remark 12.32. The main difference between W(3, IC + ) and U lies on the fact that 
for U(3,IC + ) we take the Kuranishi charts U p with p £ 3 only. 

We now prove the following proposition by an induction. This inductive proof is 
the same as one we had written in [FOn, page 955 line 17-24] in a similar situation 
of multivalued perturbation. Here we provide much more detail. 

Proposition 12.33. For any filter 3 Q fP, there exists a CF-perturbation ©^ of 
(W(3, AC + ), AC(3)) on 3(3, 1C). It satisfies the following properties. 
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(1) ©3 is transversal to 0. 

(2) If f : ( X , Z]U) —> M is a weakly submersive strongly smooth map, then ©5 
can be taken so that f is strongly submersive with respect to ©3. 

(3) If f : (X , Z',IA) — y M is a strongly smooth map which is weakly transversal 
to g : N —>• M, then ©3 can be taken so that f is strongly transversal to g 
with respect to ©3. 

Proof. The proof is by induction of #5". If # = 0, there is nothing to show. 

Suppose Proposition 12.33 is proved for all with We will prove 

the case of 

Let po be a maximal element of (J. Then = £\{po} is a filter. By the standing 
induction hypothesis, there exists a CF-perturbation 6 ®- of (£Y($_, /C + ), K.($-)) 
on T(S'_,/C). 

We will extend this CF-perturbation to a CF-perturbation ©3 in two steps. 
In the first step we use Proposition 12.22 to extend it to a CF-perturbation on 
(fA(fSK + ), 1C (1?-)) of T(3_,/C). We then obtain ©3 in the second step. 

Note the difference between W(l?_,/C + ) and U($,1C + ) is that an open subchart 
of lA Po is included in the latter. So, the main integrant of the first step is defining 
a CF-perturbation on U Po in a neighborhood of T(5_,/C). The second step uses 
Proposition 12.4 to extend it to a Kuranishi neighborhood of T(5,/C). 

We remark that by definition there exists a GG-embedding 

:%-,£+)->W($,AC+). 

(We recall $ = S’- U {po}-) By induction hypothesis, we have a CF-perturbation 

©^ of (%_,£+),/C(3L)) on T(3-,/C). 

We consider an ideal 3CJ_. Namely 3 is a subset such that p G 3, q £ 3_ and 
p < q imply q £ 3. 

In the next lemma, we take a neighborhood t/ Po (3) of ipp 0 (51(3, K)) PI KL Po in 
JCp 0 . Then we replace the Kuranishi neighborhood U Po , which is a member of the 

good coordinate system , by U Po \ u Vo ( 3 ) • We denote the resulting good coordinate 
system by U{$, 3; /C + ). It is a good coordinate system of T(5_, /C). (The difference 
between U^S,3\K, + ) and U$- is that 3;/C + ) has one more Kuranishi chart 
U vo\u Po ( 3 ) than W®-.) 

We can define a GG embedding U$~ —> 14(3, 3; K, + ) so that the map induced on 
the index set of the Kuranishi charts is an obvious embedding 3- —>• which we 
denote by 

Lemma 12.34. For any ideal 3 C there exist U Po {3) and a CF-perturbation 
©3(3) of (U(3, 3; fC + ), T(3G, JC)) with the following properties. 

(1) ©3(3), ©3- are compatible with the embedding 4 , 5 _y ; 3 . 

(2) (a) J/6®- is transversal to 0 so is ©3(3). 

(b) If f is strongly submersive with respect to ©3- and f is weakly sub¬ 
mersive then f is strongly submersive with respect to ©3(3). 
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(c) If f is strongly transversal to g : N —>• M with respect to ©5- and f 
is weakly transversal to g : N —» M then f is strongly transversal to 
g : N —>• M with respect to @5(3). 

Proof. Recall 3 CJ„ = $\{po}. The proof is by an upward induction over #3. For 
3 = 0, we put E/ Po (0) = 0. Then U($, 0; IC + ) = U{$-\ /C + ). We put ©5(0) = ©5-. 

It is easy to see that it has the required properties. 

We assume that the lemma is proved for 3' with ffj' < and will prove the 
case of 3. 

Let pi be a minimal element of 3 and denote 3_ = 3 \ {pi}. Then 3_ is an 
ideal. We use the induction hypothesis to obtain ©5(3_) where ©5(3_) is a CF- 
perturbation of (W(5,3_;/C + ), T(3_,/C)). 

We apply Proposition 12.22 by putting: 

e 2 - K = (& 5 ( a-)) Po , 

Ui=U 9l , U2=U Po , 

We denote by (©5(3_)) po a CF-perturbation induced by @5(3_) on an open sub¬ 
chart Up 0 \u po p 3 _) of U Po . The definition of (@5-) pl is similar. 

We now apply Proposition 12.22 to obtain U Po (3) and a CF-perturbation (©5(3)) Po 
of an open subchart U Po \u Vo ( 3 ) of 5/ Po - 

Among the CF-perturbations on Kuranishi charts consisting ©5(3), we replace 
(©5(3 _)) Po by (©5(3))p 0 and obtain a required CF-perturbation ©5(3). □ 

We have thus completed Step 1 of the proof of Proposition 12.33. 

We take the case 3 = 3- of Lemma 12.34. Then we have ©5(g_) which include 
(©5(5 '_)) Po such that: 

(1) (©5(3_)) Po is a CF-perturbation of U Po on T 

(2) ©5(3_), @5- are compatible with the embedding $ 55 . on a neighborhood 
of X(3L,/C). 

We now apply Proposition 12.4 to U Vo and find that 

(12.24) 

is surjective. Here jj is one of fti 0, / rtl, / fti g. We put 

K = 1(3-,/C), V = an open neighborhood of /C Po . (12.25) 

Therefore we can extend (65(g_)) Po to a CF perturbation (65(3)) po on a Kuran¬ 
ishi neighborhood of T($, K.) that is an open subchart of U Po . 

Replacing (@5(3_)) Po in 05(g_) by this extension we obtain ©5. 

The proof of Proposition 12.33 is complete. □ 

Theorem 7.49 is the case of Proposition 12.33 when 3 = tp. □ 

Proof of Proposition 7.57. Proposition 7.57 is a relative version of Theorem 7.49 
and the proof is mostly the same. We use the symbol in place of Zi during the 
proof of Proposition 7.57 (since we used Z for other objects in this section already). 


K = T(3_, /C). 


(12.23) 
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We replace (12.21) by T($, 1C; Z (1) ) = T(ff, AC)UZ (1) and j!2.22) by g)(ff)UZ (1) = 

2) (S'; 2(i))- We have a good coordinate system W(S, 1C + )UU Z< - 1 '> on 2)(S'; Z^), which 

we denote by U^S,1C + ; Z^f). We take a support system lC Z(r > of U Z, G) . Together 
with AC(S) it gives a support system of T(S, 1C; Z^), which we denote by /C(S; Z^). 
Proposition 12.33 is replaced by the following: 

(*) There exists a CF-perturbation 6%< z m of (ZY(S, /C + ; -Z(i)), /C(S; Z^)) on 
X(S, 1C; Z^). The same properties as (1)(2)(3) of Proposition 12.33 are 
satisfied. _ 

Moreover the CF-perturbation S®’- 2 ! 1 ) coincides with a restriction of 0 1 
(given as a part of assumption) on the charts of Wf 1 ). 

We prove (*) by the same induction as the proof of Proposition 12.33. Namely we 
prove: 

(**) There exists a CF-perturbation (3) of (W(S, 3; /C + ; -Z(i)), /C(S; -Z(i))) 

on T(3,/C;-Z(i)) with the following properties. 

(a) 6^ 2 <i)(3), ©5-’ 2 (i) are compatible with the embedding < f > g;j_ ; 3 ; .E {1) 
on a neighborhood of T(3, 1C; Zp)). 

(b) The same properties as (1)(2)(3) of Proposition 12.33 are satisfied. 

Here we take U Po (3) and define W(S, 3; 1C + ; Z^) in the same way as U($, 3; 1C + ). 
The embedding $yy_;n ; .z (1) is obtained from by using the identity embedding 

for the charts in U z u). 

The proof of (**) is by the same induction as the proof of Lemma 12.34, where 
we replace (12.23) by 

6 2 ’ K = (e^(Z-)) Po , ©r = (©53 Td) P i; 

Wi =u pi , U 2 =U Po , K=‘£(3_,JC;Z {1) ). 

Using (**) we can prove (*) in the same way as the last step in the proof of Theorem 
7.49. The proof of Proposition 7.57 is complete. □ 

13. Construction of multisections 

In Sections 13 we discuss the multivalued perturbation, especially its existence 
result, Theorem 6.37. This result will be used in Section 14. One of the advantages 
using multivalued perturbations is it enables us to work with Q coefficients. In the 
construction based on de Rham theory we can work only with M or C. For many 
applications, it is enough to work with coefficients R or C. For these cases, we do 
not need to use the results of Sections 13 and 14. 

13.1. Construction of multisection on a single chart. The proof of Theorem 
6.37 is similar to the proof of Theorem 7.49. 

We begin with proving a version of Proposition 12.4 (2) (4). (We remark that 
the multisection version of Proposition 12.4 (3) does not seem to exist.) 

Proposition 13.1. In Situation 12.1, let K C U be a compact subset and Sk = 
{sj-} a multivalued perturbation oflA on a neighborhood of K transversal to 0. 

Let Cl GU be an relatively compact open subset such that K G Cl. 
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(1) There exists a multivalued perturbation 5 = {s"} ofU on Q such that s is 
transversal to 0 and is equal to 5 k on a neighborhood of K. 

(2) Suppose we are in Situation 12.2. Then we may choose 5 so that f is 
strongly transversal to g with respect to s n for sufficiently large n. (See 
Definition 6.35.) 

Proof. We use Lemma 12.13 to obtain {Q3 r |t € 91} and {<S r |t £ 91} with the follow¬ 
ing properties. Let Uq be an open neighborhood of K which we will fix later. 

Property 13.2. (1) 2J r = (V x , r r , E x , </>„, <j) t ) is an orbifold chart of U. We put 

U x = Im(<(> r ) and assume U X C\ K = 0. 

(2) 

U 0 u[jU x (13.1) 

tesn 

is an open covering of 12. 

(3) <S r = (W x , u x , {s^}) is a CF-perturbation of U on 5J r . (Definition 7.6.) 

(4) S x is strongly transversal. (Definition 12.11.) 

We may assume that the given r v action on W x is effective, by replacing W x with 
the product W x x W' if necessary, where W' is a faithful representation of the finite 
group r„. Then we define s% to be the pull-back of a multisection defined on W x 
by the projection W x x W' —► W x and define our w x on W x x W' to be the product 
form of a smooth T t invariant top degree form of compact support on W' and the 
given smooth top degree form on W x . 

For each r we take an open subset W r ° of W x such that 

7 lF r ° n W° = 0, (13.2) 

if 7 € T r \ {1} (we use effectivity of T r action here) and put 

Wo = I] W r °. (13.3) 

tem 

For each x € K we take a representative of s^ in an orbifold chart 53 x at x and 
denote it by (s xl ,... ,s" We take a finite number of points xi,... ,Xk of K so 

that (J Q=1 U Xa D K and the sections s" k are transversal to 0 on (J^ =1 U Xa which is 
possible by the openness of transversality condition. We put 9J a = 93 Xa , U a = U Xa , 
= U° a , and (s“’ n ,... ,s^”) = (s£ oi1 , ... ,s” a/(Xa) )- Then we define 

k 

it (K) = (J U °- ( 13 - 4 ) 

a— 1 

We also take a relatively compact subset U® of U a for each a such that 

k 

ito (K) ={JU° a D K. (13.5) 

a— 1 

We then fix an open neighborhood Uq of K to be Uq = ilo(A') . 

Let {xo} U {x'r | r £ 91} be a set of strongly smooth functions y* : 12+ -A [0,1] 
satisfying the following properties. 

Property 13.3. (1) The support of yo is contained in Uq. The support of y r 

is contained in U x . 

(2) Xo + Etem Xt = 1 on 12. 
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For each x £ 12 we take U x with the following properties. 

Property 13.4. (1) If x £ Uq = ilo(If) then U x C ilo(/f). 

(2) If x £ U x for r £ 91, then XJ x C U x . Moreover there exists (h xx , (p xx , < p xx ) as 
in Property 7.38. 

(3) If x U x then U x fl Supp(x„) = 0. 

(4) If x £ il(/f) then U x C U a for some a £ {1,..., k}. Moreover there exists 
( h ax , Ifax^ax) :%3 X ^V3a as in Property 7.38. 

For each £ = (£ r )te!R €= Wo and n £ Z>o we will define a multivalued perturbation 
on 23 x as follows. 

(Case 1) x £ Uq = tto(K) then U x C ilo (if). 

Then U x C ilo (if). We take a £ {l,...,fc} such that x £ U°. By Property 
13.4 (4) we can pullback (s“’ n ,... ,s^’ n ) to HJ X . This pullback is our (This is 
independent of £.) 

(Case 2) x £ il(if) \ ilo (if). 

We take a £ {l,...fc} such that U x C U a . By Property 13.4 (4) we have 
{h ax ,(f>ax,ipax)- We put 

9l(a;) = {r <E 91 | x £ Supp(xr)}- (13.6) 

We take (h xx , (p xx , <p xx ) as in Property 13.4 (3) for each r € 91(x). We put 

I = {1,x H T x . 

reSR(rc) 

We define : V x —> E x for each i £ I by Formula (13.7) below. We take a 
sequence e n > 0 with lim^-nx, e n = 0 and fix it throughout the proof. (For example 
we may take e n = 1 /n.) We put i = (j, ( 7 ,,)). 

s x ,i(y) = s x (y) + XO(M) 5 ^i«j(^ox(y)) - s a (<pax{y))) 

+ Xt{[y])g7,y(s e x n {‘fixx{y),% 1 ^) ~ s x ((f xx (y)) ^ 13J ) 

teai(x) 

Explanation of the notations in Formula (13.7) is in order. s a : V a —■► E a is the 
representative of the Kuranishi map, g a , y : E a -A E x is defined by ip ax (y,g) = 
ga,y(y)i s x : V x —> E x is the representative of the Kuranishi map, g x , y : E x -A E x is 
defined by Cp xx {y : r)) = gx,y(y)- [y] £ V a /T a is the equivalence class of y, which we 
regard as an element of U. 

(Case 3) x £ U \ il(if). 

We define D\(x) by (13.6). We take (h xx ,(p xx ,tp xx ) as in Property 13.4 (3) for 
each x £ 9t(x). We put 

>= n u 

tern. (*) 

We define : V x E x for each i = (tOi-gsh^) S I by the following formula. 

5 x’,f(y) = s x {y)+ Xx([y})9 x ,l(s e x n {ip xx (y),'y x 1 ^ x ) - s x {if> xx {y)). (13.8) 

re«R(z) 

Here the notations are the same as (13.7). 
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Lemma 13.5. )?;e/ defines a multisection on Moreover it satisfies the 

following properties. 

(1) In Case 1, it is independent of the choice of a and (h ax ,(p ax ,<p ax ). 

(2) In Case 2, it is independent of the choice of(h tj , c p tx , tptx)> an d a, ( h ax , p ax , Pax)- 

(3) In Case 3, it is independent of the choice of (h tx ,p tx ,p xx ). 

(4) The restriction o/(s™f)jg/ to U X C\U X ' is equivalent to restriction 
to U x n U x f - 

Proof. In Cases 2 and 3 we will show that {s xi {y))iei is a permutation of (ys™’f ( 7 _ 1 y))ie/ 
for 76 ^. We calculate 

79”^-i y (Cr) = IPvxil = Pxx{y,lO = 9x,y( 7&)- (13.9) 

This implies that the third term of (13.7) and the second term of (13.8) is invariant 
under 7 action modulo permutation of the indices in I. The second term of (13.7) 
is invariant under 7 action modulo permutation of 1 ,..., a since (s" 1; ..., s™ e ) is 

a multisection. We have thus proved that (s™f)igj is a multisection. (In Case 1 
this fact is obvious.) 

Statement (1) is a consequence of the definition of multivalued perturbation, 
that is the well-defined-ness of 5 k ■ 

To prove Statement (2), we observe that different choices of (h xx ,ip xx ,ip xx ) are 
related one another by the action of 7 £ T r . (Lemma 15.27.) Then using (13.9) we 
can show that the third term of (13.7) changes by the permutation of j t . The first 
and the second terms of (13.7) do not change. 

By changing (h ax ,p a x-,Pax) the second term of (13.7) changes by the permuta¬ 
tion of j and the third term of (13.7) does not change. 

The proof of (3) is easier. 

To prove (4) it suffices to consider the case U x > C U x . If Case 1 is applied 
to both x and x' it is a consequence of the well-defined-ness of the restriction of 
multisection. 

If Case 3 is applied to both, then 9T(a: / ) C 9\(x). In this case the right hand side 
of (13.8) is independent of T r factor for r ^ D\(x r ) on U } > . Therefore the restriction 

of (s"f )ie/ to U x fl U x ' is a permutation of the IItG!R( 3 ')\SR(j) iteration of the 

restriction of ( 5 ', j),e/ to U i fl U x >. 

When Case 2 is applied to both we can prove (4) by combining the above those 
two cases. 

What remains to prove is the case where the Case 2 is applied to x and Case 
1 or Case 3 is applied to x'. If Case 1 is applied to x' then \o becomes 1 on 
U X '. Therefore the required equivalence follows from the well-defined-ness of the 
restriction of the multisection. If Case 3 is applied to x' then xo becomes 0 on U X ' ■ 
Therefore the second term of (13.7) vanishes. So the restriction of to U x ' 

is a permutation of the l a rireSR(a;')\SH(a;) iteration of the restriction of (s"/Jie/ 
to U x t. □ 

Lemma 13.6. For each sufficiently large n, the set of £ such that is 

transversal to 0 for all x £ fl is open and dense in Wq. 
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If we are in Situation 12.2 in addition, then the set of £ such that f is strongly 
transversal to g with respect to (s^)i G j is dense in Wq. 

Proof It suffices to show the conclusion on a neighborhood U x of each fixed i£f2, 
since we can cover H by countably many such U x s. 

In Case 1 this follows from the assumption that Sk is transversal to 0. 

In Case 2 the set 

{{y,()\ s",f(2/) = 0} 

is a smooth submanifold of V x x Wq. Therefore we can prove the lemma by applying 
Sard’s theorem to its projection to Wq. (We use (13.2) here.) 

We consider Case 3. Suppose XoQ®]) 7 ^ 1- Then we can shrink the domain U x 
if necessary and assume Xt([y]) 7 ^ 0 on U x . Then by the same argument as Case 2 
we can show the required transversality for the dense of of £ r . 

Suppose Xo([t]) = 1. Then all the functions y r together with its first derivative 
is small in a neighborhood of x. Moreover the first derivative of xo is small in a 
neighborhood of x. We also remark that Sk is transversal to 0 at x. Therefore by 
using the openness of transversality, we can shrink the neighborhood U x so that 

(s”f) e / reminds to be transversal to 0 on U x for any £ contained in a compact 
subset of Wq. 

The proof of the second half is similar. In Case 2 above we consider the set 

{(2 hlz) eV x xW xN \ s n J(y) = 0, f(y) = g(z)}. 

This is a smooth submanifold of V x x W x N. Therefore we have the required 
transversality result in this case by applying Sard’s theorem to the projection to 
W from this manifold. The rest of the proof is entirely the same. □ 

The proof of Proposition 13.1 is complete. □ 

13.2. Compatible system of bundle extension data. There is one nasty point 
in proving a multisection version of Proposition 13.1. (See Subsection 13.5.) To 
go around it, we will take the bundle extension data for each coordinate change 
of the good coordinate system so that they are compatible to one another. This 
is closely related to the idea of compatible system of tubular neighborhoods by 
Mather. However in our case its construction is rather easy. 

In this section, when we consider a bundle extension datum (^ 12 ,^ 12 ^ 12 ^ 1 ) 
of ($,/C), we sometimes shrink fii 2 ,fii and restrict ( 7112 ,^ 21 ) thereto respectively. 
It will be a bundle extension datum if fli 2 , Hi still remain to be neighborhoods of 
P 21 (K), K respectively. So we sometimes say ( 7112 , P 21 ) is a bundle extension data 
without specifying Hi 2 ,Hi. 

Definition 13.7. Let U be a good coordinate system and K. a support system. 

We call ({7r q p}, {<^ pq }, {Hq P }, {H p }) a system of bundle extension data of (U,K.) 
if they have the following properties. (Here t < q < p are elements of tp.) 

(1) (7r q p, (p pq , H qp , Hp) is a bundle extension datum of ($ pq , /Cp q ), where /C pq = 
^pq^p) C/Cq. 

(2) 7T r q o 7Tqp = 7T r p on a neighborhood of (ip^ (K . p )) n (/C q ) fl (JC P ) C 

IC t . 

(3) ip pq oip qr = (p pr on a neighborhood of ^“ 1 (^ q 1 (/Cp))n^“ 1 (/Cq)n^p t 1 (/Cp)n 

IC t . 
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The precise meaning of equality in Condition (3) is as follows. We pull back 
£>qr : 7r* > £q by 7Tqp and obtain 7r* p yjq r : 7r* p £t —> 7r* p £q. We compose it with 

(pp q : 7r* p fq —> £ v and obtain a map : 7r* p £ r —>• £ v . We denote it by (pp q o (p qx . 
Condition (3) requires that this map coincides with <p pv . 

During the discussion of this section, we shrink , {fl qp }, {D p } several times and 
restrict 7rq P ,<p pq thereto. We call ({^qp}, {</5pq}) a compatible system of bundle 
extension data sometimes, in case we do not need to specify the domain. 

Lemma 13.8. Ifir vq , 7r qp are diffeomorphic to the projections of normal bundles, 
then the composition 7r vq o 7r qp is diffeomorphic to the projections of normal bundle. 

The proof is easy and is omitted. 

Proposition 13.9. For any pair (Id, 1C) there exists a system of bundle extension 
data associated thereto. 

Proof. We first construct {7r qp }. 

Lemma 13.10. Let K. be a support system of U. Then there exists D qp for p > q. 
fl p and 7r qp with the following properties. 

(1) Oqp is a neighborhood of pp q (K. q C f7 pq ) fl /C p in Up. 

(2) Dp is a neighborhood of /C p in Up. 

(3) 7Tq P : fiqp — > is a continuous map which is diffeomorphic to the restric¬ 

tion of a projection of a vector bundle to a neighborhood of 0 section. (See 
Definition 12.23.) 

(4) 7T q p o ip pq = id on a neighborhood of <Pp q (IC p ) fl !C q . 

(5) 7r r q07Tqp = 7r r p on a neighborhood of ipff(ipf q (ICp))r\ip qv 1 (IC q )nipp r 1 (ICp)r\ICt■ 

Proof. The proof is by induction on the number differ(p, q), which we define now. 
Definition 13.11. For p, q € with q < p we put 

differ (p, q) = max{n | 3ti, ..., t„ G fp, q = ti < • • • < t„ = p}. 

We will prove the following statement by induction on n. 

(*) The conclusion of Lemma 13.10 holds for p, q with differ(p, q) < n. 

Note we will shrink D q p, D p several times during the proof and restrict 7Tq P to the 
shrinked domain. We however use the same symbol for the shrinked open sets and 
retraction on it. 

If n = 0 there is nothing to prove. Next assuming (*) holds for all p, q with 
differ(p,q) < n , we will prove the case of pair (p,q) with differ(p,q) = n. Let 
p, q € ip with p > q and differ(p, q) = n. 

For r € fp with p > r > q we take a neighborhood fl qr p of 

VfqiVpvifcp)) n n Tp q (ICp) n K q. 

The composition 7r qr o 7r rp is defined there. 

Sublemma 13.12. We may take Sl qr p such that 

7Tq t O 7T rp = 7Tq r / O 7T r / p 

holds on Slqtp D Dqr'p. 
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Proof. By Definition 3.14 (5), we may shrink D qrp so that 0 qr p (~l D qr / p ^ 0 implies 
either t < t' or r 1 > t. We may assume r < r' without loss of generality. Then, by 
the induction hypothesis, we have 

T q r ° 7T r p = 7T qr / O 7r r / t O 7T r p = 7T qr / O 7r r 'p 

on a neighborhood of 

V^rq 1 (^^r 1 (^p)) H (/C r ) (~l lfi~^ (1C p ) D /C q 

n p )) n ^(M n ^(/c p ) n /c q . 

because 

differ(r, q), differ(p,t), differ(p, r'), differ^', t), cliffer(r / , q), differ(p,r') < n. 

The sublemma follows easily. □ 

Thus we can define 7r qp to be 7r qr o 7i rp on a neighborhood of 

^(/Cp) n ac„ n U Ptq (<Ppt (fcp)) n ^(ic x ) (i3.io) 

x 

which will then satisfy the required properties. Then by shrinking the neighborhood 
of (13.10) a bit, we can use Proposition 15.49 to extend it to a neighborhood of 
^pq (^-p) H /C q . Thus Lemma 13.10 is proved by induction on n. □ 

Remark 13.13. The proof of this lemma is easier than the proof of existence of 
system of normal bundles of Mather since in our case stratification is locally linear 
ordered by Definition 3.14 (5). 

Lemma 13.14. Let ({ST qp }, {D p }, {7r qp }) be as in Lemma 13.10. Then by shrinking 
D qp and Dp if necessary, there exists <^ pq such that ({7r qp }, {<p pq }, {D qp }, {D p }) 
becomes a system of bundle extension data of ( Li , 1C). 

Proof. We can prove Lemma 13.14 by the same induction as Lemma 13.10. □ 

The proof of Proposition 13.9 is complete. □ 

Definition 13.15. In the situation of Definition 12.24, let Si (resp. S 2 ) be mutli- 
sections of U\ (resp. U 2 ) defined on a neighborhood of K (resp. ip 2 i(K)). 

We say that Si and S 2 are compatible with the bundle extension data ( 7112 ,^ 21 ) 
if Si and S 2 are represented both by i multisection and there exists a permutation 
a : {1,... ,f} —> {1,... ,£\ such that 

(y,S 2 ,i(y)) = ^2i(2/,Si, CT (i)(7r 12 (y))), (13.11) 

holds if y is in a neighborhood of tp 2 i (K) in U 2 - Here a depends on 7112 ( 1 /). 

Remark 13.16. The equality (13.11) implies that Si and S 2 are compatible with 
the embedding $21 automatically. 

Definition 13.17. In the situation of Definition 13.7, let s = {Sp } be a multivalued 
perturbation of (U,1C). 

We say that s is compatible with the compatible system of bundle extension data 
({7r q p}, {^pq}) if for each p > q and n £ Z>o, the pair Sp, s" is compatible with 
(7r q p,<^p q ) in the sense of Definition 13.15. 
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13.3. Embedding of Kuranishi charts and extension of multisections. We 

now consider the following situation. 

Situation 13.18. In the situation of Definition 13.15, let K C X be a compact 
subset contained in a relatively compact open subset W C X, {s^ 2 } a mutivalued 
perturbations of U 2 on a neighborhood of K , and js"} a mutivalued perturbations 
of U\ on a neighborhood of W. 

We assume that 2 } and a restriction of {s"} to a neighborhood of K are com¬ 
patible with $21 and also compatible with the restriction of the bundle extension 
data ( 7112 , £> 21 ) to a neighborhood of K. ■ 

Proposition 13.19. In Situation 13.18 there exists a multivalued perturbation {s 2 } 
ofU 2 on a neighborhood ofW such that 

(1) The restriction o/{s 2 } to a neighborhood of K coincides with {s^- 2 } • 

(2) {s^ 2 } > { s il are compatible with $21 on a neighborhood of I\. Moreover 
they are compatible with the bundle extension data ( 7112 ,^ 21 ) mi a neighbor¬ 
hood of W. 

(3) If { {s”| are transversal to 0 for sufficiently large n in addition then 
s 2 can be chosen to be transversal to 0 for sufficiently large n. 

(4) Suppose that g : IV —>■ M is a smooth map between manifolds and fi is 
strongly transversal to g with respect to s" for sufficiently large n. Then we 
may choose s 2 such that f 2 is strongly transversal to g with respect to s 2 
for sufficiently large n. 

Proof. We define 52 , 1 (^ 12 ( 2 /)) by 

(y,s2,i(y)) = <P2i(y,si,i(ni2(y))), (13.12) 

(Note this is Formula (13.11) except we take a to be the identity.) Statements (1) 
and (2) are obvious. We can shrink the neighborhood of W so that statements (3) 
and (4) hold. □ 

Remark 13.20. The proof of Proposition 13.19 is much simpler than that of 
Proposition 12.22. In fact in the proof of Proposition 12.22 we use a bump function 
to glue two CF-perturbations. Here Property (2) is automatic without using bump 
function since we assumed {s^- 2 } is compatible with bundle extension data. 

We need a few more definitions: 

Definition 13.21. Let $ = ({$ p },i) : U —>■ U+ be an embedding of good coor¬ 
dinate systems /C, /C + be their support systems such that ip v (ICp) C /Cj^. bet 
s = (OrqpM^pqM^qpM^pj) and S+=^({tt+}, {<p+}, (H+}, {0+}) be systems 
of bundle extension data of {U, K.) and ( U + ,K . + ) respectively. 

A bundle extension datum of ($, /C, 3,3 + ) consists of the objects {(<^ p , 7r p )} that 
satisfy the following properties: 

(1) For each pGljlwe have a bundle extension datum (tp p , 7r p ) of the embedding 
<f> p on ICp. 

(2) If q < p, then 

(a) 7r qp o7r i(p) = 7r q o7r+ q)i(p) on a neighborhood of (^ p)i(q) °<Pq)(^p q 1 (A:p)n 

/C q ). 

(b) ^ p o ^ pq = <^ p)i(q) op q ona neighborhood of <p 9 q(t C p ) D K. q . 
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Here (7r qp , ^pq) is a part of the bundle extension datum of ( [U, 1C ) and 
( 7r i(q)i(p) > ^i(p)i(q)) a P ar t °f the bundle extension datum of ( U + ,K , + ). 
(See Diagram 3.5.) 

Definition 13.22. In the situation of Definition 13.21, let "s (resp. s+) be a multi¬ 
valued perturbation of (U, /C) (resp. (£Y+,/C + )), such that "s (resp. s+) is compatible 
with the bundle extension data S (resp. S + ). 

We say that s, s+ are compatible with <f>, {(<^ p ,7r p )} if for each p, the pair s p , 
s i(p) are compatible with (<^ p ,7r p ) in the sense of Definition 13.15. 

Proof of Propositions 6.37. We will work out the induction scheme of the proof 
of Proposition 7.49 for a multivalued perturbation compatible with the system of 
bundle extension data as produced in Proposition 13.9. The detail is now in order. 

We write the bundle extension data we use by 3. We use the notations in the 
proof of Proposition 7.49. We replace Proposition 12.33 by the following. 

Proposition 13.23. There exists a multivalued of perturbations s$ of(lA(f^ 1 IC + ), /C(30) 
on T(3,/C) with the following properties. 

(1) s® is compatible with the bundle extension data which is a restriction o/S 
to (%,£+),£($)). 

(2) s® is transversal to 0. 

(3) If f : (X,Z\IA) —>• M is weakly transversal to g : N -A M, then we may 
take s® so that the restriction of f is strongly transversal to g with respect 
to s®. 

Proof. To prove Proposition 13.23 we replace Lemma 12.34 by the following. (We 
use the notation of Lemma 12.34.) 

Lemma 13.24. For any ideal 3 C there exist an open neighborhood t/ Po (3) of 
, 0^ O 1 (T(3, /C))n/C Po inU Po and a multivalued perturbation s® (3) of (£//($,/C + ), £(30) 
on T(3, /C) with the following properties. 

(1) s®(3) is compatible with the system of the bundle extension data obtained 
by restricting 5. 

(2) s®(3), s®- are compatible with the embedding and its bundle exten¬ 

sion data in the sense of Definition 13.22. 

(3) s®(3) is transversal to 0. 

(4) If f : ( X,U ) -A M is weakly transversal to g : IV —» M then we can choose 
s®(3) such that the restriction of f is strongly transversal to g with respect 
to it. 

We remark that the embedding is obtained by restricting the coordinate 

change of U. Therefore S induces a bundle extension datum of each embedding 
of the Kuranishi charts which makes up The compatibility condition for 

Definition 13.21 (2), is a consequence of the compatibility condition for S, 
Definition 13.7. We thus obtain a bundle extension data of embedding that 

we mentioned in Item (2). 

Proof of Lemma 13.24- The proof is the same as the proof of Proposition 12.34. 
Namely we replace Proposition 12.22 by Proposition 13.19. □ 
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We are now ready to complete the proof of Proposition 13.23. In the proof 
of Proposition 12.33 we replace Lemma 12.34 by Lemma 13.24. We also replace 
Proposition 12.4 by Proposition 13.1. This proves Proposition 13.23. □ 

Theorem 6.37 follows from Proposition 13.23. □ 

13.4. Relative version of the existence of multisection. We next prove a 
relative version of Theorem 6.37. We need a relative version of Proposition 13.9. 

Situation 13.25. (1) Let IA Z{1 '‘ be a good coordinate system of X and Zm C 

X is a compact subset. Let K. Z W be a support system of U. Z(1 '> in the sense 
of Definition 7.54 (1). 

(2) Let U be a good coordinate system of Z( 2 ) C X with Zm C Int Z( 2 ) and 

suppose U z t 1 ) strictly extends to U in the sense of Definition 7.50 (4). Let 
/C be a support system of U which extends K. z m in the sense of Definition 
7.54 (2).B 

Definition 13.26. In Situation 13.25 (1), we call ({7r^, (1) }, {yjjf q (1) }, {flf p (1) }, {flf (1) }) 

a system of bundle extension data of ( U Z W , K . 2 ^) if they have the following prop¬ 
erties. 

(1) (7r^ (1) , (fp , q (1) , , flf (1) ) is a bundle extension data of ($jf q (1) , /C,f q (1) ), where 

£f q = (^fi (1) ) _1 (^f (1) ) n /cf (1) . 

(2) 7T fq 1 ' 1 o 7rfp (1) = 7T^, (1) on a neighborhood of (<pf, : (1) ) _1 (^f q (1) )~ J (/cf <1) )) PI 

(4 tl, )' 1 (< (1) ) n (^ C1, )- 1 (/cf< 1 >) n/cf«. 

(3) ° ipf r {1) = on a neighborhood of (^f r <1) ) _1 ((^fq 1) )~ I '(^f (1) )) n 

(4 (1) )- 1 (/cf (1) ) n (^ (1) )- 1 (/cf <1) ) n/cf«. 

Proposition 13.27. In Situation 13.25 (l)+(2), let S^ 1 ) be a bundle extension 
data of {U 2 ^, K . 2 ^). Then there exists a bundle extension data S of (U, -Z( 2 ); K.) 
which coincides with S 2 ^ in a neighborhood of -Z(i). 

The proof is the same as the proof of Proposition 13.23. 

Situation 13.28. In Situation 13.25 (1) + (2), suppose we are given systems of 
bundle extension data S^ 1 ) and H respectively as in Proposition 13.27. 

Let s 2< -^ is a multivalued perturbation of (li z M ,K. Z W). We assume that s 2 ^ 
is transversal to 0. ■ 

Proposition 13.29. In Situation 13.28, there exists multivalued perturbation 5 of 
(i U , K.) such that 

(1) s is transversal to 0. 

(2) s coincides with s 2 ^ in a neighborhood of Z . 

(3) 5 is compatible with S. 

(4) If f ■■ (X, Z( 2 )\lX) M is weakly transversal to g : N —>• M and the 
restriction of f is strongly transversal to g with respect to s then we may 
choose s such that f is strongly transversal to g with respect to 5. 
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Proof. We can modify the proof of Proposition 7.57 in exactly the same way as 
we modified the proof of Proposition 7.49 to the proof of Theorem 6.37. It proves 
Proposition 13.29. □ 


13.5. Remark on the number of branches of extension of multisection. 

We now explain a certain delicate point we encounter when we try to extend a 
multisection or multivalued perturbation. (This point does not appear while we 
extend a CF-perturbation.) 

Note that during the proof of Proposition 12.22 we used the same parameter 
space while we extend our CF-perturbation on a subset of U\ to its neighborhood 
in U 2 . To extend a multivalued perturbation it is important that we do not change 
the number of branches. This point is mentioned in [FOn, page 955 line 20-24] and 
[F00013, Remark 6.4], We elaborate it below. 

Let U\ C U 2 be an embedded submanifold. Suppose U\ is expressed as the union 
U\ = Upi U Ui }2 of two open subsets Upi, f/ 1,2 and we are given multisection s on 
Z7i. We also assume that s\u 1 ,■ is extended to its neighborhood in U 2 and we denote 
this extension by Sj. (We assume that the number of branches of Sj is the same as 
one of s around each point of Uij.) We try to glue Si and S 2 to obtain an extension 
of s to a neighborhood of U\ in U 2 . 

Let p G Upi fl 1 / 1 , 2 . We represent s in a neighborhood of p as (si,..., si), where 
Sj are branches of s in a neighborhood of p. We might say that extension s 3 gives 
(sj t 1 ,..., Sj t i) and we might try to glue them as 

Si(p) = x(7r(p))si,i(p) + (1 - x(7r (p)))s 2 ,i(p) (13.13) 

where y is a function on C /1 such that x has a support in Up 1 and 1 — \ has a 
support in Up 2 . ir is the projection of the tubular neighborhood of U\ in U 2 . 

However, we can not define Sj by (13.13), because of the following problem. As 
we explained in Remark 6.15, the way we take a representative (sp ... ,si) of s 
is not unique. (The uniqueness modulo permutation also fails.) Therefore, when 
we extend s to Sj , we may take a representative different from (si,...,s^) in a 
neighborhood of p. So to add spj(p) and s 2t i(p) may not make sense. 

Note the representative (syi (p), ..., Sjjfp)) does make sense at p (modulo per¬ 
mutation). Namely it makes sense point-wise. 

We remark that Definition 13.15 works point-wise. Namely the right hand side 
of (13.11) makes sense point-wise and we do not need to take the representative of 
Sj locally but we only need to take its representative at y = n(p). This is because 
we fix a bundle extension datum which is well-defined globally (and is compatible 
with coordinate changes etc. in the sense of Definition 13.7). In fact this is the 
reason why we use the system of bundle extension data (Definition 13.7) to extend 
multivalued perturbations. 

We note that, in Formula (12.19), we do not use system of bundle extension data 
to extend CF-perturbations. 

The definition of CF-perturbation is similar to that of multivalued perturbation 
where we use an open set of vector space in the former and a finite set in the latter. 
The definition of equivalence of CF-perturbation in Definition 7.5 is different from 
that of multivalued perturbation in Definition 6.2. In fact the former is a local 
condition and the latter is a point-wise condition. 
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We can slightly modify the definition of multivalued perturbation by imitating 
the way taken in the case of CF-perturbation. Then we do not need to use system 
of bundle extension data. 

In this document we use system of bundle extension data since we want the 
definition of the multisection to be exactly the same as one in [FOn]. We want 
to do so since the definition of [FOn] had been used by various people including 
ourselves. 


14. Zero and one dimensional cases via multisection 

In Sections 7 - 10, we discussed smooth correspondence and defined virtual fun¬ 
damental chain based on de Rham theory and CF-perturbations. In this section, 
we discuss another method based on multivalued perturbation. Here we restrict 
ourselves to the case when the dimension of K-spaces of our interest is 1, 0 or 
negative, and define virtual fundamental chain over Q in the 0 dimensional case. 
In spite of this restriction, the argument of this section is enough for the purpose, 
for example, to prove all the results stated in [FOn], We recall that in [FOn] we 
originally used a triangulation of the zero set of multisection to define a virtual 
fundamental chain. In this section we present a different way from [FOn]. Namely, 
we use Morse theory in place of triangulation. This change will make the relevant 
argument simpler and shorter for this restricted case. We will explain the thorough 
detail about the triangulation of the zero set of multisection elsewhere. 

14.1. Statements of the results. We start with the following : 

Lemma 14.1. Let U be a good coordinate system (which may or may not have 
boundary or corner), /C its support system, and "s = {s£ | p £ *}!} a multivalued 
perturbation of ( U,1C) (Definition 6.11.) We assume that s is transversal to 0. 
Then there exists a natural number no with the following properties. 

(1) If the dimension of {X,U) is negative, then (Sp)^ 1 (0) 0 |/C| = 0 for n > no- 

(2) If the dimension of (X,U) is 0, then (Sp) - 1 (0) O \dU\ 0 |/C| = 0 for n > no- 
Moreover there exists a neighborhood U(X) of X in \U\ 0 \K,\ such that the 
intersection (Sp)~ 1 (0) nil(X) is a finite set for any n > Hq. 

Proof. (1) is obvious. Using the fact that the dimension of the boundary of ( X,U ) 
is negative, we have (Sp) - 1 (0) D \dU\ n |/C| = 0 in (2) also. The finiteness of the 
order of the set (Sp) _ 1 (0)nit(A)n|/C| is a consequence of its compactness, Corollary 
6.32. □ 

We now consider: 

Situation 14.2. Let U be a good coordinate system (which may or may not have 
boundary or corner), and assume a support system K. thereof is given. Let s = {Sp | 
p £ tp} be a multivalued perturbation of ( U,K .). We assume: 

(1) (X,lf) is oriented, 

( 2 ) s' is transversal to 0 . 

Consider another support system 1C with 1C < K. We take a neighborhood il(A') 
of X as in Corollary 6.32 for 1C 2 = 1C and /C 3 = /C. ■ 
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Definition 14.3. In Situation 14.2 we call (Lift) a good coordinate system with 
multivalued perturbation of X. 


Definition 14.4. In Situation 14.2, we assume dim (X,li) = 0. We consider p £ 
Up nil(X) n |/C| such that s” (p) = 0. (This means that there is a branch of Sp that 
vanishes at p.) Let 03 = (V,T, E,ip,f>) be an orbifold chart of (U p ,E p ) at p. We 
take a representative (sj^,... ,s” f) of Sp on 03. Let p £ V such that [p] = p. 

(1) For i = 1,..., I we put: 

f0 if s p,i(P) ^ 0. 

£p,i = < +1 if Sp.i(p) = 0 and (14.1) below is orientation preserving. 

[—1 if s” i (p) = 0 and (14.1) below is orientation reversing. 

In the current case of virtual dimension 0, the transversality hypothesis 
implies that the derivative 


Dp*h ■ TpV 


Ep 


(14.1) 


becomes an isomorphism at every point p satisfying Sp j(p) = 0. 

(2) The multiplicity m p of (Sp) _1 (0) at p is a rational number and is defined 

by 

e 


1 




£■ 


• 


Lemma 14.5. (1) The multiplicity m p in Definition lf.f is independent of the 

choice of representative (Sp^,... ,Sp f). 

(2) If q £ Upq and p = ipp ct (q), then the multiplicity at p is equal to the multi¬ 
plicity at q. 


Proof. This is immediate from the definition. □ 

Definition 14.6. In Situation 14.2 we assume dim(X,W) = 0. We define the 
virtual fundamental chain [(A',W,/C / ,s n )] of (X,U,IC,s n ) by 

[{X,UJ C',^)]= ^ m p . (14.2) 

peu(x)n|/C'|n|J |jgv (5")- 1 (0) 

This is a rational number. Here the sum in the right hand side of (14.2) is defined 
as follows. Let us consider the disjoint union 

|J (fi(X) n/c; n (Sp) -1 (0)) X {p}. 

P£V 

We define a relation ~ on it by (p,p) ~ (q, q) if p < q, q = p qP (p) or q < p, 
p = ip P q(q). This is an equivalence relation by Definition 3.14 (7). The set of the 
equivalence classes is denoted by il(X) n \K.'\ nU p6 (p(Sp) _1 (0). By Lemma 14.5 (2) 
the multiplicity m p is a well-defined function on this set. 

Remark 14.7. We note that in case (X, U) has a boundary, the number [(X, 7/, X', s n )\ 
depends on the choice of the multivalued perturbation's = (sj)}. It also depends 
on n. 


The next result is a multivalued perturbation version of Proposition 7.80. 
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Proposition 14.8. Let K},K?,K? be support systems with X 1 < X 2 < X 3 = 1C. 
Let X,14,5 = {s n } and 1C be as in Definition 14-6. 

(1) The number {(X,li,X' ,s n )\ in ( 14-2) is independent of ii(X) for all suffi¬ 
ciently large n. Here X' is either X\ or /C 2 . 

(2) We have 

[(x,a,x 1 ,^)\ = [(x,a,K 2 ,^)} 

for all sufficiently large n. 

Proof. (1) Let il'(X) be an alternative choice. By Corollary 6.32 we have 

u(X) n \k!\ n |J (^r^o) = u!(X) n \X'\ n |J (s”)- 1 ^). 

P 6<p P eq3 

Independence of the multiplicity m p can be proved in the same way as the argument 
in Definition 14.6. (1) follows. 

(2) By Proposition 6.30 we have 

ii(X) n \x ± \ n (J (s^-po) = u(x) n \x 2 \ n |J t^rpo). 

peq? peqi 

Independence of the multiplicity m p can be proved in the same way as the argument 
in Definition 14.6. (2) follows. □ 

Convention 14.9. Since [{X, U } X\s n )\ is independent of X' by Proposition 14.8, 
we will write it as \{X 7 £Y,s”)] hereafter. 

The main result of this section is the following. 

Theorem 14.10. Let {X,UfS) be as in Situation 14-2. We assume dim(X,W) = 
1. We consider its normalized boundary d(X,U) = (dX,dU) where ? induces a 
multivalued perturbation Sg thereof and (dX,dlL,Sg) is as in Situation 14-2 with 
dim(cUf, dU ) = 0. Then the following formula holds. 

[(dx,du,s |)] = 0. 

Remark 14.11. Here we remark a slightly delicate point about the definition of 
transversality of the multivalued perturbation s = {s"}- 

We remark that for a CF-perturbation we studied a family parameterized by 
e which is a positive real number close to 0. For a multivalued perturbation we 
considered a sequence of multisections s n , where n is an integer. In other words in 
the case of CF-perturbation the parameter space is uncountable while in the case 
of multivalued perturbation the parameter space is countable. 

In many parts of the story of multivalued perturbation we can consider s = {s e } 
in place of {s n }. However we need a countable family of objects to apply Baire’s 
category theorem (See the end of the proof of Lemma 14.21). 

When we discuss transversality of s' = {s e } we may consider one of the following 
two versions: 

(1) Fix sufficiently small e > 0 and define the transversality of s e as a multi¬ 
section. 

(2) We consider the whole family s as a multisection on (X.U) x (0, eo). 
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Sard’s theorem implies that if s' = {s e } is transversal to 0 in the sense of (2) then 
for generic e the multisection s e is transversal to 0 in the sense of (1). 

The transversality we need to define virtual fundamental chain is one in the sense 
of (1). 

Remark 14.12. The point we elaborate in Remark 14.11 is related to the n- 
dependence of the virtual fundamental chain \(X,U,s n )\ of a 0 dimensional good 
coordinate system as follows. 

This phenomenon occurs only in case when ( X , U) has a boundary. 

Suppose If is transversal to 0 in the sense of (2) above. Then for sufficiently 
small generic e, s e is transversal to 0 at e. So we can define the rational number 
[(X,U,P)\. 

On the other hand, there is a discrete subset S C (0, eo) such that if e\ £ S then 
s £l may not be transversal to 0. In particular the zero set of s ei may intersect with 
the boundary d(X,U). Therefore 

lim [(X,U,s e )\ ^ lim[(A,ZY,s e )], 

efei ef-ei 

in general. In other words, wall crossing may occur at ei. By this reason the virtual 
fundamental chain \(X,U,s e )\ depends on e. 

We remark that in the case when we use CF-perturbations a similar phenomenon 
happens and the integration along the fiber depends on e. However this phenomenon 
appears there in a slightly different way. Suppose we consider the zero dimensional 
case. Then the integration along the fiber (of the function 1 and the map X —>• 
point) [(X, U, © e )] defines a real number for each e. This is defined for all sufficiently 
small e but is not a constant function of e. 

The number we obtain using the CF-perturbation is a real number and so changes 
continuously as e varies. (It is easy to see from definition that [(A', U , s e )] is a smooth 
function of e.) The number we obtain using multivalued perturbation is a rational 
number. So it jumps. In other words it is impossible to obtain virtual fundamental 
chain [(A ,U,s e )\, for all e in case s is a multivalued perturbations. 

14.2. A simple Morse theory on K-space. 

Proof of Theorem If. 10. We can prove this theorem by taking an appropriate per¬ 
turbation s n so that its zero set has a triangulation. This is the proof given in 
[FOn, Theorem 6.2]. (Theorem 14.10 is a special case of [FOn, Theorem 6.2] where 
Y is a point.) Here we give an alternative proof without using triangulation. 

Let (1C, K.) be a support pair of U. Note t is a multivalued perturbation of (U, Kf). 
We consider a strongly smooth function / : U(\K.\) [0, oo) of a neighborhood 

t/(|/C|) of |/C| in \U\ such that 

/ _1 (0) = \dU\ nU(\K.\). (14.3) 

Definition 14.13. We say that / is normally positive at the boundary if the fol¬ 
lowing holds. 

Let p g dU p fl U(\IC\) and we identify its neighborhood with {W x [0, l) fe )/r 
where p corresponds to (po, (0,... ,0)) and po £ W is an interior point. Let v € 
T(p 0 ,o,...,o)(W x [0, l) fc ) such that v = (vq, Vi, ..., Vk) with Vi > 0 for all* = 1,..., k. 
Then 


v(f) > 0 . 


( 14 . 4 ) 
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Remark 14.14. The above definition can be rephrased as follows. Consider the 
conormal space 

N( Po ,o,...,o)( W x W) C T Uo,..,o)(W x [0,I]*)- 

Then / is normally positive at (po, 0,..., 0) if and only if df(po, 0,..., 0) is contained 
in the cone 

C + (N{ PO , 0 ,..., 0) (W x {0})) := {a G N^ 0 _ 0) (W x {0}) | a(v) > 0, v = (v 0 ,vx,..., 

with , Vi > 0 for all i = 1 ,... ,k}. 


Lemma 14.15. There exists a strongly smooth function f as above which is nor¬ 
mally positive at the boundary and satisfies (lfi3). 

Proof. We take /C + such that (1C, 1C + ) is a support pair. Let x G \IC\. We then 
take a maximal p such that x G K. p . We take a sufficiently small neighborhood 
Q x of x in \U\ such that Ct x fl /C q 7 ^ 0 implies q < p. Then we may slightly shrink 
Cl x so that Cl x fl \IC\ is contained in Cl x fl ICp . Note Cl x fl ICp is an orbifold with 
corner. Therefore a neighborhood of x in it is identified with a point (xo, (0,..., 0)) 

O 

in (V x x [0, l)*-)/r x . Here x G Sk x (ICp). We can choose this coordinate so that 
the T x action on V x x [0, l) kx is given in the form as 

(y, (tx, . . . , ffcj) (-»• (7 (y, (h,..., t k J), (tcr(l), • • ■, ta(k x ))), 

that is, the action on [0, l) fcx factor is by permuting its components. We define a 
function f x on tt x fl ICp by 


fx(y, (ti, ■ ■ ■, tkfif) 


tit 2 ■■■t kx if k x > 0 , 
1 if k x = 0 . 


(14.5) 


We may regard it as a strongly smooth function on a neighborhood of W x = H x n|/C|. 

O O 

We may assume that if x G Sk x (ICp ) then W x fl Sk x +i(ICp) = 0 for any p. Let Wq }X 
be a relatively compact neighborhood of x in W x . 

We take finitely many points a;,, i = 1,..., N of |/C| such that 

N 

U Wo, Xi 2 \IC\- 

i=1 

Then there exists a strongly smooth functions Xi on a neighborhood of |/C| to [0,1] 
such that 

(1) The support of Xi is i n Wo tXi . 

( 2 ) EliXi = l- 

We can prove the existence of such \i i n the same way as in the proof of Proposition 
7.67 by using Lemma 7.66. We put 

N 

f = 

i=1 

By (14.5) this function has the required properties. □ 


Let K." be a support system with 1C < JC" < 1C. 
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Definition 14.16. Let / be a strongly smooth function defined on a neighborhood 
of |/C|. We say that a point p £ |/C| is a critical point of / if there exists p such that 
p £ /Cp and p is a critical point of the restriction of / to a neighborhood of p in Up. 
We denote by Crit(/) the set of all critical points of /. 

Definition 14.17. Let / be a strongly smooth function defined on a neighborhood 
of |/C|. We say that / is a Morse function if the restriction of / to each Up is a 
Morse function. (Namely its Hessian at all the critical points are nondegenerate.) 

Remark 14.18. Suppose / : |/C| -A R is a strongly smooth function and JC is 
a support system with JC < Ad, then the restriction f\\jc\ ■ | Ad' | -A K. is strongly 
smooth. If / is Morse so is f\\K'\- 

We use the following: 

Lemma 14.19. There exist finitely many orbifold charts (Vi,Ti,ifi) ofU Vi (pi £ 
and smooth embeddings hi : [0,1] —> Vi such that 

N 

Up On U ( s p) _1 (°) n ^p c (J[(V’i°^)((o,i))]. (14.6) 

pe!3 i— 1 

Here H(X) is as in Corollary 6.32. 

Proof. Since all the branches of s” are transversal to 0 and the (virtual) dimension 
is 1, locally the zero set of Sp is a one dimensional manifold. The lemma then 
follows from compactness of the left hand side. (Corollary 6.32.) □ 

Proposition 14.20. Suppose that dimf7 p > 2 for each p. Then there exists a 
strongly smooth function f on a neighborhood H(X) of X in |Ad| such that 

(1) / is normally positive at the boundary. 

(2) / satisfies (14-3). 

(3) f is a Morse function. 

(4) The composition f o ipi o hi : (0,1) A R is a Morse function for each 
hi : [0,1] —> Vi in Lemma 14-19 

Proof. The proof of the lemma is a minor modification of a standard argument. We 
give a proof below for completeness’ sake. We will use certain results concerning 
denseness of the set of Morse functions, which we will prove in Subsection 14.3. 

We make a choice of Frechet space we work with. Take a support system Ad + 
such that (Ad, Ad + ) is a support pair and define the set 

C°°()C+) = {(/p) pe «p £ n C°°(JC+) I fpOifp, = /q, on ^(^)n/C}}. (14.7) 
peq3 

Here C°° (JCp ) is the space of C°° functions of an orbifold Up defined on its compact 
subset JCp and so is a Frechet space with respect to the C°° topology. Then the 
set C'°°(/C + ) is a closed subspace of a finite product of the Frechet spaces and so is 
a Frechet space. 

Let /o £ C°°(JCp) be a function satisfying (1)(2) above. (Existence of such /o 
follows from Lemma 14.15.) We can take another neighborhood Ho of dX in \1C\ 
such that Crit/o FI Ho = 0. We take a neighborhood Hi of dX in |Ad| such that 
Hi C Ho. Let C 00 (/C + )o be the set of all / £ C°°(JC + ) that vanish on Hi. Then 
C°°(/C + )o itself is a Frechet space. 
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Lemma 14.21. For each p E X \ ilo there exists a compact neighborhood H p of 
p such that the set of g £ C°°(IC + )o satisfying conditions (1)(2) below is a dense 
subset ofC°°()C + )o. 

(1) fo + gisa Morse function on il p . 

(2) The composition (/o + g) o ifi o hi : (0,1) —>■ R. is a Morse function on 
hf (iff (Up)) for each hi : [0,1] —>• Vi in Lemma 14-19 

Proof. Let p £ be the maximal element of {p | p £ |/C P |}. (Maximal element 
exists because of Definition 3.14 (5).) Let fl p be a neighborhood of p in Int/C^. 
We may choose Ll p sufficiently small so that the following (*) holds. 

(*) If K-q PI ftp 0, then q < p and K+ fl fl p is an open subset of U q . 

Sublemma 14.22. For each q < p the set of g € C°°()C + )o satisfying conditions 
(a)(b) below is an open dense subset of C°°(IC + )o for each n > no- 

(a) The restriction of fo + g to K, q fl D p is a Morse function on K, q C f7 q . 

(b) The composition ( fo+g)°hi : (0,1) — > R is a Morse function on h~ (iff (f2 p )) 
for each hi : [0,1] — > Vi in Lemma 14-19 

Proof. This is an immediate consequence of Propositions 14.30 and 14.36, which 
we will prove in Subsection 14.3. □ 


Lemma 14.21 follows from Sublemma 14.22 and Baire’s category theorem. 

We remark that we have used the fact that we consider only countably many n 
here. □ 

Now Proposition 14.20 easily follows from Lemma 14.21. □ 


Now we go back to the proof of Theorem 14.10. We fix n > no- (We choose no so 
that the compactness in Corollary 6.32 holds.) We take a strongly smooth function 
/ that satisfies (l)-(4) of Proposition 14.20. We take the maps hi : [0,1] —> U Pi as 
in Lemma 14.19. We take 0 < cq < 6, < 1 such that 

N 

Upon U (Sp) _ 1 ( 0 ) n /C" C \J[(ifiohi)((ai,bi})]. ( 14 . 8 ) 

peq3 t= l 


and consider the union 


N 

S = /(Crit(/) n/C") u (J (f oifi o hi)(Crit(f o ifi ohf) n [oq,^]). 

i — 1 


Here Crit(/oi/; i o/i i ) is the critical point set of the function foifiohi : [0,1] —> [0, oo). 
Proposition 14.20 implies that S' is a finite subset of [0, oo). (S depends on n.) 


Lemma-Definition 14.23. Suppose s S. We consider X s = X fl / 1 (s) and 
u; = f~ 1 (s) n int/Cp. 

Then restricting IA V to U p and restricting the coordinate changes thereto, we 
obtain a good coordinate system on X s of dimension 0. We write it as U |{c/®} • 

The restriction o/sj) defines a multivalued perturbation on We write it 

as s n,s = {Sp' s }. The multisections s n ’ s are transversal to 0. 


The proof is obvious from definition. For s G [0, oo) \ S we have 

l(XfU\ {U s } ,V^)}£® 
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by Definition 14.6. 


Lemma 14.24. For each Sq £ (0,oo) there exists a positive number 5 such that 
[(X s , W|{( 7 ®} , s"> s )[ is independent of s £ (so — 8, so + £) \ S. 

Lemma 14.25. There exists 6 > 0 such that S n [0, 5) = 0 and 

[(x‘,Q\ {u . } ,firs)] = [(dx,du,^)]. (14.9) 

Proof of Lemma 14-24- Let 

{ Pi \i = i,...,i} = ii(x) n \u\ {u;o} \ n U(5p’ so ) _1 (0). 

p 

The right hand side is a finite set by Proposition 14.20 (4). 

For each pi we take p, with pi £ Int/C Pi , and a representative (s pi of 

s p . on an orbifold chart VQ Pi = (V Pi: T pi , E pi ,ip Pi ,if Pi ) of (f7 Pi ,£ Pi ) at pi- 

Then for all sufficiently small S > 0 and s £ (so — <5, so + <5) \ S, we have the 
following. When we put /) = / o ip p . : V Pi —> R, 

(1) s is a regular value of /,, 

(2) fi(s) intersects transversally to (s p . J ) _1 (0). 

Moreover, we can orient (s p . J -)^ 1 (0) for each i,j so that 


[(*VV ;) ,*"■■)] = 


i =1 3=1 irr v 


fit*) ■ (s£ ,) _1 (0). 


Here • in the right hand side is the intersection number, that is, the order of the 
intersection counted with sign. We use compactness of il(X) fl Up( s p) _1 (®) to 
show that the intersection number /~ 1 (s) • (s pi .j) _1 (0) is independent of s £ (so — 
S, sq + S)\ S. Thus Lemma 14.24 follows. Note we use Proposition 14.8 during this 
argument. □ 


Proof of Lemma 14-25. The existence of <5 with S fl [0, S) = 0 is an immediate 
consequence of (14.4). The formula (14.9) can be proved in the same way as the 
proof of Lemma 14.24. □ 


Now we are ready to complete the proof of Theorem 14.10. Lemma 14.24 im¬ 
plies that [(X s , W|{j/s},s"’ s )] is independent of s £ (0, oo) \ S. (Note we did not 
assume sq ^ S in Lemma 14.24.) Therefore Lemma 14.25 implies that it is equal to 
[(<9X, dU, sg)]. On the other hand, by compactness of X we find that X s is empty 
for sufficiently large s. Hence [(9X, dU, sg)] = 0 as required. □ 

We have the following corollary of Theorem 14.10. In particular, we can use it to 
prove that Gromov-Witten invariants are independent of the choice of multivalued 
perturbations. 

Corollary 14.26. (1) If U is an oriented and 0 dimensional good coordinate 

system without boundary of X, then the rational number [(X,£/,s n )] is in¬ 
dependent of the multivalued perturbation {s”} for all sufficiently large n. 
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(2) Let (X,IA) be an oriented Kuranishi space without boundary. Let IA be an 
oriented good coordinate system and a KG-embedding IA —> U. Then the 
rational number [(X 1 U,s n )\ is independent of the choice of IA and s n but 
depends only on the Kuranishi structure (X,IA) itself. 

Proof. (1) Let {s( fc )"}, k = 0,1 be the two choices of multivalued perturbations. 
We consider the direct product of the good coordinate system U x [0,1] on X x [0,1]. 
The pair thereon so such that its restriction to U x {0} (resp. U x {1}) is si 0 )” 
(resp. si 1 )”) and such that it is transversal to 0. In fact, we can take it so that it is 
constant in [0,1] direction in a neighborhood of U x 9[0,1]. We apply Proposition 
14.10 to [X x [0,1 \,U x [0,1],^) to obtain [X,U, sW "] = [X , U, s9>]. 

Independence of n then follows by observing that {s n+n °} is a multivalued per¬ 
turbation if {s"} is. 

(2) Let W , j = 1,2 be two good coordinate systems which are compatible with 
U. We consider the direct product Kuranishi structure (X x [0,1 ],U x [0,1]) on 
X x [0,1]. In the same way as the proof of Proposition 8.15, we may assume that IA 1 
we put on IA x {0} can be extended to a neighborhood of it in U x [0,1]. Similarly 
U 2 we put on U x {1} can be extended to a neighborhood of it in U x [0,1]. We 
then use Proposition 7.52 to show that there exists a good coordinate system U on 
X x [0,1] so that its restriction to X x {0} (resp. X x {1}) becomes U 1 (resp. IA 2 .) 
Now we use Proposition 13.19 to find a multivalued perturbation s n on U. (2) now 
follows from Theorem 14.10. □ 

Definition 14.27. In the situation of (2) we call the rational number \(X,IA, s”)] 
the virtual fundamental class of ( X,IA ) and write [(X, IA)\ £ Q. 

We can also prove the following analogue of Proposition 8.16 

Corollary 14.28. Let Xi = (Xi,lA l ) be K spaces without boundary of dimension 
0. Suppose that there exists a K space 2) = ( Y,U) (but without corner) such that 

921 = X-i U -X 2 . 

Here —X 2 is the smooth correspondence X 2 with opposite orientation. Then we 

have _ _ 

PlW 1 )] = \{X 2 M 2 )\. (14.10) 

Proof. Using Proposition 14.10 in place of Stokes’ formula the proof of Corollary 
14.28 goes in the same way as the proof of Proposition 8.16. □ 

14.3. Denseness of the set of Morse functions on orbifold. In this subsection 
we review the proof of the denseness of the set of Morse functions on orbifolds. We 
consider the case of one orbifold chart. The case when we have several orbifold 

charts is the same but we do not need it. All the results of this subsection should 

be well-known. We include it here only for completeness’ sake. 

Situation 14.29. Let V be a manifold on which a finite group T acts effectively. 
We denote by C k (V) the set of all T invariant C k functions on V. ■ 

We take and fix a T invariant Riemannian metric on V, which we use in the 
proof of some of the lemmata below. 
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Proposition 14.30. Suppose we are in Situation 14-29. The set of all T invariant 
smooth Morse functions on V is a countable intersection of open dense subsets in 
CfP(V). 

Proof. Let K be a compact subset of V. It suffices to prove that the set of all 
the functions in C^iV) which are Morse on K is open and dense. The openness is 
obvious. We will prove that it is also dense. 

For p £ X we put 

r p = {7 e r | 7 p = p}, 

and define 

!(n) = {peX|#r p = n}, (14 11) 

I(n) = {p£l #r p > n}. 

o 

Note X(n)/Y is a smooth manifold. 

O 

Lemma 14.31. Let p £ X(n). Then p is a critical point of f if and only if p is a 
critical point of f I o 

X(n) 

Proof. This is a consequence of the fact that the directional derivative X [f] is zero 

O 

if X £ T p X is perpendicular to X(n). This fact follows from the T invariance of 
/• □ 


We define the following sets. 

A(n) = {/ £ Cr°(P) | all the critical points of / on X(n) (~l K is Morse.} 

B{n ) = A(n + 1) fl {/ £ Cf?(V) | the restriction of / to X{n) f~l K is Morse.} 
They are open sets. 

Lemma 14.32. If A(n + 1) is dense then B(n ) is dense. 

O 

Proof. Let W be a relatively compact open subset of KC\X(n). We define a C 1 -map 
F : W x C£(W) -)• T*X(n) by 

F(x, f) = D x f £ T*X(n). (14.12) 

O O 

(Since f is T invariant and x £ X(n) it follows D x f £ T*X(n).) It is easy to see 

o o o 

that F is transversal to the submanifold X(n) C T*X(n). Here we identify X(n) 

O 

with the zero section of T*X(n). We put 

2B = {(x, f)€Wx CUW) | F(x, f) £ X(n) C T*X(n)}. 

2U is a sub-Banach manifold of the Banach manifold W x C^(W). Moreover the 
restriction of the projection 

pr : 2H-> C£(W) 

is a Fredholm map. Therefore by Sard-Smale theorem the regular value of pr is 
dense. 

Sublemma 14.33. If f is a regular value of pr then f\ » is Morse on W. 

X(n) 
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Proof. Let x £ W be a critical point of /. Then (x, f) £ 2U. We consider the 
following commutative diagram where all the vertical and horizontal lines are exact. 

0 0 


0 


0 


* T (x,f) W 


I 

♦ T/C&W) 


1 

T„X(n) 

I 

* T,X(n) <S>T,C}(W) 

l_ 

* T f C}{W) 

I 


I 

+ t;X( n) 


D (*,f) F s T( x , o) T*X(n) 


T x X(n ) 


= T*X(n) 


0 


Here D^j^F is the composition of D^j^F : T x X(n ) © TfC^iW) —> T( Xj0 )T*X (n) 
and the projection. Since / is a regular value the first vertical line is surjective. 

O O 

We can use it to show that the first horizontal line T x X(n) —>• T*X(n ) is surjective 
by a simple diagram chase. This map is identified with the Hessian at x of f\ o 

X(n) 

The sublemma follows. □ 


We observe that if f £ A(n + 1) then the set of critical points in X(n) D K is 
compact. (This is because it does not have accumulation points on X(n + 1) D K.) 
Therefore Lemma 14.32 follows from Sublemma 14.33 and Sard-Smale theorem. □ 


Lemma 14.34. If B(n ) is dense then A(n ) is dense. 

O 

Proof. Let / £ B{n). We remark that the set of critical points of / | o on X(n)C\K 

X(n) 

O 

is a finite set. This is because f I o is a Morse function on X(n) n K and f I □ 

X(n) V ; X(n) 

does not have accumulation points on X{n + 1) (~l K. Let pi, ■ ■ ■ ,p m be the critical 

O 

points of f\o on X(n) 0 K. Note the Hessian of / at those points are non- 

X(n) 

O O 

degenerate on T Pi X(n) but may be degenerate in the normal direction to X(n). 
We choose functions \i an d V% with the following properties. 

(1) Vj is a neighborhood of pi. 

(2) The support of Xi is in Vi 

(3) Xi = 1 in a neighborhood of pt- 

(4) Vi (i = 1,..., m) are disjoint. 

(5) Vi DX(n + 1) = 0. 

(6) If 7 pi = P j, 7 £ T, then 7 Vi = Vj and Xj 0 7 = Xi- 
We use our T invariant Riemannian metric and put 

fn( x) = d(x, X(n)) 2 
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We choose Vi small so that Xifn is a smooth function. (We use Item (5) above 
here.) Now 

m 

fe = f +e^2xifn (14.13) 

2=1 

is a Morse function for sufficiently small positive e. Item (6) implies that this 
function is T invariant. Therefore f e £ A(n). Moreover f e converges to / as 

E->0. □ 

Lemmata 14.32 and 14.34 imply that A( 1) is dense. The proof of Proposition 
14.30 is complete. □ 

Remark 14.35. The set of functions whose gradient flow is Morse-Smale is not 
dense in general in the case of orbifold. This is an important point where Morse 
theory of orbifold is different from one of manifold. In fact we can use virtual 
fundamental chain technique to work out the theory of Morse homology for orbifold. 

Proposition 14.36. Suppose we are in Situation 14-29. Let h : [0,1] —> V be a 
smooth embedding. Then the set of all the functions f in Cjl^U) such that f oh is 
a Morse function on (0,1) is a countable intersection of open dense subsets. 

Proof. The proof is similar to Proposition 14.30. Let 0 < c < 1/2. We put 

T(n, c) = {t £ [c, 1 — c] | h(t) £ X(n)}, 

T(n, c) = {t £ [c, 1 — c] | h(t) £ X(n)}, 

S(n,c) = {t 0 £ T(n, c) | (dh/dt)(t 0 ) £ T h{to )X{n)}. 

We also put 

C(n, c) = {/ £ Ct°(U) | all the critical points of / o h on T{n, c) is Morse.} 

D(n, c) = C(n + 1, c) (~l {/ £ Cf?(V) | all the critical points of / o h on S(n, c) is Morse.} 

Lemma 14.37. IfC(n + 1, c) is dense then D(n,c) is dense. 

Proof. We fix c and will prove D(n , c) is dense. We take e > 0 such that c — e > 0. 

Let U\ be a sufficiently small neighborhood of X(n + 1) which we choose later. We 

O 

take U 2 a neighborhood X(n) \ U\ and 7r : / 7 2 —» X(n) be the projection of normal 
bundle. We may assume Ui, U 2 and 7r are T equivariant. We take a compact subset 

O 

Z of U 2 n X(n). We take a set S' C [c — e, 1 — c + e] with the following properties. 

(1) IntS D S{n,c)rh~\Z). 

(2) S is a finite disjoint union of closed intervals. 

(3) The composition n o h is an embedding on S(n, c ). 

Note the differential of 7ro h is injective on S(n, c) (~l h~ 1 {Z). Therefore we can take 
such S. We define a map G : IntS 1 x Cf(K) —> R by 

G(to,f) = (14.14) 

o 

Using the fact that 7roh is an embedding and X(n)/T is a smooth manifold we can 
easily show that G is transversal to 0. We put Tt = G -1 (0) C IntS 1 x Cp(/\). It is a 
Banach submanifold. The restriction of the projection Tt —> Cf(K) is a Fredholm 
map. In the same way as Subemma 14.33 we can show that if f £ Cf(K) is a 
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regular value of 91 —>• C^(K) then f otto ft is a Morse function on Int S. We remark 
that at the point of S(n, c ) the Hessian of / o n o ft is the same as the Hessian of 
f oh. Thus by Sard-Smale theorem we find that the set of / £ Cf(K) such that 
all the critical points on / o ft on 5(n, c) fl h~ x {Z) is Morse, is dense. 

O 

Sublemma 14.38. Let f £ C(n+ 1, c). Then there exists a compact set P C T(n, c) 

O 

such that there is no critical point of f oh on T(n, c) \ P. 

O 

Proof. If not there is a sequence t, £ T(n , c) such that t, is a critical point of / o ft, 

O 

and no subsequence of t-i converges to an element of T(n, c). We may assume that t,; 
converges. Then the limit t should be an element of T(n+1, c). Since / £ C(n+1, c) 
the function / o ft is Morse at t. Therefore there is no critical point of / o ft other 
than p in a neighborhood of t. This is a contradiction. □ 

Now let / £ C(n + 1, c). We choose Ui, U 2 and Z such that Z D h(P) and P 
is as in Sublemma 14.38. Then there exists a sequence of functions /,; such that /) 
converges to / and all the critical points of fi o ft on S(n,c) PI h~ l {Z) are Morse. 
Therefore fi £ D(n, c) for all sufficiently large i. The proof of Lemma 14.37 is 
complete. □ 

Lemma 14.39. If D(n,c) is dense then C(n,c) is dense. 

Proof. Let / £ D(n,c). 

Sublemma 14.40. The set 

O 

Q = {t £ T{n , c) \ t is a critical point of f o ft} 


zs a finite set. 

Proof. Suppose Q is an infinite set and ti £ Q is its infinitely many points. We may 

O 

also assume that ti converges to t. If t £ T(n,c) \ S(n,c) then ft is transversal to 

O O 

X{n) at t. Therefore ft(fj) ^ X(n) for large i. This contradicts to ti £ Q. Therefore 
t £ S(n,c) U T(n + 1 ,c). Since / £ D(n,c) the composition / o ft is Morse at t. 
Therefore there is no critical point of / o ft other than t in a neighborhood of t. 
This contradicts lim ti = t. □ 

O 

Let Q \ S(n, c) = {t\, ..., t n } and we put pi = h(ti) £ T(n, c). We define Vi and 
Xi in the same way as the proof of Lemma 14.34 and define f e in the same way as 
(14.13). It is easy to see that f t £ C(n,c) and / £ converges to / as e —> 0. The 
proof of Lemma 14.39 is complete. □ 

By Lemmata 14.37 and 14.39 we have proved that C(l,c) is dense for all c £ 
(0,1/2). The proof of Proposition 14.36 is complete. □ 

Remark 14.41. We remark that we do not assume ft to be T invariant in Propo¬ 
sition 14.36. 
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15. Appendices : Orbifold and orbibundle by local coordinate 

In this section we describe the story of orbifold as far as we need in this doc¬ 
ument. We restrict ourselves to effective orbifolds and regard only embeddings as 
morphisms. The category where objects are effective orbifolds and mor- 

phisms are embeddings among them is naturally a 1 category. Moreover it has the 
following property. We consider the forgetful map 

forget : «?^ef,em —> Sf &S? 

where S? & & is the category of topological spaces. Then 

forget: ^ e f,em(c,c') -A ^^^(forgetfe), forget(c')) 

is injective. In other words, we can check the equality between morphisms set- 
theoretically. This is a nice property, which we use extensively in the main body of 
this document. If we go beyond this category then we need to distinguish carefully 
the two notions, two morphisms are equal, two morphisms are isomorphic. It will 
then makes the argument much more complicated. 29 

We emphasize that there is nothing new in this section. The story of orbifold is 
classical and is well-established. It has been used in various branches of mathemat¬ 
ics since its invention by Satake [Sa] in more than 50 years ago. Especially, if we 
restrict ourselves to effective orbifolds, the story of orbifolds is nothing more than 
straightforward generalization of the theory of smooth manifolds. The only impor¬ 
tant issue is the observation that for effective orbifolds almost everything work in 
the same way as manifolds. 

15.1. Orbifolds and embedding among them. 

Definition 15.1. Let A be a paracompact Hausdorff space. 

(1) An orbifold chart of X (as a topological space) is a triple (W, T, 0) such 
that V is a manifold, T is a finite group acting smoothly and effectively on 
V and <p : V —>- X is a T equivariant continuous map 30 which induces a 
homeomorphism <j> : V/Y -A X onto an open subset of X. We assume that 
there exists o £ H such that 7 0 = 0 for all 7 £ T. We call o the base point. 
We say ( V , T, <j>) is an orbifold chart at x if x = <j>(o). We call T the isotropy 
group, <f> the local uniformization map and </> the parametrization . 

(2) Let ( V , T, <j>) be an orbifold chart and p £ V. We put T p = {7 £ T | qp = p}. 
Let V p be a T p invariant open neighborhood of p in V. We assume the map 
(f : Vp/Yp —> X is injective. (In other words, we assume that ^V p fl V p ^ 0 
implies 7 £ T p .) We say such triple (V p , T p , <f)\v p ) a subchart of (V, T, (pi). 

(3) Let {VuYi^i) (i = 1,2) be orbifold charts of X. We say that they are 
compatible if the following holds for eachpi £ V\ andp 2 € V 2 with </>i(pi) = 
<t>2 (P2)- 

(a) There exists a group isomorphism h : (Ti) Pl —>• (T 2 ) P2 . 

(b) There exists an h equivariant diffeomorphism (p : Vj iPl -a V 2 ,p 2 - Here 
Vi tPi is a (Tj) Pi equivariant subset of Vi such that (V) iPi , (Tj) P4 , <j>\v i:P .) 
is a sub chart. 

2 ®We need to use several maps between underlying topological spaces of orbifolds, such as 
projection of bundles or covering maps. In case we include those maps, we need to see carefully 
whether set-theoretical equality is enough to show various properties of them are preserved. 
30 The r action on X is trivial. 
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(c) (f )2 o (p — (f>i on Vi, Pl . 

(4) A representative of an orbifold structure on A is a set of orbifold charts 
{(Vi,Ti,(f>i) | i £ 1} such that each two of the charts are compatible in the 
sense of (3) above and = X, is a locally finite open cover of X. 


Definition 15.2. Suppose that X, Y have representatives of orbifold structures 
{(V*, Tf, <j)f) | i £ 1} and {(V Y ,Tj ) | j £ J}, respectively. A continuous 
map / : X —>- Y is said to be an embedding if the following holds. 

(1) / is an embedding of topological spaces. 


( 2 ) 


q £ V Y with f{(j>i{p)) = <fj{q)- Then we have the following. 


(b) 


There exists an isomorphism of groups h p .ji : (r Y ) p —> (T^ ) q . 


Let p £ V*, 

(a) 

There exist V* p and Vj q such that {V^ p , (TA) p , (j)i\ v . x ) is a subchart 

for i = 1,2. There exists an h p .ji equivariant embedding of manifolds 

f ... y.x _v yY 

Jp\jl ■ v i,p ^ v J,q' 

The diagram below commutes. 


(c) 


y.x / Pii i > yY 

i,p JiQ 

*1 [*, t 15 - 1 ) 

X —-—. Y 

Two orbifold embeddings are said to be equal if they coincide set-theoretically. 


Remark 15.3. Note that an embedding of effective orbifolds is a continuous map 
/ : X —> Y of underlying topological spaces, which has the properties (2) above. 

When we study morphisms among not-necessary effective orbifolds or morphisms 
between effective orbifolds which is not necessarily an embedding, then such a 
morphism is a continuous map / : X —>• Y of underlying topological spaces plus 
certain additional data. For example, we consider noneffective orbifold that is 
a point with an action of a nontrivial finite group T. Then the morphism from 
this noneffective orbifold to itself contains a datum which is an automorphism of 
the group T. (Two such morphisms h\,h .2 are equivalent if there exists an inner 
automorphism h such that h\ = h o h, 2 -) 

Lemma 15.4. (1) The composition of embeddings is an embedding. 

(2) The identity map is an embedding. 

(3) If an embedding is a homeomorphism, then its inverse is also an embedding. 

The proof is easy and is left to the reader. 

Definition 15.5. (1) We call an embedding of orbifolds a diffeomorphism if it 

is a homeomorphism in addition. 

(2) We say that two representatives of orbifold structures on X are equivalent 
if the identity map regarded as a map between X equipped with those 
two representatives of orbifold structures is a diffeomorphism. This is an 
equivalence relation by Lemma 15.4. 

(3) An equivalence class of the equivalence relation (2) is called an orbifold 
structure of X. An orbifold is a pair of topological space and its orbifold 
structure. 

(4) The condition for X —> Y to be an embedding does not change if we replace 
representatives of orbifold structures to equivalent ones. So we can define 
the notion of an embedding of orbifolds. 
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(5) If U is an open subset of an orbifold X , then there exists a unique orbifold 
structure on U such that the inclusion U —> X is an embedding. We call U 
with this orbifold structure an open suborbifold. 

Definition 15.6. (1) Let X be an orbifold. An orbifold chart (V,T,(j)) of 

underlying topological space X in the sense of Definition 15.1 (1) is called 
an orbifold chart of an orbifold X if the map <j>: V/T —> X induced by <j> is 
an embedding of orbifolds. 

(2) Hereafter when X is an orbifold, an ‘orbifold chart’ always means an orb¬ 
ifold chart of an orbifold in the sense of ( 1 ). 

(3) In case when an orbifold structure on X is given, a representative of its 
orbifold structure is called an orbifold atlas. 

(4) Two orbifold charts (V$, Tj, </>j) are said to be isomorphic if there exist a 
group isomorphism h : Ti —>• 1 ^ and an h-equivariant diffeomorphism <p : 
V\ —>- V 2 such that <p 2 °P = 4>i- The pair (h, p) is said to be the isomorphism 
between two orbifold charts. 

Proposition 15.7. In the situation of Definition 15.6 (4), suppose (h,p) and 
(h 1 , p') are both isomorphisms between two orbifold charts (Vi, Ti, f>i) and (V 2 , T 2 , ^> 2 ) 
Then there exists p £T 2 such that 

h'h) = ph(j)p~ 1 , <p'(x) = pip(x). (15.2) 

On the contrary, if (h, p) is an isomorphism between orbifold charts then (h 1 , p') 
defined by (15.2) is also an isomorphism between orbifold charts. In particular, 
any automorphism of orbifolds charts ( h,p) is given by h{ 7 ) = p'yp -1 , p{x) = px 
where p is an element ofY. 

Proof. The proposition follows immediately from the next lemma. 

Lemma 15.8. Let V\, V 2 be manifolds on which finite groups Ti, T 2 act effectively 
and smoothly. We assume V\ is connected. Let ( hi,(pi ) (i = 1,2) be pairs such 
that hi : Ti ^ T 2 are injective group homomorphisms and Cpi : V\ —> V 2 are hi- 
equivariant embeddings of manifolds. Moreover, we assume that the induced maps 
Pi : Vi/Ti —>• V 2 /T 2 are embeddings of orbifolds. Furthermore we assume that the 
induced map p\ : V\jY\ —► V 2 /T 2 coincides with P 2 set-theoretically. 

Then there exists p GT 2 such that 

p 2 (x) = PPi(x), h 2 ('y) = ph^p- 1 . 

Proof. For the sake of simplicity we prove only the case when Condition 15.9 below 
is satisfied. Let X be an orbifold. For a point x £ X we take its orbifold chart 
{V x ,T x ,ip x ). We say x G Reg(X) if T x = {1}, and put Sing(X) = X \Reg(X). 

Condition 15.9. We assume that dim Sing(X) < dimX — 2. 

This condition is satisfied if X is oriented. (In fact, Condition 15.9 fails only when 
there exists an element of (an isotropy group of some orbifold chart) whose action 
is (xi,X 2 , ■ ■ ■, x n ) (—xi,X 2 , ■ ■ ■, x n ) for some coordinate (x±, ..., x n ). Therefore 
we can always assume Condition 15.9 in the study of Kuranishi structure, by adding 
a trivial factor which is acted by the induced representation of t —t to both the 
obstruction bundle and to the Kuranishi neighborhood.) 

Let Xo £ Vf. By assumption there exists uniquely p £ T 2 such that p 2 (xo) = 
pip 1 ( 2 : 0 ). By Condition 15.9 the subset Vf is connected. Therefore the above 
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element p is independent of xo £ Vy by uniqueness. Since Vf is dense, we conclude 
<P 2 (x) = fifi(x) for any x £ V\. Now, for 7 £ Ti, we calculate 

hi(-y)fi{x 0 ) = f 1(7^0) = M _ 1 <^ 2 ( 7 a; o) = At _ 1 M 7 )^ 2 (zo) = /r _ 1 /ii(7),Lt^i(2o). 

Since the induced map is an embedding of orbifold, it follows that the isotropy 
group of 991 ( 20 ) is trivial. Therefore hi ( 7 ) = p~ 1 h 2 {'y)p as required. □ 

The proof of Proposition 15.7 is complete. □ 

Definition 15.10. Let X be an orbifold. 

(1) A function / : X -> 1 is said to be a smooth function if for any orbifold 
chart ( V, T, (f>) the composition / o cj> : V —> R is smooth. 

(2) A differential form on an orbifold X assigns a T invariant differential form 
h <u on V to each orbifold chart 93 = (V, T, </>) such that the following holds. 

(a) If (Vi, Ti, (f>i) is isomorphic to (V 2 , T 2 , ^ 2 ) and (h, if) is an isomorphism, 
then ip*h<n 2 = h<x q. 

(b) If 93 p = (V p ,T p ,(j) p ) is a subchart of 93 = (V,T, (f>), then h<£\y p — h<^ p . 

(3) An n dimensional orbifold X is said to be orientable if there exists a differ¬ 
ential n-form w such that w® never vanishes. 

(4) Let w be an n-form as in (3) and 93 = (V : T, f) an orbifold chart. Then we 
give V an orientation so that it is compatible with wqj. The T action pre¬ 
serves the orientation. We call such {V. T, f) equipped with an orientation 
of V, an oriented orbifold chart. 

(5) Let (J ie7 Ui = X be an open covering of an orbifold X. A smooth partition 
of unity subordinate to the covering {Ui} is a set of functions {xt \ i £ 1} 
such that: 

(a) Xi are smooth functions. 

(b) The support of Xi is contained in Ui. 

(c) E iei Xi = 1- 

Lemma 15.11. For any locally finite open covering of an orbifold X there exists 
a smooth partition of unity subordinate to it. 

We omit the proof, which is an obvious analogue of the standard proof for the 
case of manifolds. 

Definition 15.12. An orbifold with corner is defined in the same way. We require 
the following. 

(1) In Definition 15.1 (1) we assume that V is a manifold with corners. 

( 2 ) Let Sk{V) be the set of points which lie on the codimension k corner and 

O 

Sk(V) = S k (V)\{J k , >k Sk ' (V). We require that T action on each connected 

O 

component of Sk{V) is effective. (Compare Condition 4.14.) 

(3) For an embedding of orbifolds with corners we require that the map / in 

Definition 15.2 (c) satisfies f(Sk{V 1 )) C S'fe(f4 2 ). 

Lemma 15.13. Let Xi (i = 1,2) be orbifolds and ip^i '■ X\ —> X 2 an embedding. 
Then we can find an orbifold atlas {93( = {(V)?, T®, (j >\)} | r £ 9L} with the following 
properties. 

(1) 9ti C 9t 2 . 

( 2 ) V fl f 2 i{Xi) 0 if and only if t £ fKi. 
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(3) If t £ 93i then <^21 (fixi^x)) = ^(K 1 ) ani i there exists (h t , 21 , fix, 21 ) such 
that: 

(a) /it, 21 : rj —> T 2 is a group isomorphism. 

(b) fix ,21 ■ V x —>• Vfi is an h x , 2 i~equivariant embedding of smooth mani¬ 
folds. 

(c) The next diagram commutes. 

v? ^4 k 2 

*i{ ( 15 -3) 

X! X 2 

(4) In case Xi has a boundary or corners we may choose our charts so that the 
following is satisfied. 

(a) Vf is an open subset ofV t x [0, l) d b) ; where d(r) is independent of i 
and V t is a manifold without boundary. 

(b) There exists a point o l (x) which is fixed by all 7 £ T* such that [0, l) d b) 
components of o' 1 ft) are all 0. 

(c) We put 

Vx, 2 i(y',(t'x,---,t' d{t) )) = (V, (4 ••■, 4 1 )))- 
Then t x = 0 if and only ift\ = 0. 

We may take our charts finer than given coverings of X\ and X 2 ■ 

Proof. For each x £ Xi we can find orbifold charts ‘H3 l x for i = 1,2, such that 
ipz.i(Ux) = 4c j x £ U x and that there exists a representative (/i x , 2 i, fix, 21 ) of 
embedding U x —> U x that is a restriction of <£21 ■ In case Xi has a boundary or 
corners, we choose them so that (4) is also satisfied. 

We cover X\ by finitely many of such U} L .. This is our {QjJ | t £ 9fi}. Then we 
have {2J 2 | r £ fKi}, satisfying (3)(4) and that covers tp 2 i(Xi). We can extend it to 
{QJ 2 | t £ 9 ^ 2 } so that (1)(2) are also satisfied. □ 

Definition 15.14. We call {h t , 21 , fix, 21 ) a local representative of embedding Px, 2 i 
on the charts Q3 2 . 

Lemma 15.15. If (h t , 21 , fix, 21 ), (4 2 i, fi' t 21 ) are local representatives of an embed¬ 
ding of the same charts QlJ, 7J 2 , then there exists p, £ T 2 such that 

fix, 210*0 = hfix,2\(x), 4 , 21 ( 7 ) = TK 2l(7)M _1 - 

This is a consequence of Lemma 15.8. 

Lemma 15.16. Let X be a topological space, Y an orbifold, and f : X —> Y 
an embedding of topological spaces. Then the orbifold structure of X by which f 
becomes an embedding of orbifolds is unique if exists. 

Proof. Let Xi, X 2 be orbifolds whose underlying topological spaces are both X 
and such that ft : Xi —> Y are embeddings of orbifolds for i = 1,2. We will 
prove that the identity map id : Xi —> X 2 is a diffeomorphism of orbifolds. Since 
the condition for a homeomorphism to be a diffeomorphism of orbifolds is a local 
condition, it suffices to check it on a neighborhood of each point. Let p £ X and 
q = f{p). We take a representative (hi, fif) of the orbifold embeddings fi : X x —>Y 
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using the orbifold charts 93* = (V*,T l p , c/) l p ) of X and 9J g = (V q . F^, <p q ) of Y. The 
maps hi : T^ —>• T^ are group isomorphisms. So we have a group isomorphism 
h = h 2 1 o hi : Tp —» Y 2 . Since (piiV^/Yp = (p 2 (y 2 )/Y p set-theoretically, we have 
(p\(V p ) = (p2(Vp ) C V q . They are smooth submanifolds since /,; are embeddings of 
orbifolds. Therefore ip = ipif 1 o ipi is defined in a neighborhood of the base point o* 
and is a diffeomorphism. (h, tp) is a local representative of id. □ 

15.2. Vector bundle on orbifold. 

Definition 15.17. Let (X,£,tt) be a pair of an orbifold X and 7r : £ —>• X a 
continuous map between their underlying topological spaces. Hereafter we write 
{X,£) in place of (X,£,n). 

(1) An orbifold chart of (X,£) is (V, E,r,<j>,<j>) with the following properties. 

(a) 93 = (V, T, cf>) is an orbifold chart of the orbifold X. 

(b) E is a finite dimensional vector space equipped with a linear T action. 

(c) (V x E , T, <j>) is an orbifold chart of the orbifold £. 

(d) The diagram below commutes set-theoretically, 

VxE —-—> £ 



V —-—> X 


where the left vertical arrow is the projection to the first factor. 

(2) In the situation of (1), let (y p ,Y p ,<j) |y p ) be a subchart of (V, T, (jf) in the 
sense of Definition 15.1 (2). Then (V p , E, T p , (j>\v p , 4 >\v p xe) is an orbifold 
chart of (X,£). We call it a subchart. 

(3) Let (V 1 , E l , P, <f> 1 , (j> i ) (■i = 1,2) be orbifold charts of (X,£). We say that 
they are compatible if the following holds for each pi £ V 1 and p 2 £ V 2 
with <p l (pi ) = ^ 2 (p2) : There exist open neighborhoods V p . of Pi £ V 1 such 
that: 

(a) There exists an isomorphism (h, ip) : (V 1 , T 1 , </> 1 )|y p i ^{v 2 ,t 2 ,4> 2 )\ v?2 
between orbifold charts of X , which are subcharts. 

(b) There exists an isomorphism {h, ip) : ( V 1 x E 1 , T 1 ,0 1 )\ v ^ xe 1 {V 2 x 

E 2 , T 2 , (j> 2 )\ V 2 ^ xE 2 between orbifold charts of £, which are subcharts. 

(c) For each y £ V pi the map: E 1 —> E 2 , £ —» 71^2 <p(y,£) is a linear 
isomorphism. Here 71^2 : V 2 x E 2 — »• E 2 is the projection. 

(4) A representative of a vector bundle structure of (X, £) is a set of orbifold 
charts {(V, Ei, Tj, </>j, </>*) | i £ 1} such that any two of the charts are 
compatible in the sense of (3) above and 

U&(Vi) = X, (J MViXEi)=£, 

iei iei 

are locally finite open covers. 

Definition 15.18. Suppose (X*,£*) (= 1 = = a, b ) have representatives of vector bun¬ 
dle structures {(V*, E*,T*,(/>*, <j)*) \ i £ I*}, respectively. A pair of orbifold em¬ 
beddings (/,/), / : X a — > X b , / : £ a —> £ b is said to be an embedding of vector 
bundles if the following holds. 
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(1) Let p € Vf 1 , q £ V b with /(<£“(p)) = <p b (q). Then there exist open subcharts 
( v “p x E i,p, r i,p’4>i,p) and ( v j\q x E j,q’ rb j,q4>j,q) and a local representative 
(hp-ij, fp-,i,j, fp-,i,j) °f the embeddings / and / such that for each y £ V°" 
the map £ i-a -kE b (fp;i,j(y , £))> E i,p E j,q a dnear embedding. Here 
ir E b : V b x E b -A E b is the projection. 

(2) The diagram below commutes set-thcoretically. 




/ 


/ 


A £ b 


T E b 


(15.5) 


A X b 


Two orbifold embeddings are said to be equal if they coincide set-theoretically as 
pairs of maps. 


Lemma 15.19. (1) A composition of embeddings of vector bundles is an em¬ 

bedding. 

(2) A pair of identity maps is an embedding. 

(3) If an embedding of vector bundles is a pair of homeomorphisms, then the 
pair of their inverses is also an embedding. 


The proof is easy and is omitted. 

Definition 15.20. Let (X,£,n) be as in Definition 15.17. 

(1) An embedding of vector bundles is said to be an isomorphism if it is a pair 
of diffeomorphisms of orbifolds. 

(2) We say that two representatives of a vector bundle structure of (X,£) are 
equivalent if the pair of identity maps regarded as a map between (X,£) 
equipped with those two representatives of vector bundle structures is an 
isomorphism. This is an equivalence relation by Lemma 15.19. 

(3) An equivalence class of the equivalence relation (2) is called a vector bundle 
structure of (X, £). 

(4) A pair (X,£) together with its vector bundle structure is called a vector 
bundle on X. We call £ the total space, X the base space, and n : £ —> X 
the projection. 

(5) The condition for (/, /) : ( X a , £ a ) -A ( X b , £ b ) to be an embedding does not 
change if we replace representatives of vector bundle structures to equiva¬ 
lent ones. So we can define the notion of an embedding of vector bundles. 

(6) We say (/,/) is an embedding over the orbifold embedding f. 

Remark 15.21. (1) We may use the terminology ‘orbibundle’ in place of vec¬ 

tor bundle. We use this terminology in case we emphasize that it is different 
from the vector bundle over the underlying topological space. 

(2) We sometimes simply say £ is a vector bundle on an orbifold X. 

Definition 15.22. (1) Let (X, £) be a vector bundle. We call an orbifold 

chart (V,E,r, </>,(/>) in the sense of Definition 15.17 (1) of underlying pair 
of topological spaces (X,£) an orbifold chart of a vector bundle if the pair 

of maps (<t>,4>) : (V/T,(V x E)/T) -A (X,£) induced from ((/>,</>) is an 
embedding of vector bundles. 
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(2) If ( V. , E, T, (j), <f>) is an orbifold chart of a vector bundle ( X , £) we say a pair 
(.E , <f>) a trivialization of our vector bundle on V/T. 

(3) Hereafter when (X,£) is a vector bundle, its ‘orbifold chart’ always means 
an orbifold chart of a vector bundles in the sense of (1). 

(4) In case when a vector bundle structure on (X,£) is given, a representative 
of this vector bundle structure is called an orbifold atlas of (X,£). 

(5) Two orbifold charts (I ^i,Ei,Ti,<j>i,4>i) are said to be isomorphic if there 

exist an isomorphism (h,<p) of orbifold charts (Vi,Ti,</>i) —> (V 2 , T 2 , </> 2 ) 
and an isomorphism (h,<p) of orbifold charts (Vf x E\, Ti, <j>\) -A (V 2 x 
E 2 , T 2 , </> 2 ) such that they induce an embedding of vector bundles : 

(Vi/Ti, (Vi xE^/r^ —(V r 2 /r 2 , (V' 2 x£ , 2 )/r 2 ). The triple (h, (p, <p) is called 
an isomorphism of orbifold charts. 

Lemma 15.23. Let ( X b ,£ b ) be a vector bundle over an orbifold X b and f : X a —> 
X b an embedding of orbifolds. Let £ a = X a x x >> £ b be the fiber product in the 
category of topological space. By the definition of the fiber product we have maps 
£ a —> X a and £ a —>• £ b . We write them it and f respectively. Then the exists a 
unique structure of vector bundle on ( X a ,£ a ) such that the projection is the above 
map 7 r and that (/, /) is an embedding of vector bundles. 

Proof. Let {QJ* | t G 91*}, * = a, b be orbifold atlases where = (Vf. T*, <p*). Let 
(V b , E b , Tj, (j b , 4> b t ) be orbifold atlas of the vector bundle ( X b , £ b ). Let (/i r ,ba, Txfia) 
be a local representative of the embedding / on the charts 9J“, We put Ef = E b , 
on which T“ acts by the isomorphism h t ^a- By definition of fiber product, there 
exists uniquely a map : V b x E b —> £ a such that the next diagram commutes. 


V t a Vf x E b - r ' . “ x ‘ - d > V b x E b 

j£ 

^- £ a - £ b 


(15.6) 


In fact, 


/ o </>“ O 7T = 4> b x o (fi tM on = (j) b onO (<f tM X id) = 7T O ^ O (<f tM X id). 


Thus {(V,. 0 , L 1 ", T“, 0“, </>“) | r G fH} is an atlas of the vector bundle (X a , £ a ). 


□ 


Definition 15.24. We call the vector bundle in Lemma 15.23 the pullback and 
write f* (X b , £ b ). (Sometimes we write f*£ b by an abuse of notation.) 

In case X a is an open subset of X b equipped with open substructure we call 
restriction in place of pullback of £ b and write £ b \x a in place of f*£ b . 

Lemma 15.25. In the situation of Lemma 15.13 suppose in addition that £ l is 
a vector bundle over X 1 and (p 2 i : £ b —> £ 2 is an embedding of vector bundles 
over if 2 1 - Then in addition to the conclusion of Lemma 15.13, there exists : 
Vf x E\ —> Vf x E% that is an h z • 2 i equivariant embedding of manifolds with the 
following properties. 
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(1) The next diagram commutes. 

V, 1 x El yr ’ 21 > V 2 x El 

s| [f. < 15 - 7 ) 

£‘ > £ 2 

(2) For each y £ V} 1 t/ie map £ i-> 7T2 (<^r, 2 i (j/, ^)) : El —> Ef is a linear 
embedding. 

The proof is similar to the proof of Lemma 15.13 and is omitted. 

Definition 15.26. We call (/i ti 2 i, <Pt,2i, fix, 21) a local representative of embedding 
(y>2i) <P2i) on the charts ( V 1 x E 1 , T 1 , cf 1 ), (y 2 x l? 2 , T 2 , <^ 2 ). 

Lemma 15.27. If (h x , 21 , fit, 21 , fix, 21 ) > (/i(. 2 i) 2 i> 21 ) are local representatives 

of an embedding of vector bundles of the same charts ( V 1 x .Ed,r ,</r), (V 2 x 
.E 2 , T 2 , </> 2 ), £/ien t/iere exists p £ T 2 swc/i that 

0t,2iO) = Wx, 2 i( x )> ^,2i(®.0 = Wt,2i (x ,0 ^21(7) = 

Proof. This is a consequence of Lemma 15.8. □ 

Remark 15.28. In Situation 6.3 we introduced the notation (fi t , 2 i, ¥h, 2 i) </A, 2 i) 
where </? r , 2 i is related to </$ r , 2 i by the formula 

0 t ,21 (*/,£) = (^r,2l(3/),^t,2l(y,0)- 

We use the pullback of vector bundles in a different situation. Let £ % , i = 1,2, 
are vector bundles over an orbifold X. We take the Whitney sum bundle £ 1 © £ 2 . 
Let l^ 1 © £ 2 \ be its total space. There exists a projection 

\£ x ®£ 2 \ -a \£ 2 \. (15.8) 

Definition-Lemma 15.29. |£d ©£ 2 | has a structure of vector bundle over \£ 2 \ 
such that (15.8) is the projection. We write it as and call the pullback of £ 1 

by the projection 7r £ 2 : \£ 2 \ —>• X. 

When U is an open subset of \£ 2 \ and 7r : U —> X is the restriction of 7r£2 to U, 
the pullback ir^S 1 is by definition the restriction of r* £2 £ x to U. 

The proof is immediate from definition. 

Remark 15.30. We note that the total space \£ x © £ 2 \ is not a fiber product 
\£ x \ x x \£ 2 \- In fact, if X is a point and £ 1 = £ 2 = M n /Y with linear T action, 
then the fiber of \’k* £2 £ 1 \ -a \£ 2 \ —» X at [0] is ( E 1 x E 2 )/Y. The fiber of the map 
If 1 ! x x \£ 2 \ ->Xat [0] is (Ld/T) x ( E 2 /Y ). 

Definition 15.31. Let (X,£) be a vector bundle. A section of (X,£) is an em¬ 
bedding of orbifolds s : X —» £ such that the composition of s and the projection 
is the identity map (set-theoretically). 

Lemma 15.32. Let {(V x , E x ,Y x ,if x ,^ t ) | r £ 91} be an atlas of (X,£). Then a 
section of(X,£) corresponds one to one to the following object. 

(1) For each r we have a T r equivariant map s x : V t —»■ E x , which is compatible 
in the sense of (2) below. 
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(2) Suppose <j> Xl (x 1 ) = <j> Xa (x 2 ). Then the definition of orbifold atlas implies that 
there exist subcharts (V XiiXi ,E Xi}Xi ,T XijXi ,(j) XitXi ,(f> Xi ) of the orbifold charts 
(V Xi , E Xi , T Xi , <f) Xi , <j> Xi ) at Xi £ V Xi for i = 1,2 and an isomorphism of charts 

{h±2 iTi’P) ■ (K 2 ,i 2 1 -®r 2 1 Tt 2 ,i 2 i^t 2 ,x 2 j^t 2 ) 

^ (^ti,xij ds XljX1 ,r rijX1 , cf> Xl X1 , <fi Xl ). 

Now we require the next equality: 

$12 fan(?/,£)) = s X2 (<pH(y),0- (15.9) 

Proof. The proof is mostly the same as the corresponding standard result in the 
case of vector bundle on a manifold or on a topological space. Let s : X —>• £ 
be a section, which is an orbifold embedding. Let p £ cf x (V x ). Then there exist a 
subchart {V XtP , T rjP , </> r , p ) of QJ r and a subchart (V Xi p, T rjP , <j> x> p) of (14 x E x , T t , <j> x ,p) 
such that a representative {h! 1 (p') of s exists on this subcharts. Since 7ros =identity 
set-theoretically, it follows that 7Ti (p(y)) = y mod T p for any y £ V XiP . We take y 
such that T y = {1}. Then, there exists uniquely y £ T p such that -K\{(p'{y)) = yy. 
By continuity this y is independent of y. (We use Condition 15.9 here.) 

We replace p by y _1 p and (14,p, T tjP , </> tjP ) by (/z -1 V x<p , ^ - 1 T TiP /i, ^ tjP o y) and 
( h',(p') by (h' o conj , <p' o y^ 1 ). (Here conj M ( 7 ) = y"/y~ 1 .) Therefore we may 
assume TTi(ip'(y)) = y. Note that Cp’ is Zi'-equivariant and 7 Ti is id-equivariant. Here 
id is the identity map T rjy —> T riy . Therefore the identity map Vc, p —>- 14 iP is h! 
equivariant. Hence h! = id. 

In sum we have the following. (We put s tjP = <p'.) For a sufficiently small 2J r , p 
there exists uniquely a map s XiP : V XiP —>• V ViP x E x such that 

(a) 7 Ti(s t , p (x)) = x 

(b) s TiP is equivariant with respect to the embedding T r>p —> T r . (Recall T r;P = 
{7 £ T r | 7 p = p}.) 

(c) (id, s r , p ) is a local representative of s. 

We can use uniqueness of such s XtP to glue them to obtain a map V x —» V x x E x . 
By (a) this map is of the form x (x,s x (x)). This is the map s r in (1). Since 
x i->- 7 _ 1 s r ( 7 x) also has the same property, the uniqueness implies that s r is T r 
equivariant. (15.9) is also a consequence of the uniqueness. 

We thus find a map from the set of sections to the set of (s r ) tg <n satisfying (1)(2). 
The construction of the converse map is obvious. □ 


The next lemma is proved during the proof of Lemma 15.32. 

Lemma 15.33. Let (14) E x , T r , <j> x , </> r ) be an orbifold chart of (X, £) and s a section 
of (X,£). Then there exists uniquely a T equivariant map s x : V x —> E x such that 
the following diagram commutes. 


V x x E x ———> £ x 


idXSr 


v x 



(15.10) 


Definition 15.34. We call the system of maps s r the local expression of s in the 
orbifold chart (14, E x , I\, <p x . cp x ). 
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We next review the proof of a few well-known facts on pullback bundle etc.. 
Those proofs are straightforward generalization of the corresponding results in man¬ 
ifold theory. We include them for completeness’ sake only. 

Proposition 15.35. Let £ is a vector bundle on X x [0,1], where X is an orbifold. 
We identify X x {0}, X x {1} with X in an obvious way. Then there exists an 
isomorphism of vector bundles 

I '■ &\x x{o} — £|xx{i}- 

Suppose in addition that there exists a compact set K C X an its neighborhood V 
and isomorphism 

h '■ £\v x[ 0 , 1 ] — £|vx{ 0 } x [ 0 , 1 ] 

Then we may choose I so that it coincides with the isomorphism induced by Iq on 

K. 

In the case K is a submanifold we may take K = V . 

Proof. To prove the proposition we use the notion of connection of vector bundle 
on orbifolds. Note a vector field on an orbifold is a section of the tangent bundle. 

Definition 15.36. A connection of a vector bundle (X,£) is an R linear map 

V : C°°(TX) ® R C°°{£) -»• C°°(£) 

such that V.y(V) = V(X, V) satisfies 

Vfx{V) = fS7x(V), V x (fV) = fV x (V) + X(f)V. 

Here C°°(£) is the vector space consisting of all the smooth sections of £. 

For any connection V and piecewise smooth map t : [a, b\ — > X we obtain parallel 
transport 

Pal v : £ f ( a ) —> £ f ( b ) 

in the same way as the case of manifold. 

Remark 15.37. Here £e(a) is the fiber of £ at £(a) £ X and is defined as fol¬ 
lows. We take a chart of {£,X) at £(a). Then £^ a ) = E x . If 

is another chart we can identify E x and Ey by £ i —> (p X f X (£,y) 
where tf> x (y) = £(a) and tp X ' x : V x x E x —» E t > is a part of the coordinate change. 
(Situation 6.3.) 

Note the identification £ i-a ip x > x {^,y) is well-defined up to the T^ 0 ) = {7 S T t | 
7 (y) = y} action. 

The parallel transport Pal v : £t( a ) £i{b) is well-defined up to T^a) x 

action. 

Lemma 15.38. Any vector bundle £ over orbifold X has a connection. Moreover 
if a connection is given for £\y where V is an open neighborhood of a compact 
subset K of X, then we can extend it without changing it on K. In the case K is 
a submanifold we may take K = V. 

The proof is an obvious analogue of the proof of the existence of connection of 
a vector bundle on a manifold, which uses partition of unity. 

We start the proof of Proposition 15.35. We take a connection of £\y. We then 
take direct product connection on £ |^ x { 0 } x [0,1], and use Iq to obtain a connection 
on £|ux[o,i]- We extend it to a connection on £ without changing it on K x [0,1]. 
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Let x € X then we can use parallel transportation along the path t i —> ( x , t ) to 
obtain an isomorphism £( x ,o) — £(x,i)- We thus obtain set theoretical map 

|£|xx{o}l — |£|xx{i}l- 

It is easy to see that it induces an isomorphism of vector bundles. 

Using the fact that our connection is direct product on K x [0,1], we can check 
the second half of the statement. □ 

Definition 15.39. We say two embeddings of orbifold fi'.X—tY (i = 1, 2) to be 
isotopic each other if there exists an embedding of orbifolds H : X x [0,1] — > Y x [0,1] 
such that the second factor of H(x,t) is t and that 

H(x, 0) = (fi{x),0) H(x, 1) = (/ 2 (:r), 1). 

Suppose V C X and fi = f 2 on a neighborhood V of K. We say fi is isotopic to 
f 2 relative to K if we may take H such that 

= (fi(x),t) = (f 2 (x),t) (15.11) 

for x in a neighborhood of K. 

In the case K is a submanifold we may take K = V and then (15.11) holds for 
x € K. 

Corollary 15.40. Let fi'.X^Y be two embeddings which are isotopic and £ is 
a vector bundle on Y. Then the pullback bundle ff£ is isomorphic to f 2 £. 

If fi = f 2 on a neighborhood of K C X and fi is isotopic to f 2 relative to K 
then we may choose the isomorphism ff£ = ff£ so that its restriction to K is the 
identity map. 

Proof. This is an immediate consequence of Proposition 15.35 and the definition. 

□ 


We next recall Definition 12.23 which we copy below. 

Definition 15.41. Let / : X —> Y be an embedding of orbifolds and K C X 
a compact subset and U be an open neighborhood of K in Y. We say that a 
continuous map ir : U —> X is diffeomorphic to the projection of normal bundle if 
the following holds. 

Let pr : N\Y -A X be the normal bundle. Then there exists a neighborhood 
U' of K in NxY , (Note K c X C NxY.) and a diffeomorphism of orbifolds 
h : U' —>• U such that n o h = pr. We also require that h{x) = x for x in a 
neighborhood of K in X. 

Definition-Lemma 15.42. Suppose 7r : U —> X is diffeomorphic to the projection 
of normal bundle as in Definition 15.41 and £ be a vector bundle on X. We define 
7 t*£, the pullback bundle as follows. 

Let h, U' be as in Definition 15.41. We defined a pull back bundle pr*£ on NxY 
in Definition 15.29. We put 

n*£ = (h~ 1 )* pY£\u’. 

This is independent of the choice of ( U',h ) in the following sense. Let 17/, hi 
(■i = 1,2) be two choices. Then we can shrink U and U[ so that the restriction of 
hi becomes an isomorphism between them. Then 


(15.12) 


KURANISHI STRUCTURE AND VIRTUAL FUNDAMENTAL CHAIN 


191 


Moreover the isomorphism (15.12) can be taken so that the following holds in 
addition. We regard K C U. Then by definition it is easy to see that the restriction 
of both sides of (15.12) are canonically identified with the restriction of £ to K C X. 
The isomorphism (15.12) becomes the identity map on K by this isomorphism. 

Proof. We can replace U by a smaller open neighborhood so that hf 1 : U —» NxY 
is isotopic to hf 1 : U —> NxY. (See the proof of Proposition 15.43 below.) Then 
(15.12) follows from Corollary 15.40. 

The second half of the claim follows also from the second half of Corollary 15.40. 

□ 

Actually the pullback bundle is independent of n but depend only on U in the 
situation of Definition 15.41. In fact we have 

Proposition 15.43. Let iti : U —> X be as in Definition 15-41 for i = 1,2. Then 
there exists a neighborhood Uq of X in Y and f : Uq —> U such that 

(1) 7T 2 O / = 7Tl 

(2) / : Uq -a U is isotopic to identity relative to X. 

Proof. Let hi : U- —> Ui be as in Definition 15.41. We put / = /i 2 ° hf l which is 
defined for sufficiently small Uq. If suffices to show that / is isotopic to identity. 

We first prove it in the case when the following additional assumption is satisfied. 
(We will remove this assumption later.) 

Assumption 15.44. For any x € K C NxY the first derivative at x, D x f : 
T x (NxY) -A T x (NxY) is the identity map. 

In the case of manifold we can prove Proposition 15.43 in this case, by observing 
/ is C-close to the identity map. Then for example by using minimal geodesic we 
can show that / is isotopic to identity. 

In the case of orbifold we need to work out this last step a bit more carefully 
since the number 

inf{r | if d(x,y) < r the minimal geodesic joining x and y is unique} 
can be 0 in general. 

We will prove certain lemmata to clarify this point. We need certain digression 
to state the lemmata. We can define the notion of Riemannian metric of orbifold 
X in an obvious way. For p £ X we have a geodesic coordinate (TB p (c p ),T p ,ip p ) 
where 

TB p {c p ) = {£ G T C X | ||£|| < c}. 

The group is the isotropy group of the orbifold chart of X at p. The uniformiza- 
tion map ip : TB p {c) — > X is defined by using minimal geodesic in the same way 
as the usual Riemannian geometry. We remark that this map is well defined up to 
the action of T p . 

We need to take the number c small so that ip induces homeomorphism TB p (c ) /T p —> 
X. We can not choose c uniformly away from 0 even in the compact set. (This is 
because d(p, q ) < c p must imply fpT q < ffT p .) However we can prove the following. 

Let X be an orbifold and Z be a compact set. Suppose B Co (Z) = {x | d(x, Z) < 

Co} is complete with respect to the metric induced by the Riemannian metric. 

Lemma 15.45. Let Z C X be a compact subset. Then there exists a finite set 
{pi | j € J} C Z and 0 < Cj < co such that 


192 


KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, KAORU ONO 


(1) The geodesic coordinate (TB Pj (c j')> , ippi) exists. 

(2) 

Z c{J^ Pj (TB Pj ( Cj /2)). 
j 

The proof is immediate from the compactness of Z. We call such { {TB Pj ( Cj ), , ip Pj ) | 

j} a geodesic coordinate system of ( X , Z). We put P = {pj | j = 1,..., J}. 

Definition 15.46. We fix a geodesic coordinate system of (X,K). Let Zq C Z be 
a compact subset containing P. Suppose F : U —> X be an embedding of orbifold 
where U D Z is an open neighborhood of Z. We say F is C-e close to identity on 
Zq if the following holds. 

(1) F(B Pj (cj/2)) c B Pj ( Cj ). 

(2) There exists Fj : B Pj (cj/ 2) —> B Pj (cj ) such that: 

(a) if Pj o Fj = F o ijj p .. 

(b) d(x,Fj(x)) < e for x £ TB Pj (c.j/ 2) n^ J “ 1 (Z 0 ). 

(c) d(D x Fj,id ) < e for x £ TB Pj (cj/ 2) fl f)~ l (Zo). 

Here d in Item (b) is the standard metric on Euclidean space T Pj X (together 
with metric induce by our Riemannian metric), d in Item (c) is a distance 
in the space of n x n matrices. (n = dimX. We use our Riemannian 
metric to define a metric on this space of matrices, which is a vector space 
of dimension n 2 with metric.) 

Lemma 15.47. For each Z and a geodesic coordinate system oflX^) there exists 
e such that the following holds for any Zq and F : U —>• X. 

If F is C 1 -e close to identity on Zq then F is isotopic to the identity on Zq. 
Moreover for any S there exists e(6) that that if F is C 1 ^)^) close to identity on 
Zq then the isotopy from F to the identity map is taken to be C 1 -6 close to identity 
on Zq. 

Proof. We first observe that if e is sufficiently small then the maps Fj satisfying 
Definition 15.46 (2) (a),(b) and (c) is unique. In fact such Fj is unique up to the 
action of T Pj .. Since the T Pj action is effective, T Pj is a finite group and pj £ Zq, we 
find that at most one such Fj can satisfy (c). (Note the map T Pj —> 0(n) taking 
the linear part at Pj of the action is injective since T p . action has a fixed point and 
is effective.) 

We define for t £ [0,1] a map 

Fto ■■ Vj > TB pj (c 0 /2) 

as follows. Here Vj is a sufficiently small neighborhood of TB p .(cj/ 2) fl ^>£ 1 (^o)- 
We take a Riemannian metric on Vj which is a pullback of our Riemannian metric 
on X by ip Pj . By choosing e sufficiently small and using (b), there exists a unique 
minimal geodesic £ x j : [0,1] —> TB Pj (cj/2 + 2e) joining x to Fj(x). We put 

Ft,j{x) = Ix,j(t ). 

In the same way as the proof of the uniqueness of Fj we can show that there exists 
F t such that if Pj o F t j = F t o tf Pr Using Definition 15.46 (2) (b) and (c) we can 
show that Ft together with its first derivative is close to the identity map. We can 
use it to show that Ft is a diffeomorphism to its image. Thus Ft is the required 
isotopy from F to the identity map. □ 
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We now use Lemma 15.47 to prove Proposition 15.43 under Assumption 15.44. 
Note we put / = h 2 ohf 1 and we want to show that / is isotopic to the identity 
map in a neighborhood of K C X C Y. 

We take a finite cover K C (J ? 'ip P} (TB Pj (c,/2)) by geodesic coordinate, where 
Pj G K. We take a compact neighborhood Z C K such that Z C (J %A TB vA c il 2)) 
We apply Lemma 15.46 to obtain e. Note / is the identity map on K. Moreover 
its first derivative is identity at K by Assumption 15.44. Therefore we can find a 
compact neighborhood Zq of K sufficiently small so that / is C 1 -e close to identity 
on Zq. Thus Lemma 15.46 implies that / is isotopic to the identity map. The proof 
of Proposition 15.43 under the additional Assumption 15.44 is complete. 

To remove Assumption 15.44, we use the next lemma. 

Lemma 15.48. Let U be an open neighborhood of K in NxY and F : U —» NxY 
be an open embedding of orbifold. 

Assume F = identity on a neighborhood of K in X and D X F(V) = V mod T X V 
for x in a neighborhood of K. 

Then there exists a smaller neighborhood U' of K such that the restriction of F 
to IP is isotopic to the embedding satisfying Assumption 15-44- 

Proof We take the first derivative of F at points x in a neighborhood of K in X 
and obtain 

D X F : T X N X Y —> N X Y 

Note T x X C N X Y is preserved by this map and T X N X Y = T x X ® ( N X Y) X . 
Therefore there exists linear bundle map 

H : N X Y -A TX 

on a neighborhood of K such that 

D x F(VuV 2 ) = (Pi + H x (V 2 ),V 2 ), 

where Vi G T x X and V 2 G ( N X Y) X . Now we define G t : U' —> N X Y as follows. 
(U 1 is a small neighborhood of K in NxY.) Let (x, V ) G U 1 . Here x is in a 
neighborhood of K in X and V G ( NxY) x . We take a geodesic £ : [0,1] —> X of 
constant speed with £(0) = x and DC/dt( 0) = H X {V). Let £<t be its restriction to 
[0,t]. Then Gt(x,V ) = (£(t),Pal# <t (V)), here Pab <t (V) G (. NxY )^( t ) is the parallel 
transport along £<t■ By construction the first derivative of Gt at a point in K is 
given by 

{VuV 2 ) (Vi +tH x (V 2 ),V 2 ), 

which is invertible. Therefore, if V' is sufficiently small neighborhood of K 1 then 
the restriction of Gt is an embedding V' —> NxY. 

Note FoGf 1 satisfies Assumption 15.44. The proof of Lemma 15.48 is complete. 

□ 

Using Lemma 15.48 we can reduce the general case of Proposition 15.43 to the 
case when Assumption 15.44 is satisfied. The proof of Proposition 15.43 is complete. 

□ 


We used the next result in Subsection 13.2. 

Proposition 15.49. Let f : X —> Y be an embedding of orbifolds and Ki compact 
subsets of X fori = 1,2 such that K\ C IntA^. Suppose U\ is an open neighborhood 
K\ in Y and tt\ : U\ —> X such that it is diffeomorphic to the normal bundle. 
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Then there exists an open neighborhood U 2 of K 2 in Y and 712 : U 2 —> X such 
that it is diffeomorphic to the normal bundle and 7Ti =712 on a open neighborhood 
of K\. 

Proof. In the case of manifold this is a standard result and can be proved using 

isotopy extension lemma. By applying Lemma 15.47 we can prove it in the same 

way in orbifold case. For completeness’ sake we give detail of the proof below. 

We first apply [F00014, Lemma 6.5] to obtain U 2 and tt 2 : U 2 ^ X such that 

U 2 D K 2 and (U 2 , tt 2 ) is diffeomorphic to the normal bundle. 

We modify it to obtain 712 so that tti = 712 on an open neighborhood of K\. The 

detail follows. 

(i) 

Let Wf be a neighborhood of K 1 in X such that 

C w[ 2) C Wi {2) C J7i n X, 

Let 17 be an open subset of U\ with 

w[ 2) c n c n c Ui. 

Later on we will choose 17 so that it is in a sufficiently small neighborhood of X. 
We put 

Vi (<) = 7 ^{w^) n 17. 

Let x '■ Int(iF 2 ) U 17 —> [0,1] be a smooth function such that 

_ _ (l on W[ 1] 

[0 on the complement of wj 2 ' 1 . 

and put X = X o 7r 2 - We may choose 17 small so that the following holds. 

(1 on V^ 

(0 on the complement of F^. 

Let Z = W\ . We take a neighborhood U 1 of Z and restrict 7Ti and n' 2 

there. Then we can apply Proposition 15.43 to prove that there exists an isotopy 
Ft : U' —> X such that 7 ^ o F\= tt\ and Fq is the identity map. Now we put 

{ {tt 2 o F x{x) ){x) on U' 

7Ti on 

elsewhere on U 2 . 

It is easy to see that they are glued to define a map. To complete the proof it 
suffices to show that x ha F x r x \{x) is an embedding : U' —> X. We will prove it 
below. 

We first assume that Assumption 15.44 is satisfied for the map / : IP —» X with 
n 2 o f = 7ti . In this case we may choose the isotopy F t to be arbitrary close to 
the identity map in C 1 sense by taking 17 small. (This is the consequence of the 
second half of Lemma 15.47.) Therefore the first derivative of x ha F x ^(x) is close 
to identity. It follows that this map is an embedding. 

We finally show that we can choose (U 2 , n 2 ) so that Assumption 15.44 is satisfied 
for the map f : U' —¥ X with n 2 o / = 711 . 

We consider the fiber nf 1 (x) of 7Ti. We may choose the Riemannian metric of 
X in a neighborhood of K\ so that this fiber is perpendicular to X for any x in 
a neighborhood of K\. We now extend this Riemannian metric to the whole X. 
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We use this Riemannian metric and exponential map in the normal direction to 
identify a neighborhood of K 2 with a normal bundle and to obtain (7^ and Tj. 
Then Assumption 15.44 is satisfied. 

The proof of Proposition 15.49 is now complete. □ 
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